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Weighted posets and enriched P-partitions

Let [n] = {1,2,...
arbitrary partial order <p on the set |n|.
satisfies the two following conditions:

() Ifi <p 4, then £(i) < f(j).
(ii) If: <p jand i > 7, then f(i) < f(J).
We denote Lp(P) the set of P-partitions. Let P¥ = —P U P be the set of positive and

negative integers totally ordered by —1 < 1 < -2 <2 < -3 < 3 < .... An enriched
P-partition is a map f : [n] — P¥ that satisfies the two following conditions:

< f(g)or f(i) = f(5) € P.

then f(¢) < f(j)or f(z) = f(4) € —P.

A labelled weighted poset is a triple P = (|n], <p, €) where (|n|, <p) is a labelled poset
and € : [n] — P is a map (called the weight function). Each node of a labelled weighted
poset 1s marked with its label and weight.

,ntand P = {1,2,3,...}. A labelled poset P =
A P-partition is a map [ :

([n], <p) is an
n|] — P that

(i) If i <p jand ¢ < j, then f(7)

(n) Ifs <p jandz > j,

2, €(2) =5

QX &1 €
~

e(b) =

3, €(3) =

1) =1 —> 4, e(4) =

Let X = {x1,22,23,...}. For Z € {P,PT}, define the generating function
['z([n], <p, €) corresponding to labelled weighted poset (|n], <p, €) by

D [T = (1)

feLz(In],<p) 1<i<n

FZ([”]? <P, 6) —

Quasisymmetric functions

Let S,, be the symmetric group on [n|. Given a composition o = (a1, g, ...,y ) Withn
entries, and a permutation T = 7y ... 7T, in Sy, we let Pr o = (|n], <, «) be the labelled
weighted poset on [n], where m; <, 7; if and only if ¢ < j and « is the weight function
sending the vertex labelled 7; to ;. For Z € {P, P+ }, its generating function

Ufza =T'z(|n], <r,qa)

1s called the universal quasisymmetric function [5] indexed by 7 and a.

Let [1™] denote the composition with n entries equal to 1. For each m € S5, let L,

U- nny and Kr = U P in1- The power series Ly (resp. Kr) are Gessel’s fundamental
[1] (resp. Stembrldge s peak [2]) quasisymmetric functions indexed by 7. They are
related to the descent set Des(7w) = {1 <7 <n — 1|w(i) > 7(¢ + 1)} and the peak set
Peak(m) ={2<i<n—1|n(t — 1) < w(i) > w(¢ + 1)} statistics.

Z Tiq - K, = Z

11 < <in; 11 < <in;
jEDeS(ﬂ')iij <%j41 jEPeak(ﬂ')iij_1<ij_|_1

2|{zl,,zn}|

e Lg,, s Lgq *°Lg

n [ ]

L (Kx) depends only on n and Des(m) (Peak(rw)) and we may write L., pes(r)
(K, Peak(r)) Instead of L, (K;) or even Lpeg(r) (K peak(x)) If n 18 clear from context.
Let id,, and id,, denote the permutations in .S,, given by id,, = 12 3...n and id,, =
nn — 1...1. Given a composition @ = (a1, ..., «y,) of n entries, define the monomial
M, [1], essential £, [4] and enriched monomial 7)., [3, 5] quasisymmetric functions

L P L 2 : a1 Ay L P o 2 : a1 Ay
Ma — ’Ldn,Oé — le e o o LEZ’I’L ) Ea S ’ldn,Oé — aj?’]_ o o o :,E,Ln ’
11 < <tp Zlgézn
o pT o 2 : 1{21,.--,2n }| o1 On
7704 T ’Ldn,(){ - 2 le o o .:I;Z’n, .

115 Sin

As compositions « such that |[«| = s are in bijection with subsets I C [s — 1], one may
also reindex these quasisymmetric functions with sets and get M7, £ and n;.
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A g-deformed generating function for P-partitions

Letw(z, f) = xlej(c (> ) be the contributing monomial in the generating function I" of (1) for
vertex ¢ and P-partition f. As per Stembridge, its value does not depend on the sign of f.
We break this assumption and write for an additional parameter q:

w(i, f, )—:Ef<)1ff() w(2, f, )—qx_f()lff()

Def. Let ¢ € k (the base ring of the power series). The g-generating function for
enriched P-partitions on the weighted poset (|[n]|, <p, €) is

= 2. Il 2. 11 ¢ 0,

fE€Lpx ([n],<p) 1Si=n féﬁpi([n],<p)1§i§n

Lq(ln), <p,¢€)

This definition covers the cases of Gessel (¢ = 0) and Stembridge (¢ = 1). We further
define the g-universal quasisymmetric function U , = I';(|n], <, a).

Prop. Letqge k, m € S,, and o = (a1, g, . . .,

Ul o = >

115125 St
jEPeak(T&'):>ij_1 <ij_|_1

o) be a composition with n entries.

in t| o1 oo Qn
7;1 xiQ e o o ,I:n °

q|{j€DeS(7T)|ij=ij_|_1}| (q 4 1)|{i1,i2,...

Prop. The product of two q-universal quasisymmetric functions is given by

q q q
Uralgp= 2, Uiy

(7,7)€(m,e)u(o,B)

Enriched g-monomials

The enriched g-monomials generalise essential and enriched monomials. For ¢ € k and
(9) _ p7a (0) _

1dp o

a composition with n entries, define 7, One has o, = E, and 77( ) = Na-

Prop. Let q € k, and let a« = (a1, aa, . . ., i) be a composition with n entries. Then,

= )

11 <125t

Jin | o1 oo QA
?:1 7:2 e o o :I/),I'/n °

(q 4+ 1)|{il,i2,...

Thm. Express the quasisymmetric function U} , in terms of enriched q-monomials:

Ule= > (="@-D"n'?,,,.

ICDes()
JCPeak()
INJ=0

Cor. Leta = (a1,...,ay) and 8 = (B1,..., Bm) be two compositions. Let Sg() be
the set of the positions of the entries of 3 in a composition v € « W S.

W= Y -

¥ € ol B;
ICSg(v)

TC(Sg(M\(Sp(v)—1))\{1}
INJ=0
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Reindex with sets I C [s—1] such that n(q) >

Thm. Let g € k be such that q + 1 is invertible. The family of enriched q-monomial

(q)

quasisymmetric functions (773 7 is a basis of QSym. Furthermore

) s>0,IC[s—1]

i =S (@417 My, (g4 1)y = ST =)V Inlo).
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q-fundamental quasisymmetric functions

The g-fundamental quasisymmetric functions interpolate between Gessel’s fundamental
and Stembridge peak quasisymmetric functions. Define for 7 € S, and ¢ € k

L simy = U2 . For g = 0, L) = Ly, 1 while for g = 1, L))" = K, peai(1)-

Prop. Let I C |n— 1| and q € k.

() _ 1, (a)

L;" = 77Jqu(K UK -
JCI

K CPeak([)



