MODEL PSEUDOCONVEX DOMAINS AND BUMPING

GAUTAM BHARALI

ABSTRACT. The Levi geometry at weakly pseudoconvex boundary points of do-
mains in C", n > 3, is sufficiently complicated that there are no universal model
domains with which to compare a general domain. Good models may be con-
structed by bumping outward a pseudoconvex, finite-type Q@ C C? in such a way
that: 7) pseudoconvexity is preserved, ii) the (locally) larger domain has a simpler
defining function, and #i7) the lowest possible orders of contact of the bumped
domain with 052, at the site of the bumping, are realised. When Q2 C C™, n > 3,
it is, in general, hard to meet the last two requirements. Such well-controlled
bumping is possible when  is h-extendible/semiregular. We examine a family of
domains in C? that is strictly larger than the family of h-extendible/semiregular
domains and construct explicit models for these domains by bumping.

1. INTRODUCTION

A rather successful strategy for understanding a pseudoconvex domain in C”, n >
2, involves carefully deforming its boundary about some boundary point without
destroying pseudoconvexity so that the new domain “well approximates” the original
but has a much simpler defining function. In many instances, one requires the model
domain to be deformed outwards about the chosen boundary point. The latter
procedure is formalised as follows:

(%) Given a smoothly bounded pseudoconvex domain Q@ C C", n > 2, and
¢ € 09, find a neighbourhood U¢ of ¢ and a C?-smooth function p¢ € psh(U¢)
such that

. pgl{O} is a smooth hypersurface in U that is pseudoconvex from the

side Uy = {z: p¢(2z) < 0}; and

* pc(¢) =0, but (Q\{¢}H U & U: .
We shall call the triple (052, Uc, p¢) a local bumping of € about (. Fornaess and
Sibony [10] devised a procedure of bumping to show that every boundary point of
a finite-type domain in C? admits a holomorphic peak function. The works [9, 12]
are just some of the many applications of bumping in C?.

Going beyond C?, Diederich and Fornaess [7] have shown that if Q is a bounded,
pseudoconvex domain with real-analytic boundary, then local bumpings always exist
about each ¢ € 9f). However, the applications cited above rely on a second ingre-
dient: that the bumpings constructed are, in some sense, well-adapted to the pair
(€2,¢). To be more specific, it is highly desirable for a local bumping (912, U¢, p¢) to
have the following two properties:

(B1) The orders of contact of 90 N Uy with pgl{()} at ¢ along various directions
Ve T (02) (i (0N2) are the lowest possible.
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(B2) The function p¢ is as simple as possible and is explicitly known.

The difficulty with the results of [7] is that when 2 € C" and n > 3, the order
of contact between €2 and pc_l{()} at ¢ along certain complex-tangential directions
can be very high. Furthermore, the great generality of the scope of [7] makes it very
hard for an explicit equation for p¢ to be discernable.

Yet, there has been some progress — which generalises the situation in [10] —
in achieving (*) so that the local bumping has the properties (B1) and (B2). To
appreciate this, we need to define the Catlin normal form for a pair (£2,¢). To this
end, we refer the reader to Catlin [3] for a definition of the Catlin multitype.

Definition 1.1. Let Q be a pseudoconvex domain in C**!', n > 1, having C*-
smooth boundary and let ¢ € 9. Let (1,my,...,my,) be the Catlin multitype of
0N at ¢ and suppose m; < 0o, j = 1,...,n. Then, by [3, Main Theorem]|, there

exists a local holomorphic coordinate system (U¢;w, 21, . .., 2,) centered at ¢, which
we shall call distinguished coordinates, such that
Q m Us = {(w,2) € Ve : Rew + P(2) + Q(2) + r(Imw, 2) < 0}, (1.1)

where V¢ is a neighbourhood of 0 € C"*+1, and where
e Pisan (mq,...,my,)-homogeneous plurisubharmonic polynomial in C" that
has no pluritharmonic terms;
. DaﬁﬁQ(O) = 0 whenever (a, 8) € N"xN" such that 377, mj_l(aj +5;) < 1;
and
e There exists a smooth function S defined about 0 € R such that

r(z,z) — S(x)

|z

- <\/’21|m1 N ‘Zn’m") as (z,z) — 0.

Any presentation of  in a neighbourhood of ¢ € 92 having the form (1.1) will be
called a Catlin normal form for (9,().

We remind the reader that, given an n-tuple A = (A1,...,\,), P is said to be A-
homogeneous if P(t'/Mzy, ... 1"/ n2)) = tP(21,...,2,) Y2 = (21,...,2,) € C" and
for every t > 0. The behaviour of the the term r above is already implicit in [3],
but has been made explicit in [14] following an argument by Fornaess—Sibony [10].

Let the pair (£2,¢) be as in Definition 1.1. If the model domain Qp := {(w, 2) €
C x C" : Rew + P(z) < 0} — where P is the polynomial occurring in (1.1) — is
of finite type, then it was shown independently by Yu in [13], and by Diederich—
Herbort in [8], that one can make a holomorphic change of the w-coordinate, and
find a neighbourhood V; of 0 € C"™! and an (my,...,m,)-homogeneous function
H € CY(C"), that is positive away from 0, such that (P — H) € psh(C"), and

@\{HUc & {(w,2) €V : Rew + P(z) — H(z) < 0}. (1.2)

With © as above, whenever the model domain 2p associated to its Catlin normal
form at some ¢ € 9N is of finite type, we say that Q is h-extendible at { € 9 (or,
alternatively, that (€2, () is h-extendible). It is evident that the bumping represented
by the right-hand side of (1.2) also has the properties (B1) and (B2). Are such
elementary model domains available when the pair (€2, () is not h-extendible 7

The answer to the above question is definitively, “No.” Yu in [13] and Diederich—
Herbort in [8] have independently shown that:
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Fact 1.2. An (mq,...,my,)-homogeneous H as in (1.2) exists if and only if there
are no complex subvarieties of C™ of positive dimension along which P is harmonic.

The purpose of this paper is to show that if the domain € in question is in C? and,
for the chosen boundary point (, the structure of the exceptional complex varieties
along which P — in the notation of (1.1) — is not too complicated, then one can
construct a local bumping (02, U, p¢) that has the properties (B1) and (B2) and,
in particular, p¢ is not much more complicated than the formula occurring in (1.2).
The class of pointed domains (€2, () we shall discuss is strictly larger than the class
of h-extendible pairs. The precise definition will be given in the next section, but a
representative of the class that we will study is:

Ezxample 1.3.
Q = {(w,2) € CxC?: Re(w) + |21/%|2z2]* + |21]° + |21 [*Re(2}) + |22/ < 0}.

Note that (£2,0) is not an h-extendible pair because P(z1, z2) = |21]%|22]? + |21|® +
121|>Re(2Y) (the above example is already in Catlin normal form at ( = 0) is
harmonic along the complex line {(z1, 22) € C?: z; = 0}. The purpose of this paper
is to construct model bumpings for domains of the class to which Example 1.3
belongs.

2. STATEMENT OF RESULTS

We begin with some notation that is relevant to the definitions and results in this
section. Let P be an (mq, ms)-homogeneous plurisubharmonic polynomial on C2,
mi,mg € Z4, and define:

w(P) = {z € C*: Hc(P)(z) is not strictly positive definite},
¢(P) := the set of all irreducible complex curves X C C?
such that P is harmonic along the smooth part of X,
E(P) := the class of all curves of the form
{(21,22) : ZTl/gcd(mLWﬂ _ gzgw/gcd(mhmﬂ}

e C , along which P is harmonic

(understanding that £ = oo = P is harmonic along {(z1, 22) € C? : 25 = 0}), where
Hc(P)(z) denotes the complex Hessian of P at z € C2. Here P is the prototype for
the lowest-weight polynomial that occurs in a Catlin normal form; see (1.1). The set
E(P) will be the focus of our attention. This is because whenever €(P) # &, then
E(P) # @. This follows by making the obvious modifications — to allow for the
fact that P is (mj,mg)-homogeneous — to the proof of the following observation
by Noell:

Result 2.1 (Lemma 4.2, [11]). Let P be a homogeneous, plurisubharmonic, non-
pluriharmonic polynomial in C™, n > 2. Suppose there exist complex-analytic va-
rieties of positive dimension in C" along which P is harmonic. Then, there exist
complex lines through the origin in C" along which P is harmonic.

Note that, in view of Fact 1.2, if a pair (€, () is not h-extendible, then £(P) # .
Our claim is that, loosely speaking, the Levi-geometry around a boundary point ¢
is tractable enough to enable simple bumpings about { for those non-h-extendible
pairs (€2, () for which a Catlin normal form has the property that €(P) contains no
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complex curves other than those in £(P). However, we need to make this assertion
precise. To do so, we need the following object. An (m1,mg)-wedge in C? is defined
to be a set W having the property that if (z1,22) € W, then (/™ 2z, t1/™22) ¢
WVt > 0. The terms open (mq, mso)-wedge and closed (m1, m2)-wedge will have the
usual meanings. Note that when m; = mo = 2k (the true homogeneous case), an
(mq, mo)-wedge is simply a cone. We also clarify that, in what follows, “finite type”
will be used in the sense of D’Angelo. Le., if € is of finite type at { € 082, we will
mean that the 1-type Aq(99, () — see [5] for a definition — is finite. We can now
present our key definition:

Definition 2.2. Let Q be a pseudoconvex domain in C? having C*-smooth bound-
ary and let ¢ € 9. Let (1,m1, mg) be the Catlin multitype of 9Q at (. We say
that Q is almost h-extendible at ¢ € 0N (or, alternatively, that (€2,() is almost
h-extendible) if O} is of finite type at ¢ and, for some (consequently, for every)
system of distinguished coordinates for (€2, (), the lowest-weight plurisubharmonic
polynomial P occurring in the normal form (1.1) has the following property:

w(P)\'U xeg(p) X contains no complex subvarieties of positive dimension
and is well separated from UXes(P) X, i.e., there is a closed (mq,mz)-wedge

W that contains w(P) \ Uxegp) X and satisfies Wﬂ(UXGS(P) X) ={0}.

Remark 2.3. Tt is evident from Definition 1.1 that distinguished coordinates
(U¢; w, 21, 22) need not be unique. However, it is easy to see that for each P (i.e., rel-
ative to each system of distinguished coordinates), whether £(P) = @ or £(P) # &,
and whether or not w(P) \ Uyeg(py X is well separated from (Jycgpy X in the
latter case, is independent of the choice of distinguished coordinates. Furthermore,
(my, mg) € Zy X Z4. This is not evident from the definition of the Catlin multitype,
but is a consequence of [3, Theorem 2.2].

Remark 2.4. Observe that if (€2, () is h-extendible (in which case £(P) = &), then
it is almost h-extendible.

We must record one notational point: given a system of distinguished coordinates
(Uesw,21,...,2n), wand zj, j =1,...,n, will interchangably denote the standard
coordinates of C x C" in which the normal form is presented as well as the compo-
nents of an injective holomorphic map (w,z1,...,2,) : (U, ¢) — (C"1,0). The
pairs (2, () for which we can state our main theorem will be required to satisfy the
following mild condition:

(x+) For each X € £(P) and each z € (X \ {(0,0)}) [ Dom(Q)
Ord(P|p= — P(x),z) < Ord(Q[p- — Q(x),x),

and, if R > 0 is so small that B3(0; R) C (w, 21, 22)(U¢), then

1
AL O+ [

r(Omw, z)| < [Imuw| ) Y(w, 2) € BY(0; R),

where (mq1,m2) and (P,Q,r) are determined by the distinguished coordi-
nates (U¢;w, 21, 22), and N* denotes the complex line in C2 that is normal
to the curve X at x. We have abbreviated the 1-type A;(9, () to A1(992).

The condition (#*) might seem like a severe restriction on the class of almost h-
extendible pairs, so a couple of explanations are in order. Given a point a € C and
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a smooth function F' defined in a neighbourhood of a such that F'(a) = 0, we write:

Ord(F,a) := min{n € Z, : some monomial of degree n in the Taylor

expansion of F' around a has non-zero coefficient} .

Now, concerning the first part of (*x): (P[p= — P(z)) may well vanish to infinite
order in some real direction in N**, but we do not require (Q| = — Q(x)) to have
the same decay along such a direction if Ord( P|s= — P(x)) < co. (Refer also to the
short remark just after Theorem 2.5.) As for (xx): we do not require the condition
on r in order to obtain a result in spirit of Theorem 2.5. But there is a pragmatic
reason for imposing this condition; the reader is referred to Remark 2.7 following
Theorem 2.5.

We can now state the main theorem of this paper.

Theorem 2.5. Let Q be a pseudoconvex domain in C3 having C*-smooth boundary
and let ¢ € 0. Assume that Q) is almost h-extendible at (. Let (1,mq1,mz) be the
Catlin multitype of 0Q at (. Let

QﬂUC = {(w,2) € V; : Rew + P(2) + Q(2) + r(Imw, z) < 0}

be the local representation of 2 with respect to a system of distinguished coordinates
(Ue;w, 21, 22) (here, and below, z := (21, 22)). If E(P) # @, then:

1) E(P) is a finite set, denoted as {X1,...,Xn}.

2) Suppose (2, () satisfies (xx). Then, we can find a system of holomorphic co-
ordinates (Ug; W, Z1, Z3) in such a way that Z = z, and construct a plurisub-
harmonic function G € C*®(C%\ {0}) N C%(C?) whose orders of vanishing at
0 € C? along various complex directions in C? are explicitly known and such
that

@\ {0}) (\B*(0; R) & {(W, 2) € C*: ReW + G(2) < 0} |B*(0; R) (2.1)

for some R > 0.

The function G has the following description. There exist a non-negative function
Ho € C>°(C?\ {0}) N C%(C?) that is (m1, m2)-homogeneous; subharmonic functions
v; € C®(C\ {0})NC*(C) that are homogeneous of degree 2dj, j = 1,...,N, and
are strictly subharmonic away from 0 € C; and closed (mq, mg)-wedges W; and W?
satisfying

~al A2

Wj\{o} ; lnt(wj)> J = 17"'7N7
such that:

o Hy'{0} = Ui, X;.

e For each j < N, G(z) = (P —Ho)(2) +vj(zk)) V(21,22) € W]l NB2(0; R),
where k(j) =1 or 2 depending on j =1,...,N.

o Gl21,22) = (P = Ho) (21, 22) V(21,20) € (C2\ UYL, W) ) B2(0; ).

Remark 2.6. We have given a part of the explanation for the assertion that the first
part of condition (#x) is mild. Another reason for this assertion is that that condition
can be dispensed with. Le., even without that condition, a bumping theorem similar
to Theorem 2.5 can be deduced. However, the model that one would get would have
a more complicated defining function than the one above. Since the main point of
Theorem 2.5 is to construct the simplest bumpings in the almost h-extendible case,
we will assume that the the first part of (xx) is in effect.



6 GAUTAM BHARALI

Remark 2.7. The second part of the condition (xx) can also be dispensed with. The
theorem that one obtains without this assumption differs from Theorem 2.5 in the
following respect: in addition to all the objects asserted to exist in Theorem 2.5,
there exist polynomials g; € C[z1,22], j =1,..., N, with deg(g;) < 2d; such that

G(2) = (P — Ho)(2) + Req;(2) + v;(2ay) V(21,22) € W, [\ BA(0; R),

where k(j) = 1 or 2 depending on j = 1,...,N. This latter version takes some
extra effort to prove but has the advantage that, for domains in C3, it subsumes the
bumping results in [8] and [13]. However, it is not clear whether the right-hand side
of the above equation is simple enough to be useful in applications. In contrast, if
we study unbounded domains of the form (1.1) with Q@ € C*°(C?) and r = 0, then
Theorem 2.5 can be applied to several problems on such domains. For example,
using Theorem 2.5 one can extend (in C?) [4, Theorem 1.2] by Chen-Kamimoto—
Ohsawa to a much wider class of unbounded domains (which we shall address in a
forthcoming work). To summarise: because of the utility of the bumpings we get
from Theorem 2.5, we prefer to restrict attention to domains that satisfy the second
part of ().

We ought to mention that the idea of “almost h-extendibility” comes from [2].
The property that the polynomial P occurring in Definition 2.2 possesses is termed
Property (A)in [2]. In fact, some of the preliminary steps in our proof of Theorem 2.5
are variations on the work in [2]. Before we conclude this section, let us glance at
the key ideas involved in the proof of Theorem 2.5. The four primary ingredients in
our proof are as follows:

e Step 1: As in [2], we begin by studying the true homogeneous case, i.e.
when the Catlin multitype of 9 at C is (1, 2k, 2k), k > 2. For each complex

line X € £(P), we can find a closed cone K~ and a function H x that is

supported in i~ such that (P—dHx) is a bumping of P, for 6 > 0 sufficiently
small, inside the aforementioned cone. The departure from [2] here is that
Hx must be constructed with greater delicacy so that the precise orders of
decay of Hx, as one approaches its zero set, are known. This involves some
new ideas.

o Step 2: We know from [2, Proposition 1] that, in the homogeneous case,
there are finitely many complex lines Xi,..., Xy € E(P). We use pseudo-
convexity of {2, plus the hypothesis of 02 being of finite type at (, to extract
summands from the Taylor expansion of (P + @) (see Definition 1.1) that
constitute homogeneous subharmonic polynomials corresponding to each
X, j=1,...,N. A well-known prescription is used to bump these polyno-
mials, which yields the functions vy, ...,vx of Theorem 2.5.

e Step 3: The properties of P allow us to patch together all the functions
constructed up to this point in an appropriate manner. This yields the
function G of Theorem 2.5. We then account for those terms in the Taylor
expansion of (P+@) that are not already in G|zx so that we can eventually
conclude that G(z) < (P + Q)(z) Vz € B%(0; R) \ {(0,0)} for some R > 0
sufficiently small.

e Step 4: The analogous results for the case when the Catlin multitype of
0Q at ¢ is (1,m1,m2), m; # ma, are obtained by applying an appropriate
proper holomorphic map that pulls back the Catlin normal form of (£2, () to a
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domain to which the above ideas can be applied. A final change of coordinate
accounts for the terms in the Taylor expansion of r (see Definition 1.1).

The constructions described in the first step of the above procedure will be ex-
plained in Section 4. The second and the third steps represent the key technical
proposition of this paper. They constitute Proposition 5.3, which will be presented
in Section 5 below. The final part of the above analysis will be found in Section 6

3. TECHNICAL PRELIMINARIES

The purpose of this section is to list some results that we shall apply many times,
in the sections that follow, to accomplish specific technical tasks.

We begin by stating a proposition that is essential for the proof of Theorem 2.5,
and from which Part (1) of Theorem 2.5 follows almost immediately.

Result 3.1 (Proposition 1, [2]). Let P be a plurisubharmonic, non-pluriharmonic
polynomial in C? that is homogeneous of degree 2k. Then, there are at most finitely
many complex lines passing through 0 € C? along which P is harmonic.

The next result is a mild refinement of [10, Lemma 2.4] by Fornaess & Sibony.
In fact, we do not need to alter anything in the proof of [10, Lemma 2.4]. The
refinement lies in stating explicitly, in Part (c¢) below, a property of the Fornaess—
Sibony construction of which there was no need in [10], but which we will need in
Section 4.

Result 3.2. Let U : C — R be a real-analytic, subharmonic, non-harmonic function
that is homogeneous of degree j. Assume that

{61,...,00} :=1{6€[0,2n) : AU(?) = 0} C (0,27).
Let g > 0 be so small that [0 — 00, 0 + 00] C (0,27) and [0 — o0, Ok + 00] ([Ok+1 —
00,0k+1+ 00l =9, k=1,... M — 1. Next, define:
Sp(o) = {re? :r >0, 0 €0 — 0,0k + 0]}, o€ (0,00).
There exist positive constants
e Cy = C1(U), which varies polynomially in supy,— |U(2)|;
o Cy = C3(U,0), which varies polynomially in sup,.|—; |U(z)| and o € (0,00);
and a 2m-periodic function h € C*°(R) such that:
a) 0 < h(zx) <1VzeR
b) A (U —4|-hoArg(-)) (2)
¢) AU =6+ hoArg(+)) (2)
(0,00), independent of 4.
(Here Arg(-) refers to any continuous branch of the argument.)

§C1 |22 V2€C and V6 : 0 < 6 < 1.

>
> Cylef2 ¥z € C\ (Ugil Sk(a)> and Vo €

Remark 3.3. The § > 0 appearing in the above lemma must not be confused with the
d appearing in the statement [10, Lemma 2.4]. The latter ¢ is a universal constant
which is a component of the constant Cy(U) in our notation. If we denote the § of
[10, Lemma 2.4] by Oyniv, then our C1(U) is a polynomial function of dyy,iy, and

(in the notation of [10]) ||U|| = sup |U(2)|.
|z|=1

The last technical item is a Levi-form calculation. We will need this result in
Section 4.
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Lemma 3.4. Let P(z1,22) be a plurisubharmonic, non-pluriharmonic polynomial
that is homogeneous of degree 2k, k > 2, and assume that P(0,-) = 0. Write

2k
P(Zl,Zg) = ZQj(ZlaZQ)v
J=p

where each @Q; is the sum of all monomials of P that involve powers of z1 and Z1
having total degree j, p < j < 2k. Then @, is plurisubharmonic.

Proof. We start with a Levi-form calculation. For {,w € C, let us write
w = |w|e®,
¢ = [¢|e", where ¢,a € T := R/27Z.
With this notation, the Levi-form of P at the points ((w,w) can be written as
Ti(d, ) Tia(o, ) vy
EP(Cw,wiv) = |wEDCH2 x (vr - Cua) -
Ti2(p, ) Tha(0, ) Cuz
+ |wPEDOC S o, ¢ forval, ST 0al?) > 0, (3.1)

where T11, Ti2 and Ty are trigonometric polynomials obtained when £Q,,(Cw, w;v)
is written out relative to the polar coordinates defined above. We first note that as
P € psh(C?), whence p > 2, £Q,((0,+); +) > 0. Let us assume that Q,, ¢ psh(C?).
Then, there exist y # 0, wg # 0 and a vector V = (V1, V) € C? such that

£Q,(Cowo,w; V) = —C < 0.

Now, for each r > 0, define W, := (rV7, V3). From the expression for the Levi-form
of @, in (3.1) above, it clear that

L£Qp(r¢owo, wo; Wr) = 1HL£Q(Cowo, wo; V) = —Crh. (3.2)
Notice that by the definition of ),
a?EQl(T€0w07w0)Wr,er,k = 0(") Vi>p+1, jk=12.

Combining this fact with (3.2), we see that there exists a positive constant § < 1
such that

LP(réowo, wo; W) = —Cr* +O(r*) < 0 Vr e (0,0).
But this contradicts the plurisubharmonicity of P. Hence our earlier assumption
must be false, and @), is plurisubharmonic. O

4. HOMOGENEOUS POLYNOMIALS: BUMPING AROUND &(P)

This section is devoted to making precise the ideas presented in Step 1 of the
outline given in Section 2. In order to state the main result of this section cleanly,
we need the following notation: for any £ € C, IC(&; ¢) will denote the open cone

IC(&e) == {(z1,20) € C?: |21 — €] < g2}
Note that IC(&;¢) is a conical neighbourhood of the punctured complex line {(z; =
€z9,722) + z2 € C\ {0}}. As stated in Section 2, the initial ideas in the proof of
the proposition below are similar to those in the proof of [2, Proposition 2]. The

departure from [2] here is represented by the estimate in Part (a) of Proposition 4.2
below. This estimate is a more precise statement than Part (a) of [2, Proposition 2].
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Establishing this requires a more delicate construction, which relies, in part, on the
following result:

Result 4.1 (Theorem 3, [2]). Let Q(z1,22) be a plurisubharmonic, non-harmonic
polynomial that is homogeneous of degree 2p in z1 and 2q in z3. Then, Q is of the
form

Q(z1,22) = U(z{2),
where d, D € Z and U is a homogeneous, subharmonic, non-harmonic polynomaial.

A comment about the hypothesis imposed on P in the result below: the P below
is the prototype for the polynomial P described in Definition 1.1 under the following
assumptions:

e The pair (€2, () is such that the Catlin multitype of 9Q at ¢ is (2k, 2k).

e (2 is almost h-extendible at ¢ with £(P) # &.
These are encoded in the hypothesis about P)| K0\ L In this prototype, L must be
viewed as a complex line belonging to £(P).

Proposition 4.2. Let P(z1,22) be a plurisubharmonic polynomial that is homoge-
neous of degree 2k, k > 2, contains no pluriharmonic terms, and such that

2k
P(ZlaZZ) = ZQ]'(ZDZQ)? H>07
J=H

where each @Q; is the sum of all monomials of P that involve powers of z1 and Z1
having total degree j. Write L := {(z1,22) : z1 = 0}, and assume that there exists
an € > 0 such that P is strictly plurisubharmonic in the cone (KK(0;¢)\ L). Then,
there exist constants c,0 > 0 — which depend only on P — and a non-negative
function H € C>®(C?\ {0}) N C?(C?) that is homogeneous of degree 2k such that:
a) H(z1,22) > c|lz1|H|z2|?*~* when 0 < |21] < o]za].
b) Foreveryd :0< 9§ <1, (P—3dH) is strictly plurisubharmonic on (K(0;0) \ L).
Furthermore, there is a constant B = B(t) > 0 that is independent of
5 € (0,1] — and depends only on o and t — such that, whenever t € (0,1),

£(P = 6H)(z (Vi, Vo)) = B()||=I** V|V
Vz :to|z| < 21| < 0|z, YV € C?
for every 6 : 0 < < 1.

Proof. From Result 4.1, we deduce that there exist a homogeneous, subharmonic,
non-harmonic polynomial U; and a,b € Z; such that Q,(z1,22) = U(2{25). Then,
adopting the notation used in the proof of Lemma 3.4 above, we see that the Levi-
form of P at the points (Cw,w) has the form:

LP(Cw,w; V) = Ug(¢"w™*)J (¢, w)laVi + b¢Val?

2k ‘ T1j1(¢704) TfQ((ﬁaa) Vi
+ |wPED N (W (Va) -
j=tl Tiy(¢,a) Th(d,a) ) \ V2

= Ug(C'w™)J (¢ w)|aVi +bCVaf* + [w** DR 63 V), (4.1)

where J(¢, w) := |¢[2(@ D |w[2(@+b=1). lel, le2 and szz are trigonometric polynomials
obtained when £Q;(Cw,w; V') is written out in polar coordinates as described in the
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proof of Lemma 3.4; and where R : C x T x C?> — R. Define the matrix-valued
function M : C x T — C2?*2 by the relation

R(C, V) = (M(C,0)(V1,¢V2), (V1,¢V2)),

where the inner product above is the standard Hermitian inner product on C2.
We wish to construct the H mentioned in the statement of this proposition by
applying Result 3.2 to the polynomial U. Consequently, establishing Part (b) of this
proposition would require some estimates on the quantity R. We shall begin with
this task and divide our proof into three steps.

Step 1. Positivity estimates on R when V lies in a conical neighbourhood of
{VeC?:aly +b(Vo =0}
Consider the set

Si = {(¢,¢) € C x T : Ker(M(¢, ) 2 {(V1,¢Ve) € C*: aVi +b¢Ve = 0} },

which is clearly a real-analytic subvariety of CxT. Assume that Sy ((D(0;7)*xT) #
@ ¥r > 0. Here, and later in this proof, D(0;r)* shall denote the punctured disc
D(0;7) \ {0} C C. Then, there exists a sequence {((n, ¢n)}neny € C x T such that
¢, — 0 as n — +oo and
—b
M(Cny &n) = 0 VneN.

This implies, in view of (4.1), that
LP(Cre'® ey (—bCp,a)) =0 Vn € N.

But this means that P is not strictly plurisubharmonic on the set of points
{(¢pe?n ei®n) : n € N}, which has non-empty intersection with (1C(0;¢)\ L).
This contradicts our hypothesis, whence our assumption on Sy is false. Therefore,
Jry € (0,¢) such that S;* := S N(D(0;r1)* x T) = @.

Let us define the following auxiliary objects:

R & V) = [CPM(C )V, V),
u = (=b,a)/|(=b,a)ll.

From the following facts:

e P is strictly plurisubharmonic on (IC(0;¢) \ L);

e Si' =9, with r <e;

o £Qu((¢+,-); (—b¢, a)) = 0;
we conclude that R(¢, ¢; (—b(,a)) > 0on D(0;71)*xT. Owing to the real-analyticity
of R, we can find an exponent n: u+ 1 <n < 2k, and a constant o1 > 0 such that:

(i) R(C, ¢; (=b¢,a)) = a1[C|" V(C, ¢) € D(0;3r1/4) x T.
(7i) For each ¢ € T

R(C, ¢; (=b¢, a))

lim inf > 01/2.
(=0 (8K 1/
In view of the identity
R(C, ¢; (—bC, a ~
€O _ R o),

a? + b?
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the bounds in (i) and (ii) above tell us that there is a D(0;3r1/4) x T x S3-open
neighbourhood, say U, of D(0;3r;/4) x T x {ue’ : t € R} such that
R(GHV) > g rmr ¢ Y(C, 6,
(C6:V) > il V(G oY) €
Here, and later in this proof, S? shall denote the unit (Euclidean) sphere in C2.

From the last inequality, it follows that there exists a small S3-open neighbourhood
W of {ue : t € R} such that

RICoV) 2 il VG0 V) DO/ X T W, (42)

+ b?)

And finally, exploiting the relationship between R and R, we infer from (4.2) that
there exists a small constant 5 > 0 — which depends upon the cone determined by
W — such that

If|aVi +bCVe| < BlaCVs — bVA| then

R(C, 6 >_M&+m¢w(

From this we can infer that, shrinking 8 > 0 if necessary , if we define the closed
cones

2

+Va !2> , (€¢) € (D(0;r1/2)\ {0}) x T

C3(Q) = {V € C*: ((b/a) = B)I¢Va| < Vi < ((b/a) + B)I¢Val}

(understanding [ to be smaller than b/a), then there are small constants ¢;, Ry > 0
such that

R(C, V) > ald"*(Vi]* +[¢Val?)
VG e V) e |J G x T x (0. (4.3)

¢eD(0;Ry)

Step 2. The structure of the set {((,w) : w¢ # 0 and Ugg(Caw‘”'b) = 0} and
definition of H when this set is non-empty

Let {01,...,00n} be the set associated to AU = 4Ug as defined in Result 3.2.
The arguments in this part of our proof are predicated on the assumption that
{61,...,0m} # @. We will consider what to do when {61,...,05} = @ in Step 3.
We compute:

S = {(C,w) € C?:w(¢ #0 and Ug((“w‘”b) = O}

_ U U{ )€ C2: (ot = iek}' (4.4)

k=1r>0
We can apply a simple computation to (4.4) to get:

M a+b
O, — 2wl
- U UU{ rs >0, (bka@‘“r”} (4.5)
a+b
a€R k=1 I=1
In other words, for each fixed ( € C\ {0}, 61N ({¢} x C) is a collection of radial
segments. We now apply Result 3.2 to U and let h be the 27-periodic function whose
existence is asserted by Result 3.2. Let m € Zy be such that U is homogeneous of
degree 2m. Define ' '
F(re®?) = r¥™n(9) vre? e C.
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Now set

A sup{t > 0: A(U — 6F)(e") > AU (") V0 € (0 —t,0p + 1)}
k= )

2
k=1,...M, 0<§<1.

The whole point of Part (b) of Result 3.2 is that Ay > 0 Vk < M. It is obvious
that Ay is independent of § because any lowering of A(U — §F)(e?) with respect to
AU () is determined only by the cut-off functions used to construct h.

Let us now define
H(z,20) = F(2825) V(z1,2) € C2. (4.6)

Let us also set A := minj<p<p Ai. Refer to Result 3.2 for a definition of the sets
Si(A), which are just closed sectors in C. If we now define the set w C C? by

M a+b
, - 0 — aac + 27l A
— o i . >0 . k < }
w QL%HH{(TG ,s€'?)ir,s >0, @ P> < ol

then, comparing this with (4.5) and the definition of A, we infer:
(Cw) Ew <= (w™ e Sp(A) for some k=1,..., M. (4.7)
Then, from the definition of A, we conclude that
(Qu = SH)(Cw,w; V) = (U = 6F)g(¢*w™*)J (¢, w)|aVi + b¢Val?
> £Qu(Cw,w; V) V(¢ w, V) €wx C? (4.8)

foreach § : 0 < 6 < 1.

Step 3. Completing the proof when the set {({,w) : w¢ # 0 and Ugg(C“wa‘H’) =0}
s non-empty
In view of Part (b) of Result 3.2, the definition of H and the estimate (4.3), we have

(P = 0H)(Cw,w; V) > er|wPFDIC2([Vi 2 + [¢Val?)
VG wV)e |J {OxTxE), (4.9

CeD(0:R:)
for each 0 : 0 < 0 < 1. Next, from (4.8) and (4.1), we conclude that
&P —6H)(Cw,w; V) > LP(Cw,w;V) > 0 Y(C,w,V) € wx C?, (4.10)

foreach § : 0 < 6 < 1.

Let us stay with the case when (AU)~1{0} 2 {0} for the moment and complete
our argument for this case. It now remains to account for the positivity of the Levi-
form of (P —dH) along vectors that remain unaccounted for by the inequality (4.9).
We will have to treat this under separate two cases. In this part of the proof, we
shall use the notation J;(¢,w) to denote the product [¢[*#~!|w[>**=1 1 =0,...,p.

Case (i) V € C?: |V1| < ((b/a) — B)|(Va]| for some ¢ € C
The above condition implies

[aVi+0CVa| = bCVa| —alVi| = aBICVal,

Vil® +[¢Val? < ((b/a)® +1) [CVa[*.
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It sufficies to study £(P — 0H) for

G, V) € {(Gu V) ew xCiI¢l < 1/2, Vil < ((b/a) = B)IcVal |
= Wi(s =1/2).

We appeal to the observation (4.7), which, in conjunction with Part (c) of Result 3.2,
tells us that there exist constants C, M > 0 such that (exploiting the two inequalities
above) we may estimate:

S(P — 0H)(Cw,w; V) > C(af)*Jo(C,w)|Val* = MJi(¢, w)(VA[* + (Vo)
> Jo(¢,w) [C(aB)? = MIC| ((b/a)* +1)] [Va].

V(¢ w, V) € Wi(1/2),
for each § : 0 < § < 1. Thus, there exists a positive constant Ry < 1 such that

2
B (¢ w)al

ca 2 (Cw)([VA[* + [CVal) (4.11)
V(C,UJ,V) € WI(RQ)v

V

L(P —0H)(Cw,w; V) =
>

foreachd: 0<d§ <1.

Case (ii) V € C?: |V4| > ((b/a) + B)|¢Vz| for some ¢ € C

The inequalities analogous to the ones used in Case (i) are:
[aVi +0CVa| > alVi| = bICVal > aB((b/a) + )" Vi,
VAP +[CVal < [((b/a) + B)7 + 1] AP

It is now evident that the previous argument goes through mutatis mutandis to yield
constants cz, R3 > 0 such that

P = 3H)(Cw,w; V) = esda(Cow)([VAP + CVl?) (4.12)
V(C,M,V) € WQ(R3)7
for each § : 0 < § < 1, where

Wals) i= {(Gw, V) €wC x C?1[¢] < s, [Vi] = ((b/a) + BICVal }

From the definition of H given by (4.6) (recall that (AU)~1{0} 2 {0}), Part (a)
is evident. Next; if we define

g = min{s, Rl, RQ, Rg}
and make the following substitutions

21 = Quw, 29 = w,
then, the statements (4.9), (4.10), (4.11) and (4.12) clearly establish Part (b)
Step 3’. Completing the proof when the set {({,w) : w¢ # 0 and Ug(caw“*b) =0}
18 empty
Very similar ideas will work when (AU)~1{0} = {0}. In this situation, Step 2 is
irrelevant. Instead, we begin by defining 7 := infgcp 2q] Ugg(eze). Note that v > 0.
In this case, we define (recall that U is homogeneous of degree 2m)

y

H(z1,29) = 2—m2]z¥z12’|2m (21, 22) € C2. (4.13)
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In this situation, we can repeat the entire argument given in Step 3 — relying, once
again, on the two inequalities that follow the headings “Case (i)” and “Case (ii)”
— making the following replacements:

e Replace the definition of W (s) given in Case (i) by

Wi(s) = {(¢w,V) e C?x C?:[¢| <s, V] < ((b/a) = B)I(Val};
e Replace the definition of Wa(s) given in Case (ii) by

Wa(s) = {(¢w,V) € C?x C*:[¢| <s, Vi = ((b/a) + B)I(Val};

e Replace the constant C, wherever it occurs in Step 3, by the constant /2.

It is easy to see that this exercise leads us to the following conclusion:

When (AU)™{0} = {0}, analogues of the estimates (4.11) and (4.12)

are achieved with H as redefined in (4.13) (with the newly-defined Wj(s), j = 1,2),
(4.14)

from which the desired result follows for the case (AU)~1{0} = {0}. O

5. THE KEY PROPOSITION

We are now in a position to prove the key technical proposition of this work. We
ought to indicate that the work in this section represents a continuation of the work
done in [2]. While the philosophy of the proof of Proposition 5.3 below is not very
different from the proof of [2, Theorem 1|, the estimates needed for Theorem 2.5
affect the details of the proof below. For instance: the proof of Proposition 5.3
would not work without Proposition 4.2. The similarity with [2, Theorem 1] is
further visible in our use of the other crucial idea needed in our proof. This result
is derived from [11].

Result 5.1 (Version of Prop. 4.11in [11]). Let P be a plurisubharmonic polynomial on
C™ that is homogeneous of degree 2k. Let wy be a connected component of w(P)\{0}
having the following two properties:

a) There ezist closed cones IC1 and Iy such that
wo C int(fl) C El \ {O} G int(fg),

and such that Ko (w(P) \ Wo) = 2.
b) wo does not contain any complez-analytic subvarieties of positive dimension
along which P is harmonic.

Then, there exist a smooth function H > 0 thal is homogeneous of degree 2k and
constants C,eq > 0, which depend only on P, such that int(KCo) = {H > 0} and such
that for eache: 0 < e < eg, &(P —eH)(z;v) > Ce|z||>* =V ||v|? V(z,v) € Ky x C™.

Remark 5.2. The above result is not stated in precisely these words in [11, Propo-
sition 4.1]. The proof of the latter was derived from a construction pioneered by
Diederich and Fornaess in [6]. A careful comparison of the proof of [11, Propo-
sition 4.1] with the Diederich-Fornaess construction — keeping in mind the as-
sumption of homogeneity in Result 5.1 — easily reveals that the assumption (a) in
Result 5.1 is enough to obtain the above “localised” version of [11, Proposition 4.1].
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Proposition 5.3. Let U be a neighbourhood of 0 € C3 and let V be such that
{0} x V =UN{0} x C?). Let R € C>®°(V)(\psh(V) and be such that the domain
Qr = {(w,2z) €U : Rew + R(z) < 0} is of finite type. Let

[e.e]
Y Pur(z1,2)

n=2k

denote the Taylor expansion of R around z = 0, where k > 2, and each P, g 1is the
sum of all monomials having total degree n. Set P := Py, r. Assume that P has no
pluriharmonic terms and has the properties stated in Definition 2.2. If E(P) # &,

then:

1)

2)

E(P) is a finite collection of complex lines Ly, ... Ly passing through the
oTigin.

For any x € Lj, set [j, 2]t = (x + Lj-), j=1,...,N, where the orthogo-
nal complement is taken with respect to the standard inner product on C2.
Assume that for each x € L\ {0}

Ord (P‘[j’z]L — P(:U),x) < Ord (R‘[j,m]l — R(a:),a:) , (5.1)

and let p; denote the generic value on L; of the left-hand side of (5.1), j =
1,...,N. Then, there is an algebraic change of coordinate centered at 0 € C?
and a positive integer D, chosen suitably so as to give us (a)—(d) below,
such that if (W, Zy,Z3) denotes the new coordinates, then Z = z; and if
Qr ={(W,2) : ReW + p(z) < 0} is the representation of Qg relative to the
new coordinates, then the associated P, , contain no pluriharmonic terms for
n=2k,...,D, and Poy p = P, = P. Furthermore, there exist constants
C, 60,70 > 0; a non-negative function H € C®(C?\ {0})(C?(C?) that is

homogeneous of degree 2k; closed cones K; and K? satisfying
=1 N
K\ {0} ¢ int(K2), j=1,...,N;

and, for each 6 € (0,00), a constant rs > 0; subharmonic functions U;s €
C>®(C\{0}) N C?(C) that are homogeneous of degree 2M;, j =1,...,N, and
are strictly subharmonic away from 0 € C; and a function G5 € C*°(C?) (N psh(C?)
such that:
a) Gy is strictly plurisubharmonic on C%\ {0}.
b) For each j < N, Gs(z) = (P — 0H)(2) + Ujs(zi(jy) V(21,22) €
KJI-HBQ(O;’I"()), where k(j) =1 or 2 depending on j =1,...,N.
¢) Gs(z1,2) = (P — 0H)(21, 22) ¥(z1,20) € ((C2 \ uyzlff.) N B2(0; o).
d) For each j < N such that the complex line L has the form L; = {z :
21 =&z}, § €C,

(Gs — p)(2) < =60 (|21 — & zo|l |20 H +[2o?M)
V(Zl, 22) S Kjl mB2(0; ’1“5).

If Lj = {z : z0 = 0}, then the above inequality holds with the positions
of z1 and z swapped and §; = 0.

e) (G5 — p)(2) < —0C||2)|%* V(z1,22) € (@2\U§V:1K}) NB2(0; 7).
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Proof. Note that Part (1) follows simply from Proposition 3.1. Let IC be the closed
cone with the properties given in Definition 2.2 whose existence is guaranteed by
hypothesis. By assumption, we can find a slightly larger cone IC, such that

N
w(P)\ (|J L;) ¢ int(K) ¢ K\ {0} ¢ int(K,),
j=1

and such that IC, ﬂ(U;V:1 L;) ={0}.

Step 1. Constructing G

In view of the assumption that P has no pluriharmonic terms, P| L, = 0. Please
note: in the interests of brevity, our arguments below will be framed for complex

lines in E(P) of the form

Lj = {Z 121 = ijQ}, fj S (C,
only. If E(P) > {z: 22 = 0} =: Ljo, then a separate argument will be provided for
a statement relating to Ljo only if that statement does not follow mutatis mutandis
from the arguments given. In particular: for the purposes of Step 1, we may assume

that L; = {z : 21 = {22}, j = 1,...,N. The hypotheses of Proposition 4.2 are
satisfied by

jP(zl, 22) = P(Zl + ijQ, 22).
Hence, we can find:

e a constant ¢; > 0 that depends only on P;
e constants 0; >0, j=1,..., N, that depend only on P and j;
e functions H; € C>°(C?\ {0})(C?(C?) that are homogeneous of degree 2k;
and
e a positive decreasing function B : (0,1) — R;
such that
£(P = §H;)(2 (Vi,V2)) = B()|l=[** Vv
Vz i toj|za| < |21 — &j2| < ojlzal, YV €C? (5.2)
Hj(z1,29) > cilzr — &zo" |2 V2 e K(&505) \ Ly, (5.3)
fort € (0,1),7=1,...,N, and for § € (0,1]. Recall that y; € Z are as determined
by the condition (5.1).
Note, furthermore, that, by the finite-type assumption on Qg, if we define

inf{n € Zy : Py R|, isnon-harmonic on L;}
J

Mj = 2 )

then M; < oo Vj = 1,...,N. Let us now write D := max;<y 2M;. It is a well-
known trick that we can make a global holomorphic change of coordinates and work
with new coordinates (W, Z1, Z3) having the form
W = w — (a holomorphic polynomial in z1 and zo of degree < D),
Z = z, (5.4)
such that if the representation of 2z with respect to these coordinates is
Qr ={(W,2Z) : ReW + p(Z) < 0},

then the Taylor expansion of p around Z = 0 contains no pluriharmonic terms of
degree < D, and Poy g = Pop. To clarify: the holomorphic polynomial that is a
part of the definition of (W, Z) is the sum of all monomials in z; and z whose real
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and imaginary parts are pluriharmonic terms in P, g, n = 2k +1,...,D. Let us
call this polynomial ©. Now, owing to the property (5.4) of (W, Z1, Zs):

e The condition (5.1) remains unchanged when R is replaced by p. To un-
derstand this, first note that the left-hand side of (5.1) remains unchanged.
Now, suppose L; = spanc{(B1,B2)}. If O, ; € [1,00] denotes the degree
of the first non-zero monomial in 7 and 7 of the Taylor expansion in (7,7)

(around 7 = 0) of (R(xz + 7(B2, —B1)) — R(x)), then (5.1) states that
0. = Ord (Pl - P@),x).

Now, as the monomials of the polynomial (©(x + 7(Ba, —Bj)) —©(x)) occur
in the aforementioned Taylor expansion, the degree of the first non-zero
monomial in 7 and 7 of the Taylor expansion in (7, 7) of (p(z+7(B2, —B1))—
p(z)) cannot be less than O, ;. Hence our claim.

e None of the assertions made thus far in this proof are affected.

From this point, we shall work with the defining function (JReWW + p(z)), and we
shall simply write P, , =: P,, n € Z,. It follows from an argument very similar to
the one used in the proof of Lemma 3.4 that the functions

uj(s) = Pan;(§5s,8), s€C,
j =1,...,N, are subharmonic, non-harmonic functions. In particular, therefore,
the M;’s defined above are integers. We invoke Result 3.2 to obtain:

e constants co, By > 0 that depend only on p; and
e functions h; € C*°(C\{0}) N C?(C) that are homogeneous of degree 2M;, j =
1,...,NN;
such that
hi(s) > cols?™i VseC, (5.5)
% (uj — 0h;)(s) > 0Bao|sPMi™D ¥se C, ¥5:0< 4§ <1, (5.6)

j=1,...,N. Lastly, in view of Result 5.1, we can find a smooth function Hy > 0
that is homogeneous of degree 2k, and constants Bs,eg > 0 such that

{z: Hy >0} = int(KCy),
(P — 6Hp)(5 V)
> 6Bs|z|2* D |[V)? V(z,0) € Ky x C?, and V6 € (0,0). (5.7)
Let a > 0 be so small that
20 < 04, j=1,...,N,
(KK(€j:20) N SH((KNS%) = & ¥j <N,
(K(&5320) N S [((K(&i20)NS?) = @ if j #k. (5.8)
Here, S3 denotes the unit sphere in C2. The parameter o will be used to define the
cones fjl- and sz-, j=1,...,N. Let us now define

Vi == K(;0)N S, and W; = K(§;2a) N S3.

Let x; : S — [0,1] be a smooth cut-off function such that x;ly, = 1 and
supp(x;j) C W, j = 1,...,N. Let us define ¥;(z) := x;(z/|z||) V2 € C?\ {0}.
Finally, if ® : C2 — R is a function that is homogeneous of degree d > 0, then
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we shall abuse notation somewhat and use the expression ¥;(z)®(z) as having the
following meaning:

U,(2)®(z), if z#0,

Vi(2)2(z) = {0 if 2 =0,

Note that ¥;® has the same regularity as ® and is homogeneous of degree d. Before
we define Gy, let us define a preliminary function Gjy:

Gs(z) = P(z) — 6Hy(z +Z uj(z2) — 6 (Hj(2) + hj(22))] ¥;(z) ¥z € C2 (5.9)

Note that if E(P) > {z: 22 = 0} =: Ljo, then the sum on the right-hand side above
would contain the summand [ujo(z1) — 6 (H;o(2) + hjo(21))] ¥ 0(2). AIEO note that,
as U; = 1 on K(&5;a)(S?, Proposition 4.2 and (5.6) imply that Gs is strictly
plurisubharmonic on IC(&;;a) \ {0}, j = 1,...,N. But, since strict plurisubhar-
monicity is an open condition, we infer from continuity and homogeneity that

(1) Je < 1 such that Gy is strictly plurisubharmonic on IKK(&sa+e);
for each j =1,..., N, and for each § : 0 < 6 < 1/2. In view of (i) above we need to

examine the Levi-form of Gs on IC(&552a) \ K(&j; 0 + €). By our definition of the
VU,’s, we can find a 3 > 0 such that

(1-")(2) > B VzeK(;20) \K(&5a+¢€), j=1,...,N.
Furthermore, an application of (5.2), and an appeal to the properties of P stated in
Definition 2.2, respectively, imply that there exists a constant v > 0 such that
L(P+wuj —0(Hj + hj))(z;V) >0,

LP(zV) > ~|2PF Vv,

€ (KK(&; 20)\K(&j; 00+ ¢)) = {

for each V € C? and each j = 1,..., N, and for each 6 : 0 < § < 1/2. For each
j=1,...,N, let us write Fj(z1,22) := Hj(21,22) + hj(22). From the last three
inequalities, we can estimate:

LGs(% V) > (1 —U))(2)LP(2; V) + (uj(22) — 6F;(2)) £0;(z V)

+2%e | D 9,9,(2)05 (uj — 0F)) (2)V,.Vs

p,v<2
BNPEVNVIP = 8S1(z V) = Sa(25 V) (5.10)
Vz € K(&;2a) \ K(&; a0 +¢) and YV € C?,

where S1(z; V) and Sa(z; V') are as follows. We first consider Si(z; V'), in which case
we can find a large constant K; > 0 such that

\%

Si(zV) = 2> 9,0 (VV | + Hj(2) |£3;(2 V)
w,w<2
< Ki|zPFVIVIP V(2 V) € (K(&; 20) \ K(§j;a +€)) x C2, (5.11)
for each j = 1,..., N. In a similar way, we can find a large constant Ko > 0 such
that

Sa(zV) < KolzaMVIVIP V(2 V) € (K(&520) \ K(Eia +¢)) x €, (5.12)
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for each j =1,...,N. Let 6* > 0 be so small that §K; < v/4 V§ € (0,0*]. Then,
we can find an 79 > 0 such that, in view of (5.11) and (5.12), the following holds:

LGs(% V) > (By — 0K1)||2[P*7Y — K|z P M=V |12
By _
> |l v (5.13)

Vz € (K(&5;20) \ K(&j; o+ 2)) [ B(0; 2ro),
YV € C?, and ¥ : 0 < 6 < &,

for each j =1,...,N. Let us now set

N

H := Ho+ Y W;Hj,
j=1

dp := min(egp,d").

So far, in view of (7) above and the bound (5.13), we have accomplished the following:
(ii) Gy is strictly plurisubharmonic on B2(0;2rq) \ {0} V4 € (0, &).
(i) 4=+ H > 0} = int(K.) YUY (K(€5:20) \ Ly).

We carry out the following three steps to transform 55 to Gg:

A) We make a small perturbation of H to obtain a function H having the same
regularity as H and homogeneous of degree 2k such that H=1{0} = Ujvzl L;.
B) Ensure that the perturbation in (A) is so small that if we set

N
Ts(z) := P(z) — 6H(z) + Z (uj(22) — 8hj(22)) ¥;(2) Vz € C?, (5.14)
j=1

then s is strictly plurisubharmonic on B2(0;2r) \ {0} V& € (0,00). The
process of achieving this has been described in the proof of [2, Theorem 1]
and, hence, we shall not repeat this argument.

C) Since T's is strictly plurisubharmonic on B2(0;2r) \ {0}, it is a well-known

fact that we can extend I's to a function G on C? that is strictly plurisub-
harmonic on C?\ {0} such that

L5 B2(0r0) = G(S‘B2(0;7‘o) for each 6 € (0, ). (5.15)

From (C) above, Part 2a) of this proposition follows. If we define:

K = K(&ika), k=1,2,

Uj’(g = uj — 5hj,

for each j = 1,..., N, then, in view of (5.14) and (5.15), Parts 2b) and 2¢) also
follow. The next step of this proof is to shrink rg, to the extent necessary, to obtain
an 75 > 0 so that Parts 2d) and 2e) follow.

Step 2. Estimates on the size of (Gs — p)
For the same reasons as described in Step 1, we shall argue as though each L; is of
the form {z : z; = &;22} for some &; € C. Analogous arguments will follow if, for
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some jO <N, Ljo = {z : 25 = 0}. So, let us fix a j < N and write
Pu(z) = Pa((21 — §22) + §j22, 22)
= Z Crp(j,n) (21 — §522)" (21 — £;72) P 25" 2"
7|+ Z|=n

for each n = 2k +1,...,2M;, and j = 1,..., N. Here 77 and ¥ denote multi-indices.
We clarify some notation

1= (m,72), 7l =m +mn2=:n,

v = (v1,12), Ul =11+ =v,

5uPP(]vn)—{(771 7727V17V2) 6N4 "’]V(j7 )7&0}

Recall that, owing to the change of coordinate described in Step 1, P,| L, = 0 for
n=2k+1,...,2M; — 1. Thus, we can conclude the following facts:

e Forn =2k+1,...,2M;—1, the condition (5.1) tells us that (n1,n2,v1,12) €
supp(j,n) = n = py. '
® uj(5) = 2 (0.m)esupp(j2n;) Cowld, 2M;) s s
Hence, we get the following estimate
(m, D) esupp(j,n), 2k+1<n <2M; andn >1
= |Cow(j, n)(21 — &22) M (71 — §;72) 25 2|
< o Cpp (g, n)llzr — Ejzal |22 V2 € K(&5 ). (5.16)

Furthermore, if we write

2M;
Y Pul(2) + Ry(2)

n=2k
for each j = 1,..., N, then there exists a constant K3 > 0 such that
Rj(2)| < Ks|z|*MiT! vz € B%(0;1). (5.17)

Then, in view of the estimates (5.3), (5.5), (5.16) and (5.17), there is a large constant
K4 > 0 such that

(Gs = p)(2) < =8 (1l — &2l |2l + calzpf25)
2M;
+ Ky Y |z — &zalt )zl 4 K2l
j=2k+1
Vz € K(§5;0) [ B2(0; 1),
foreach j =1,..., N. Since n > 2k in every occurrence of n in the above inequality,

we can find an 75 > 0 sufficiently small and a constant C' > 0 (independent of ¢)
such that

(Gs — p)(2) < —0C(|21 — &za|" |22 7H9 4|29 *M)
V(z1,22) € IC (& mBZ (0;75),

for each j = 1,..., N and for each 6 € (0,60). This establishes Part 2d). As for
Part 2e¢), the recipe given by (A)-(C) above implies that (G5 — p)(z) is dominated
by a strictly negative function that is homogeneous of degree 2k (see [2, pp. 53-54]
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for details) in ((C2 \ U;-VZIIC({j; a)), provided ||z|| is small. Thus, by arguments very

similar to the preceding one, Part 2e) follows. O

6. THE PROOF OF THEOREM 2.5

We begin by stating that several parts of this proof are based on ideas in the
proof of Main Theorem 1 of [2]. Define v := lem(m,m2) (i.e. the least common
multiple of m; and ms) and write o := v/m;, j = 1,2. Next, define the two proper
holomorphic maps

Y :C— C (st o) = (5,17, 15%),
W C? — C% W(ty,te) := (t]',152).
Finally, write ¢ := (P + Q) and R := @ o ¥. Also, write D := {(w,z) € V; :

Rew + p(z) < 0}. The following are easy to verify, and we shall not dwell on the
details:

e R is plurisubharmonic.
e Let

o0
> My g(t, t2)

n=mgq

denote the Taylor expansion of R around t = 0, with each II,, g being the
sum of all monomials having total degree n. Then, mg = v.

The domain 1 ~!(D) is given by

wr = {(s,t) € v (V) : Mes + R(t) < 0}

Write II := 11, g. Then, II satisfies all the properties satisfied by P := P, g
of Proposition 5.3 (refer to [2, pp. 59-60] for details).
e Furthermore, the domain wpg satisfies all the hypotheses of Proposition 5.3.

It would be useful to look more closely at the second assertion. We state the following
general fact for later use:

Fact 6.1. Let ¢ be any C*°-smooth function defined around 0 € C2, and let R :=
p oW, where ¥ is as defined above. Let II,, r, n € N, be as defined above and let

Z e
n

be a formal rearrangement of the terms of the Taylor expansion of ¢ around z =0
such that Q, ,(r'/™ 21,711 /™2 29) = 11Q, ,(21,22) Vr > 0. If I, g = Q,, o ¥, then
n=umn.
To see this simple fact, we fix a t € C? such that II,, g(t) # 0. Thus, by definition
", j(t) = I, r(rt) = Qo (rott7*, r72t3?) Vr > 0.

On the other hand

QD p(r7H7h, r7t3?%) = Qn,w((ry)l/mltcfla (Ty)l/mzttzm) = r"Qu 0 ¥(t) Vr>0.
Comparing the two equations above, we conclude that n = vn. The second assertion
above is just a special case of Fact 6.1.

As in the proof of Proposition 5.3, in the interests of brevity, we shall frame our
arguments as though each curve X € E(P) is of the form

{(21’22) . ZInl/ng(ml’mQ) _ gzgnz/gcd(ml,mZ)}
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for some £ € C, and the reasons are the same as for Proposition 5.3 (although see
the remark following (6.13)). It would be useful to look at the fourth assertion
above in greater depth. First observe that

m1 ma

= 02, = 01,

ged(my, ma) ged(my, ma)

and hence note that for any £ € C such that {(z1,22) : 272 = £25'} € E(P), Il is
forced to be harmonic along each of the complex lines that make up the set

o1o09—1

L = U {0 o =l e (THLES ) 4 |

010
=0 102

(here Arg denotes some branch of the argument). But since Proposition 5.3 is
applicable to the domain wg, there must be only finitely many complex lines of the
above description. This implies Part (1) of our theorem.

Let us introduce some notation that we shall require. By Part (1), and in view
of the italicised remark above, let us label the irreducible curves belonging to £(P)
as Xi,...,Xn, and let us assume that

X; = {(2:1,2:2) : z{nl/ng(ml’mQ) = sz;nQ/ng(ml’mz)}

for some {; € C, j = 1,...,N. For each j < N, let us denote the collection of
complex lines in the set L({;), as defined above, by {Ljo, Lj1,---, Lj(g,0o—1)}- In
keeping with this numbering scheme, let u;r € Z; denote the numbers determined
by (5.1) for the pair (I, R). Similarly, let M;, € Zy be the integer associated to
the complex line Lj, € £(II) that is provided by the Proposition 5.3. Let A :=
max{2Mj, : 1 < j < N, 0 <k <0102 — 1}. With these notations, we are ready to
construct the desired functions.

Step 1. Constructing G and the auziliary functions

Consider the unitary transformations R'™ : (z1,22) +—— (e2/71¢), e2mim/724y),
I,m € Z. Recall that if p is as given by Proposition 5.3 when applied to the domain
wR, then p is obtained by subtracting from R all pluriharmonic terms of degree < A
occurring in the Taylor expansion of R around u = 0. By construction

poR™(t) = p(t) VteC? Vi,meZ, (6.1)
o R™(t) = TI(t) VteC? Vi,meZ. (6.2)
From the transformation properties of the Levi form, we conclude from (6.2) that
SII(R"™t; R™V) = £I(;V) Y(t,V) e C?xC2% Vi,m e Z.

Hence, if we define Myy(¢) to be the null-space of £II(¢;+), then the above statement
reveals that:

(7) With w(Il) as defined in Section 2, ¢t € w(Il) and V' € My (¢) if and only if
R'™(t) € w(Il) and R'™ (V) € Mu(R™ (1)), I,m € Z.
If, for each triple (k,l,m) with k,l,m belonging to the respective integer-ranges
established above, we define »(k,[,m) by the relation
0 < x(l,m,n) <oyoe—1 and »(l,m,n) = (k+ o2l — ocym)mod(c102),
then

le(ij) = Lj,%(k,l,m)' (63)

Now note that since ged(o,09) =1,
For each k =0,...,0100 — 1, 3l,m € Z such that k = o3l — oym. (6.4)



MODEL DOMAINS AND BUMPING 23

From the observation (i), the prescription provided by Proposition 4.2 for construct-
ing each Hj;, associated to a complex line Lj, and from (6.3), it is clear that in the
construction of the G given by the equation (5.9):

2=

(ii) For each k, we may set f?k = Rim (Kljo), n = 1,2, taking appropriate
l,meZ;
(#ii) For each k, we may set H; = Hjoo(R™)~ and U = W 00 (R™)7!, taking
appropriate I, m € Z;
and the conclusions of Proposition 5.3 will continue to hold true. That we can
always find appropriate [, m € Z for the purposes of (i) and (ii7) follows from (6.4).

Result 5.1 is applicable to II. A careful examination of its proof reveals that
Noell’s construction of the bumping is local. Hence, in view of (6.2) and (i), we can
construct the function Hy that we use in the proof of Proposition 5.3, as well as the
perturbation described in (A) and (B) in the proof of Proposition 5.3 in such a way
that:

HoRM™(t) = H(t) Yue C*andVl,m € Z. (6.5)
And finally, owing to (6.1):

M, = Mjp- =: M; for any k # k™,

2mik + 1A ;
wjr(z) = Ty, (l@l”ﬂ%xp( TR rg(iﬂ))axw), vreC,  (6.6)

0102

where k=0,...,0109 — 1.

Recall that the change of coordinate mentioned in Proposition 5.3 is represented
by a biholomorphism of the form

71(87t17t2) = (8 - Q(tlﬂtQ)at17t2)7 (87t17t2) € C37

where ¢ is the holomorphic polynomial that is the sum of all monomials in ¢; and
to whose real and imaginary parts are the pluriharmonic terms of some II,, g, n =
v+1,...,A = max; 2M;;,. However, since R = ¢ o ¥, every monomial in q is
the product of integer powers of t7' and tgz (in fact, this observation is the implicit
reason for the the assertion (6.1) above). Thus, a diagram-chase reveals that there
is a biholomorphism 7 : C3 — C? that makes the following diagram commute:

c3 ¥ 3

(=400 | lm

(C3 CB
%

Furthermore 7 is of the form
7-2(wa 21, 22) = (w - f(zb ZQ)a 21, 22)7 (’UJ, 21, 22) € (Cga (67)

where f is a polynomial in z; and zo. Let us write (W, 21, 22) := To(w, 21, 22), and
let
QU = {(@,2) : Red + 3(2) + 7(Ima@, z) < 0} (6.8)

denote the local representation of €2 relative to the new coordinate system (U¢; w, 21, 22).
Then, it is clear that

poti(wr) = {(W,2) € m(Ue) : Rew + 0(2) < 0}.
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We now pick and fix a value in (0, dy), say do/2, and use this to define the functions
mentioned in the statement of our theorem. To this end, we define:

6) = T3S G (Ja e (P AEED) g

7102 5 v 91
1217 exp <2m'b+ iArg(22)>> ,
op}
W, = w(K)), 1=1,2, j=1,..,N, (6.10)

where all the objects on the right-hand sides of (6.9) and (6.10) are as given in
Proposition 5.3. We remark here that, owing to (i) above, we could as well have

used Kék, k=0,...,0102 — 1, in the definition (6.10) for each fixed j. Let us now
define

Uil 2mia + iA
Ho(z) = ZZHO%W‘“ exp< mia + i rg(zl)>7

2010 o
192 0 2 =1 1

|22|1/02 exp <27Tib + iArg(z2)>> ‘

02

As H is homogeneous of degree v, Hy is (m1, mz)-homogeneous. The other proper-
ties of Hj listed in Theorem 2.5 are immediate. Furthermore, note that:

DNl (T s C )
0102 01

a=1 b=1

122172 exp <2mb+zArg(z2)>> . (6.11)

02

Comparing the equations (6.9) and (6.11) with our definition of Hy, and keeping

(6.10) in mind, we already have the first and the third properties listed at the end

of Theorem 2.5. The task of defining the v;’s is subtler. If we would like to recover

the second property listed at the end of Theorem 2.5, we would first need to study

the quantity (G — P + Ho)|3z. Accordingly, we first fix a J < N, then refer to the
J

formula for f(;o /2 from (5.14), whence for an R > 0 sufficiently small, we get:
(G—P +HO)‘W5

1 A ta 2 2mia + iArg(z
39 U PN (ISP LIRS ENY
0102 g1

k=0 a=10b=1
o 27ib + iArg(z - 2mib + iArg(z
|22|1/72 exp < &l 2)>> UJk,s0/2 <\22’1/ ? exp < &l 2)>>

02

Vz € WJﬂBQ(o; R). (6.12)

We refer the reader to the proof of Proposition 5.3, and recall the numbering scheme
introduced above, for the meaning of the quantities Uy, 5,/2 in (6.12). Following
(5.14) strictly, there should be a double-sum over all possible values of (j,k) €
{1,...,N} x {0,...,0102 — 1}. It is easy to see, however, that for z € W}], the
summands involving the indices j # J vanish. Note the following points that follow
by construction:
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e Since, by definition, for each j =1,..., N, Ilzpy; is the sum of monomials of
degree 2M; that are products of integer powers of ¢;' and #;', | = 1,2, the
equation (6.6) tells us that the second factor in the expression (6.12) does
not change as b ranges through the set {1,...,02}.

e In view of (ii), (¢ii) and (6.10), the first factor in (6.12) does not change as
k ranges through the set {0,...,0109 — 1}.

In view of these two points, the equation (6.12) reveals that the second property
listed at the end of Theorem 2.5 is established if we define

| noal [ o2 e 2mib + iArg(z)
v(@) = kZ:O 2 Uik do/2 (|$| /72 exp (@)) et

(6.13)
foreach j = 1,..., N. The second property is established because, for a fixed J < N
and z € W?], the right-hand side of the above equation (with = replaced by z3) is
just a different way of expressing the right-hand side of (6.12). We claim that each
v; is subharmonic. To see this, we note that the functions within the square brackets
in (6.13) are subharmonic. This follows from the following general fact:

Fact 6.2. Let D; and Dy be two domains in C™ and let p : D1 — Dy be a proper
holomorphic map. If w is a plurisubharmonic function on D1, then the function

v(z) = Z u(t), z € Do,

tep~!{z}
is plurisubharmonic on Ds.

Therefore v;, being a positive linear combination of subharmonic functions, is sub-
harmonic. In fact, as each Ujy s is, by construction, strictly subharmonic away from
x = 0, and since the map x —— z?2 is a local biholomorphism away fron x = 0,
each vj is, in fact, strictly subharmonic on C\ {0}. Note that if for some j < N,
say j°, Xjo is the z1-awis, then — in view of the work done in Proposition 5.3 —
there would be just a single Ujoy, 5,2 =: Ujo 5,/2- Accordingly, the formulas (6.9)
and (6.13) would reflect the following changes:

e In defining vjo, the Uy, 5,/2’s in (6.13) would be replaced by Ujo 5,/o and

every occurrance of g9 would be replaced by o7.
e In (6.9), vjo would appear as a term depending on z1.

Since G, /2 is, by construction, plurisubharmonic on C?, we see from Fact 6.2,

and the formula (6.9), that G is plurisubharmonic on C?. At this stage, we only need
to establish (2.1). This will require one more holomorphic change of coordinate.
Step 2. Establishing the relation (2.1)
Let Ry > 0 be so small that B3(0; Ry) C V¢. Shrinking Ry further if necessary, it
follows from our definition (6.10) of the (mq, mso)-wedges W}, j=1,...,N, and
from Part 2e) of Proposition 5.3 (applied to the domain wp) that there is a constant
A1 > 0 such that

(G -0)(2) < —A(|a™ + |22|™) V(z1,2) € ((CQ\U?LIWDHIBBQ(O;RQ.
(6.14)
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Recall that g is as given by (6.8). Let us now fix a 7 < N. Now, obviously:

RENNE 2mia + tArg(z
G-D)() = ——3 3 (Gsoo—p (w /mexp( g 1>)’

9192 (21 b1 o1
12172 exp <2m'b + iArg(z2) ))
o2
o1 09
= ZZY za,b). (6.15)
9192 (v

. Aol . .
Note that if z € W, then, from our discussions above, the arguments of the
functions constituting the sum above would fall into one of the cones K;k, k =
0,...,0109 — 1. Applying Part 2d) of Proposition 5.3, we get

1 ) 2ma+Arg(z1) L 27b+Arg(22) .
z € Wj is such that | |z [o1et ™ o za|Vo2e’ T o2 lies

=l
in ICjp ﬂ]B%Z(O;r(;O/Q)
= Y(z;a,b)

< { e T |22|2ﬁfj} ,
(6.16)

where &, = |¢;|/7102 exp( %{;ﬁﬁj)), and where we remind the reader that
Hjo =+ = M(oroa—1) = Hj and Mjo = -+ = Mj(5,5,—1) =t M;. Thus, if Ry > 0

is so small that the the arguments of the functions constituting the right-hand side
of (6.15) are in B*(0;74,/2), then, from (6.15) and (6.16), we have a non-negative
function A : B2(0; Ry) — [0, 00) such that

(G—-0)(2) < —%N}(z) V(21,22) € W; ﬂIBBQ(O; Ry). (6.17)

Now, the whole point of the estimate in 2d) (applied to the domain wpg) above was
that there exists a constant As > 0 such that

Ip()] < As(ftr — Erta|" b2 + [to*Mi) Vit € Kjl-k ﬂ Dom(p)

for all relevant (j,k). Hence, if z € le satisfies the hypothesis of the statement
(6.16), then |o(z)| has as upper bound the quantity obtained from the right-hand
side of (6.16) with the factor —(C'dp/2) replaced by As. Eventually, therefore, we
get the estimate

8(2)] < A2Nj(2) V(z1,22) € W; [\ B(0; Ry). (6.18)

We are now ready to establish (2.1). To this end, we define new coordinates
(W, Z1, Zs) as follows
W = @+ K02, Z =z, 1=1,2,

where K > 0. The mapping (w, z) — (W, Z) is invertible in a neighbourhood of
0 € C3, whose size depends on the parameter K. We will choose a suitable K > 0
so that (2.1) is achieved. Recall, from (6.8), the relation r(IJmw, z) = r(Jmw, 2).
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Let us write Rew =: @ and Jmw =: 3. In view of (xx), there exists an Az > 0 such
that

78, 2)| = [r(Omw,2)] < Az|Im(w + f(2))[*
< A3(18]7 + [Im(f(2))|?) (@, 2) € B3(0; R1/2), (6.19)

where ¢ := A1 (09Q) + (1/v) by hypothesis, and where f is the polynomial described
in (6.7). Note that if we decompose f as

f=>
n

where the right-hand side is as described in the statement of Fact 6.1, and if each
Q,,r oV is the sum of pluriharmonic terms contained in some I, g, then n > v + 1.
This is because II, g itself contains no pluriharmonic terms. Then, in view of Fact 6.1
and (6.19), and raising the value of A3 > 0 if necessary, we have

78,21 < As (I8 + (™ + =™ @) vz e B0 Ri/2).  (6.20)
By a similar appeal to Fact 6.1 (and raising Az > 0 even further if necessary):
Nj(z) = A7z ™ + [22]™) A (2, 29) € W, [(B*(0; R),  (6.21)

for each j =1,..., N. Recall that A := max{2M;, : j < N, k=0,...,0102 — 1}.
Note that we would be done if we could show that:
For each (W, z) # 0 such that (a+ 9(2) +7(3,2)) = 0, provided |@| and | z||
are sufficiently small, (Re(w + Kw?) + G(2)) < 0.

The above statement is true when z € ((C?\ U;y:1W;)ﬂIBQ(O;R1)), for Ry > 0
sufficiently small, and for a suitable choice of K > 0. This follows from the estimate
(6.14); it was shown by Yu [14, pp. 604-605] using an idea of Fornaess—Sibony [10].

It thus remains to establish the above statement when z € le (provided (w, z) #
0 and sufficiently close to the origin). We fix 7 < N for the following calculation
and write

Re(w + Ko*) + G(z) = a+ K(a? - (%) +G(2)

—K (% — (0(2) +7(B,2)) + K(2(2) +7(8, 2))* + G(=)
—K3 + (G = 0)(2) + [F(8, 2)| + 2K (8(2)* + 7(8,2)%)
provided o + 9(z) +7(83,2) =0, (w, z) # 0. (6.22)

Let us write R := min(R;/2, R2). Then, applying to (6.22) the estimates (6.17),
(6.18) and (6.20), and shrinking R > 0 if necessary so that 2K7(3, 2)? < (K/243)[7(8, )|,
we get

Re(0+K %) + G(2)

IN

<~ K [BKANZE) - GONGE)| + (14 (/240) 75,
< (-5 +40) 2+ [2KBAZE) - TN

+ (A3 + LK) (jz0 ™+ |2 ™2) 00Dy e W (\(BP(0; R) \ {0}). (6.23)
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At this stage, we fit K > 0 once and for all so that (—(K/2) + A3) < —1 and is
large enough for Yu’s argument; this determines the final holomorphic coordinates
required for our theorem. With K fixed, we can shrink R > 0 further if necessary
and apply (6.21) so that the following inequalities follow (let us write A := A3+ %K ,
B :=Cdp/4 and 3(z) := |z1|™ + |z2|™2):

Re(w + K?) +G(2) < —B% — BNj(2) + A(|z1|™ + | 29|22+ D/
< —3% — (B/A3)S(2) A0/ 4 Ax(z)av+D/v
vz € W) (B (0: R) \ {0). (6.24)

The curves X; have order of contact 2M; /v with 02 at the origin. Hence A;(0€) >
A/v. This means
( 1>1/+1 - vA1(0Q) +1 S A+1.

A1 (09 —
1(0 )+V

v v o v
Applying this to (6.24) affords us an R > 0 sufficiently small that

B __
Re(D + Kd?) +G(z) < 07— D)@ <0 vze W; (B (0; R)\ {0}),
3
for each j =0,...,N. In view of our preceding remarks, the proof is complete. [
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