MA 328 : INTRODUCTION TO SEVERAL COMPLEX vARIABLES
AUTUMN 2019

HOMEWORK 1

Instructor: GAUTAM BHARALI DUE: Tuesday, Sep. 17, 2019

Note:

a) You are allowed to discuss these problems with your classmates, but individually-written and original
write-ups are expected for submission. Please acknowledge any persons from whom you received help
in solving these problems.

b) Given a multi-index o € N™, we shall use the following notation:

o] := a1+ +a, and al := ay!...ap!,
e @ «
2% = itz

olel Hlel
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1. For each z € C", write z; = x; + iy;, xj,y; € R, and denote this correspondence between
C™ and R?" as C" < R?". Let B" := (ey,...,€,) be the standard ordered basis on C". Let
B?"(R) = (e1,e3,...,e2,) be the R-basis of R?" with the properties:

€j < €251,

’iEj — €24, j: 1,...?7,.
Let T : R?" — R?2 be a real linear transformation and let

air b a2 bz ...a1n b1y

T|g2n =
[]82 (R), B>(R) |:a21 bor aze by ...a2, b2,

be the matrix representation of T° with respect to the R-bases defined above. Show that T is
C-linear from C" to C
b
if and only if 4 21 ‘
az; = —blj, ] = 1,...,77,.

2. Consider the power series
Z Cynz®.
acN?

Let £ = (&1,...,&,) € C" be such that {; # 0, j = 1,...,n, and suppose the above power series
converges absolutely at £&. Then, show that this power series converges uniformly on the closed
polydisc A—where A := D(0;|&1]) x -+ x D(0;]&,]) —and absolutely at every point in A.

3. Let Q C C™ n > 2, be an open set and let f,g: Q@ — C be C-differentiable. Show that fg is
C-differentiable.

4. Let Xy,... X, € C and suppose | X;| < 1 for j =1,...,n. Show that )
convergent and that

acne X @ is absolutely

n

>oxt =TI x).

aeN™ j=1 wveN



Hint. Although this is not the only approach to the solution, consider defining an auxiliary
function that you know is holomorphic on D", D being the open unit disc with centre 0 € C.

5. Let 2 be an open subset of C" and let f : & — C be holomorphic. Let a € . Let
(ri,...,m) € (R4)™ be such that

D(ay;ry) X -+ x D(0;7y,) C Q.

Argue that

(9‘O‘|f al / / f(w)
a) = - — —— dwy, ... dw;.
02 (a) 2™ Jop(as;r)  JoD(an;ra) [Lj=i(wj —aj)*1 !

6. Prove Liouville’s theorem in C", n > 2, without using Cauchy’s estimates.

7. Prove the Maximum Modulus Theorem, i.e., the following:

Theorem. Let Q2 be a domain in C™ and let f : Q@ — C be holomorphic. Suppose there exists
a point a € Q and a neighbourhood U C Q of a such that |f(z)| < |f(a)|] Vz € U. Then f is a
constant.

for the case n > 2 without appealing to the Open Mapping Theorem. (You can use the univariate
Maximum Modulus Theorem without proof.)

8. Prove the following version of Leibniz’s Theorem:

Theorem. Let M be a smooth, connected, orientable manifold and let ¢ : M x Q — C, where
Q is a domain in RY. Let m denote a “Lebesque measure” on M (i.e., fix a volume form that a
choice of orientation on M gives rise to, and use this as a gauge to get m for any Borel subset of
M ). Suppose:

a) p € C(M xQ);
b) ¢(-,y) € LY(M,m) for each y € §;
c) 0¢/0y; exists for j=1,...,N and

%EC(MXQ) forj=1,...,N;

ayj

d) For eachyeQ andj=1,...,N,

99

8yj(-,y) e LY(M,m).

Then, the function

by) = /M o) dm(z) Wy € 9

is well-defined and of class C*(Y). Furthermore, we obtain 0¢/0y; by differentiating under the
integral sign.



In the next two problems, ID will denote the open unit disc with centre 0 € C.
9. Let Q be a connected, open neighbourhood of the set H := D x {Ogn-1} UOD x D"~ 1 n > 2.
Define:

% :=the set of connected components of (D x D" 1) N Q that do not contain H,
o
Y

w = [the connected component of (D x D"~) N Q2 that contains H]
Q=" J <Q\ (UVE%V)> :

Show that for each f € O(f2), there exists a function Fy € O(2) such that Fy| = fl..

10. Given two domains €1 and 9 in C", a holomorphic map F': 31 — )y is called a biholomor-
phism if F is bijective and F~! is also holomorphic. Given a domain  in C", an automorphism of
Q is a biholomorphism of  onto itself. Now, describe all the automorphisms of (D x C).



