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1. Let (X,F , µ) be a measure space. Let {fn} and {gn} be sequences of R-valued integrable
functions on X. Let f, g : X → R be two integrable functions, and assume that

fn −→ f a.e., gn −→ g a.e., and

|fn| ≤ gn ∀n ∈ Z+.

Also assume that

lim
n→∞

∫
X
gn dµ =

∫
X
g dµ.

Show that the limit on the left-hand side below exists and

lim
n→∞

∫
X
fn dµ =

∫
X
f dµ.

2. Let {(Xα,Fα)}α∈A be an indexed family of measurable spaces. Assume that A is at most
countable. Show that: ⊗α∈AFα is generated by the collection{∏

α∈A
Eα : Eα ∈ Fα, α ∈ A

}
.

3. Let {(Xα,Fα)}α∈A and A be as in Problem 2. Show that if, for each α ∈ A, Fα is generated by
Cα ⊂P(Xα) with the property that Xα ∈ Cα, then ⊗α∈AFα is generated by the collection{∏

α∈A
Eα : Eα ∈ Cα, α ∈ A

}
.

4. Let E ∈ M1 and let f : E → [0,+∞) be a non-negative Lebesgue-measurable function. Show
that the set

S := {(x, y) ∈ E × R : 0 ≤ y ≤ f(x), x ∈ E}

belongs to M1 ⊗M1.
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