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1. Let {(Xα,Fα)}α∈A be an indexed family of measurable spaces. Assume that A is at most
countable. The statement asked to be proved in Problem 1-(ii) in the last assignment is false.
Establish the following correction of the latter statement:

If, for each α ∈ A, Fα is generated by Cα ⊂ P(Xα) with the property that Xα ∈ Cα, then
⊗α∈AFα is generated by the collection{∏

α∈A
Eα : Eα ∈ Cα ∀α ∈ A

}
.

Note: In what follows, if (X,F , µ) is a measure space, then Lp(X, ν) — without mention of the
underlying field — will denote the Lp-space arising from R-valued measurable functions.

2. Let (X,F , µ) be a measure space. A set E ∈ F is called an atom if µ(E) > 0 and contains no
measurable subset of strictly smaller but positive measure. We say that (X,F , µ) is non-atomic
if there are no atoms in F .

Let (X,F , µ) be a non-atomic and σ-finite measure space (where, to avoid trivialities, we take
µ(X) > 0). Show that the conclusion of Minkowski’s inequality is false on Lp(X,µ) for each
p ∈ (0, 1).

3. Show that L∞(Rn,m) is not separable.

4. Let (X,F , µ) be a measure space with µ(X) < ∞. Let 0 < p < r ≤ ∞. Show, using Hölder’s
inequality appropriately (note that it is possible that 0 < p < 1), that Lr(X,µ,F) ⊂ Lp(X,µ,F),
where F = R or C.

5. Let (X,F , µ) be a measure space with µ(X) < ∞. Let 0 < p < r ≤ ∞. Show, without using
Hölder’s inequality, that Lr(X,µ,F) ⊂ Lp(X,µ,F), where F = R or C.

6. (Minkowski’s Integral Inequality) Let (X,M , µ) and (Y,N , ν) be σ-finite measure spaces
and let f be a M ⊗N -measurable [0,+∞)-valued function on X × Y . Let 1 ≤ p <∞. Show that[∫

X

∣∣∣∣∫
Y
f(x, y) dν(y)

∣∣∣∣p dµ(x)
]1/p

≤
∫
Y

[∫
X
f(x, y)pdµ(x)

]1/p

dν(y).
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