MATH 224 : COMPLEX ANALYSIS
SPRING 2016

HOMEWORK 1

Instructor: GAUTAM BHARALI Assigned: JANUARY 15, 2016

1. Let Q be an open subset of C and let f,g: Q2 — C. Let f and g be C-differentiable at a € Q.
Assuming the product rule show that if g(a) # 0, then:

a) (f/g) is C-differentiable at a; and

b) (f/g)'(a) has the expression

<f>’ (@) f'(a)g(a) — fla)g'(a)

2. Let {ay} be a series of real numbers. Define

Ay = inf{ag, ag11, k12, .-},
By, = sup{ag, ax11, k12, .-}

Show that

liminfa, = lim A, and limsupa, = lim By.
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3. Let €2 be a connected open subset of C and let f :  — C be holomorphic on 2. Suppose f(£2)
is contained in a line in C that passes through the origin. Show that f is a constant.

Note. You may use, without proof, the following:

Proposition. Let Q be a connected open subset of R? andu : Q@ — R a function for which Oyu and
Oyu exist at each point and are continuous on . If Oyu(x,y) = Oyu(z,y) = 0 for each (z,y) € Q,
then w is a constant.

4. Show that the radius of convergence of the power series

3 (=D n(n1)
n=1 n

equals 1. Also discuss the convergence of this series at z = 1, —1, and 1.

5. Derive the identities

. eiz o e—iz eiz 4 e—iz
sin(z) = ———, and cos(z)= ——,
(5) = () =
for every z € C, giving complete justifications.

6—8. Problems 12, 15 and 19 from the exercises to I1I-Secn. 2 of Conway.



