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Introduction:
some data



Example 1. viral loads (HIV study)
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Example 2. weight data of rats (GMO experiment)
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Example 3. corn production (agriculture experiment)
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Introduction:
A pharmacokinetics
example
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Introduction to PKPD modeling




Introduction to PKPD modeling lrzia

warfarin

anticoagulant used
in the prevention
of thrombosis




Pharmacokinetics:

what the body does ’*4
to the drug J

warfarin plasma -
concentration |

Absorption
Distribution
Metabolism

Excretion
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Introduction to PKPD modeling brezia

warfarin plasma |
Pharmacokinetics: concentration
what the body does ’
to the drug
"3 prothrombin plex;
activity ’
Pharmacodynamics:

what the drug does
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Introduction to the population approach
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Observations: yq,v,, ..., y, attimes ty,t,, ..., t,

Model:  y; =f(¢tj; @)+ ¢
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Observations: yq,v,, ..., y, attimes ty,t,, ..., t,

Model:  y; =f(¢tj; @)+ ¢

101 oo

concentration (mg/L)

Model: - structural model f
- residual error model (distribution of (e;)
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first order absorption
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linear elimination
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Introduction to the population approach
N

m /N subjects

my; = (yij,1 <j < n;): measurements for subject i (observed)
yi ~ h(-; ;)

m ¢); : individual parameters for subject i (not observed)
Vi~ m(-;0)

m ¢ : population parameters of the model (unknown)



Some tasks to perform

Model exploration
m sensitivity analysis,
m visual exploration,
Parameter estimation

m population parameters 4,

m Fisher Information matrix,

m individual parameters (v);),
Model evaluation

m model diagnostic,
m model selection,

Simulation
m clinical trial simulation



Some Methods
& Algorithms
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Population approach:

Model exploration
m sensitivity analysis,
m visual exploration,
Parameter estimation

m population parameters 6,
m Fisher Information matrix,
m individual parameters (¢;),

Model evaluation

m model diagnostic,
m model selection,

Simulation

m clinical trial simulation



Estimation of the population parameters (SAEM)



Preliminary remark

If 1) was observed, maximum likelihood estimation of 6 would be “easy’:
p(y,1:0) = p(yl)m(; 0)

Then,

0= Arg m9ax7r(w; 0)
Example:
i =Ypop+ni , mi~ N(0,Q)
Then,
Q;pop 1;
1N
Q = N Z 111 wpop 1/1 7ppop)
i=1



SAEM1: A first version of SAEM

Unfortunately, 7 is not observed. . . then, simulate it!

Iteration k of the algorithm:

m Simulation: draw the non observed individual parameters ()
with the conditional distribution p(¢ |y; 0k_1)

m Estimation: update the estimation of 6

O = Argmax p(y, ;)




SAEM1: A first version of SAEM

A PK example:

4 _Chi,.
Vi = ve Vit”—i—g,-j ;. o0:.=0.2
1
log(Vi) ~ N(log(Vpop),wv) ; Vpop=1, wy =0.2

log(Cli) ~ N(log(Cloop),wcr) i Clpop =0.1, we =0.2

7

CONC




SAEM1: A first version of SAEM

)~ p(¥ly; Ok-1)
O = Argmax logp(y,v(;0)




SAEM1: A first version of SAEM

)~ p(¥ly; Ok-1)
O = Argmax logp(y,v(;0)

— o -
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SAEM1: A first version of SAEM

)~ p(¥ly; Ok-1)
O = Argmax logp(y,v(;0)

o
—— ~

m The sequence (6x) converges very quickly to a neighborhood of the
“solution”,

m The sequence (6x) is a homogeneous Markov Chain that does not
converge to some 6.



SAEM?2: A second version of SAEM

PO~ p(Yly; Ok-1)

k
0 = A | (M- g)
p rg max mz_: og p(y,




SAEM?2: A second version of SAEM

PO~ p(Yly; Ok-1)

k
O = p(m;
p Arg max mZ:: og p(y, v{™; 0)

0es /
008 /




SAEM?2: A second version of SAEM

PO~ p(Yly; Ok-1)

k
O Arg max mZ:: ogp(y, '™ 0)

0es /
008 /

m The sequence (k) converges to the Maximum Likelihood Estimate
0,

m Convergence is very slow.



An improved version combining SAEM1 and SAEM2

)~ p(ly; Oi1)
O = Argmax logp(y, v!);0) itk < K
k

= A (m). gy ;
rg max Z log p(y, '™, 0) itk > Ki
m=Ki1+1




An improved version combining SAEM1 and SAEM2

)~ p(ly; Oi1)
O = Argmax logp(y, v!);0) itk < K
k

= A (m). gy ;
rg max Z log p(y, '™, 0) itk > Ki
m=Ki1+1

12 o1
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008

PV




An improved version combining SAEM1 and SAEM2

)~ p(ly; Oi1)
O = Argmax logp(y, v!);0) itk < K
k

= Argmeax Z Iogp(y,w(m);ﬁ) itk > Ki
m=Ki1+1

12 o1
s [LAM,"W’»\AJ 008
008

PV

m The sequence (0x) converges very quickly to the Maximum
Likelihood Estimate 6,



The EM algorithm (Expectation-Maximization)

(Dempster, Laird et Rubin, JRSSB, 1977)

Since 1 is not observed, log p(y,1;0) cannot be used for
estimating 6. Then

Iteration k of the algorithm:

m step E : evaluate the quantity
| Qu(9) = Ellog p(y, :6)

¥i0k—1] ‘

m step M : update the estimation of 6:
’ 0k = Argmax Qk(G)‘




The EM algorithm (Expectation-Maximization)

(Dempster, Laird et Rubin, JRSSB, 1977)

m step E : evaluate the quantity
] Q«(0) = Eflog p(y, v; 0)

¥i0k—1] ‘

The expectation cannot be computed in a closed form: it can be
approximated using simulations.



EM v.s. SAEM

E-step:

EM SAEM

during Ki iterations:
Qk(6) = log p(y, v¥); )
Qk(0) = E(log p(y, ¥; 0)[0k-1)
during K> iterations:
1 K

Qu(0) = —% > logp(y, v™*); 0)
M K11
= Qk-1(0) + P K1(|Og py, 19 0) — Qu1(6))

M-step:

0, = Argmax Qi(0) ‘




Convergence of SAEM

Theorem

Under very general technical conditions, the SAEM sequence (6y)
converges a.s. to some (local) maximum of the observed likelihood

p(y:0).

1. Delyon, Lavielle & Moulines The Annals of Statistics (1999)
Exact simulation assumed, compactness of (z/;fk)) not required
2. Kuhn & Lavielle ESAIM P&S (2004)
Markovian perturbation allowed, compactness of (1
3. Allassonniére, Kuhn & Trouvé Bernoulli (2010)
Markovian perturbation allowed, compactness of (@bgk)) not required

Ol

(k)

i

) required

v




Convergence assessment of SAEM

5 runs of SAEM with different initial values
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Running several Markov chains

WD~ p(y

vibk—1) , 1<e<L
L

O = Argmé'ax ;logp(y,lp(u);ﬁ) itk < Ki

k L
= Arg max Z Z log p(y, (™9 0) itk > Ki
m=Ki1+1 (=1




Running several Markov chains
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Running several Markov chains
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Running several Markov chains

2
v a @y
8 3 08
75
28 07
7
06
26
85
08
[} 24
04
55
22
03
5
2
45 02
4 18 o1
0 200 400 600 800 0 200 400 600 8O0 0 200 400 600 800
2
O o
08 1
a7 CE]
08
06
07
05
06
04

02 03

05
08 04

01 02
o] 200 400 600 800 o] 200

400

600

800



Running several Markov chains
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Running several Markov chains
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Running several Markov chains
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Running several Markov chains
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A Simulated Annealing version of SAEM

Conditional distribution of :

p( 1 |y; 0) = C(y; 0)e YW&w:)

Temperature parameter T:

U(¥,y:0)

pr( ¥ ly;0)=Cr(y;0)e” 7

Choose a decreasing Temperature sequence (Ty) converging to 1.
Then, at iteration k of SAEM,

m E-step: draw the non observed data /(%) running some
iterations of the Metropolis-Hastings with the conditional
distribution p7, (- |y; 6k_1)

m M-step remains unchanged



Estimation of the conditional distributions (MCMC)



MCMC (Markov Chain Monte Carlo)

An iterative procedure for the simulation of p(3|y; 0)

Let h be a transformation such that ¢ = h(¢) is normally
distributed. The Metropolis-Hastings (MH) is used for simulating ¢
with the conditional distribution p(¢|y; ). Then, v is obtained by

setting 1 = h=1(¢).
Iteration ¢ of the MH algorithm for simulating p(¢|y; 6):

draw a new value ¢¢ with a proposal distribution q(-; ¢{“=1),
accept this new value, that is set ¢(¥) = ¢ with probability

e -1y a(@ED;6%)p(6¢y; 0)
a(qﬁ :¢(Z 1)) - q(¢c;¢(£—1))p(¢(£—1)‘y;9)

In the model y = f(x; ¢)+g(x;1)e, computing a(¢¢; p(~1))
only requires to compute ¥ = h1(¢.), f(x,¢°) and
g(x,1°) but not the derivatives of f and g.




MCMC (Markov Chain Monte Carlo)

Some proposals used in Monolix

The three following proposal kernels are used for simulating
p(oilyi; 0), for i =1,2,...,N:

qé,li) is the marginal distribution of ¢;, that is the Gaussian
distribution N (Eq (¢;), <)

qézi) is the multidimensional random walk N((bge*l), 7Q) where
7 is adjusted in order to reach an acceptation rate p* ~ 0.3

3) . : . . .
q(g i) is a succession of d unidimensional Gaussian random

walks: each component of ¢; are successively updated with a
acceptation rate p* ~ 0.3.



MCMC (Markov Chain Monte Carlo)

Some proposals used in Monolix

Then, the simulation-step at iteration k of SAEM consists in
running for i = 1,2,... N:
: . . . . (1)
my iterations of the Metropolis-Hastings with proposal o i

my iterations with proposal qéi)i

m3 iterations with proposal qéi)i_

The size 7 of the Gaussian random walks is updated at each
iteration of SAEM in order to reach the acceptation rate p*:

Tk = k-1l +a(pp_1 —p")) 0<a<1

where p,_; is the empirical acceptation rate at iteration k — 1.



Estimation of the observed likelihood (Importance Sampling)



Estimation of the observed likelihood
A Monte-Carlo method

Uoy) =

jel

(v;0)
p(y,v; 0)dy

Il
—

p(yli)me(¥)dy

= Ex (p(y[¥))
Then, E., (h(y|1))) can be estimated by Monte-Carlo:

Draw ¢, @ (M) with the marginal distribution 7y,

Let
M

D(0:y) = 72> p(y 1)

j=t

Here, E (fM(Q;y)) = {(0;y) and Var (@M(O;y)) = O(1/M)



Estimation of the observed likelihood
An Importance Sampling method
Uoy) = ply;9)
_ mo(1)) M
- / (p(yw)N : w>> ()i
_ mo (1))
= B (s010) 55

Then, Ez, (p(y|®)) can be estimated by Monte-Carlo:

Draw v, @ (M) with the marginal distribution

Ez, (p()/|¢))0'
Let

M .
(J) W@(wm)
2:: ) )

Sl= \

Again, E (gM(Q;y)> = {(6;y) and Var (fM(Q;y)> =0O(1/M)



Estimation of the observed likelihood
An Importance Sampling method

Assume that the sampling distribution 7 is the conditional
distribution p(¢|y; 6). Then, for any j,

(1))
ftg(y1))
which means that only one simulation would be required since
Var (@M(H;y)) =0.

p(ylv®) = p(y; ¥)

In general, the conditional distribution p(1]y; 6) cannot be used
“exactly”, but it be can be estimated and approximated:

For i =1,2,..., N, estimate the conditional mean and
variance of ¢; = h(1;) using MCMC
Use for 7 a decentered t-distribution with v d.f.
of) = E(6ilyi0) +std (d1lyii 0) x T(v)
W = heY)



Estimation of the observed likelihood
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FIGURE 9.11: Estimation of the deviance as a function of the Monte
Carlo size. The conditional distributions p(;|vi; 5) are estimated using the
MH algorithm in (a) and (b) and the last 30 SAEM iterations in (c); non-
central t distributions with 5 d.f. are used as proposal distributions in (a)
and (c), normal distributions in (b).
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MLXTran: a new modeling language

[LONGITUDINAL] y

input =1{ka, V, k}

EQUATION:

ddt_Ad = -ka*Ad
ddt_Ac = ka*Ad - k*Ac
Cc=Ac/V




MLXTran: a new modeling language

38

[LONGITUDINAL]
input =1{ka, V, k, a}

EQUATION:

ddt_Ad = -ka*Ad
ddt_Ac = ka*Ad - k*Ac
Cc=Ac/V

DEFINITION:
Cobs = {distribution = normal, prediction = Cc, sd = a}




39

MLXTran: a new modeling language

[LONGITUDINAL]
input ={ka, V, k}

-

EQUATION:
ddt_Ad =-ka*Ad
ddt_Ac = ka*Ad - k*Ac

[INDIVIDUAL]
input = {ka_pop, V_pop, k_pop, omega ka, omega V, omega_ k}

DEFINITION:

ka = {distribution=lognormal, reference=ka_pop, sd=omega_ka}
V = {distribution=lognormal, reference=V_pop, sd=omega_V}

k = {distribution=lognormal, reference=k_pop, sd=omega_k}




Glucose insulin model

[[LONGITUDINAL]
input={ta,tge2,tge3,GPVO,IPVO,VGPI}

EQUATION:
t0=0

ddt_Gs2=-Gs2/tge2
ddt_rOGA2=-(rOGA2/ta)+Gs2/(ta*tge2)
ddt_Gs3=-Gs3/tge3
ddt_rOGA3=-(rOGA3/ta)+Gs3/(ta*tge3)

VIB=0.265
VIL=1.07
VIG=0.945
VIK=0.505
VIH=0.985
VIPV=0.735
VIPI=6.3
VIPN=0.07
QIB=0.45
QIH=3.12
QIA=0.18
QIL=0.9
QIG=0.684
QIK=0.72
QIP=1.05
QIPN=0.036
TIP=20
FPIC=0.15
FLIC=0.40
FKIC=0.30
M1=0.007968
M2=0.136495
alpha=0.048229
beta=0.93141
K=0.0079378
phil=0.003
phi2=0.0001
gam=0.57493
Imb0=6.3294
VGBV=3.5
VGBI=4.5
VGH=13.8
VGL=23.5
VGG=11.2
VGK=6.6
VGPV=10.4
VGPN=1.6
QGB=5.9
QGH=43.7
QGA=2.5
QGL=12.6
QGG=9.6

QGK=10.1

QGP=15.1

QGPN=0.5

TB=2.1

TGP=5.0

Taul=25

TauGamma=65

rBGU=70

rRBCU=10

rGGU=20

rBPGU=35

rBHGP=155

rBHGU=20

GPI=AGPI/VGPI

MIHGP_0=1

MIHGU_0=1

f 0=0

VGamma=9930

rMGammaC=910

VInc=9.930

rMIncC=0.14

Taulnc=25

IncG_0=0

Alnc_0=0

IBO=IPVO0/(1-FPIC)

IHO=IBO
ILO=(IHO/QIL)*(QIH-QIP*(1-FPIC)-QIK*(1-FKIC)-QIB)
IPNO=(IHO/QIPN)*(QIH/(1-FLIC)-QIA-QIG-(1-FPIC)/(1-
FLIC)*QIP-QIB/(1-FLIC)-QIK*(1-FKIC)/(1-FLIC))
IKO=IHO*(1-FKIC)
IP10=(1-(TIP*FPIC*QIP)/(VIPI*(1-FPIC)))*IPVO
1GO=IHO

IH=AIH/VIH

IB=AIB/VIB

IL=AIL/VIL

IG=AIG/VIG

IK=AIK/VIK

IPV=AIPV/VIPV

IPI=AIPI/VIPI

IPN=AIPN/VIPN
rLIC=FLIC*(QIA*IH+QIG*IG+QIPN*IPN)
rKIC=FKIC*QIK*IH
rPIC=IPI/((1-FPIC)/(FPIC*QIP)-TIP/VIPI)
AIH_0=IHO*VIH
ddt_AIH=QIB*IB+QIL*IL+QIK*IK+QIP*IPV-QIH*IH
INH=IH/IHO

AIB_0=IB0*VIB

ddt_AIB=QIB*(IH-IB)

AIL_O0=ILO*VIL
ddt_AIL=QIA*IH+QIG*IG-QIL*IL+QIPN*IPN-rLIC
INL=IL/ILO

AIG_0=IG0*VIG

ddt_AIG=QIG*(IH-IG)

AIK_0=IKO*VIK

ddt_AIK=QIK*(IH-IK)-rKIC
AIPV_0=IPVO*VIPV
ddt_AIPV=QIP*(IH-IPV)+(VIPITIP)*(IPI-IPV)
AIPI_O=IPIO*VIPI
ddt_AIPI=(VIPI/TIP)*(IPV-IPI)-rPIC
rBPIR=IHO*(QIH/(1-FLIC)-QIA-QIG-(1-
FPIC)/(1-FLIC)*QIP-QIB/(1-FLIC)-QIPN-
QIK*(1-FKIC)/(1-FLIC))

AIPN_0=IPNO*VIPN

IIPV=Ilog(IPV)

IIH=log(IH)

GHO=GPV0+rBPGU/QGP
GBV0=GHO0-rBGU/QGB
GBI0=GBV0-rBGU*TB/VGBI
GPI0=GPV0-rBPGU*TGP/VGPI

GK0=GHO0

GG0=(GHO-rGGU/QGG)

GPNO0=GHO
GLO=(1/QGL)*(QGA*GHO+QGG*GG0+QGPN
*GPNO+rBHGP-rBHGU)
x0=GH0"(3.267)/(131.87/(3.267)+5.932*(GHO
(3.024)))

y0=x0"(1.1141)

GH=AGH/VGH

GBV=AGBV/VGBV

GBI=AGBI/VGBI

GG=AGG/VGG

GPN=AGPN/VGPN

GL=AGL/VGL

GK=AGK/VGK

GPV=AGPVIVGPV
MIinfHGP=1.2088-1.138*tanh(1.669*(INL-
0.8885))

MIinfHGU=2.0*tanh(0.549*INL)
MGHGP=1.425-1.406*tanh(0.6199*(GL/GLO-
0.4969))
MGHGU=5.6648+5.6589*tanh(2.4375*((GL/G
L0)-1.48))

MGPGU=GPI/GPIO
MIPGU=7.035+6.51623*tanh(0.33827*((IPI/IP
10)-5.82113))
ddt_MIHGP=(MIinfHGP-MIHGP)/Taul
ddt_MIHGU=(MIlinfHGU-MIHGU)/Taul
rHGU=MGHGU*MIHGU*rBHGU
rPGU=MGPGU*rBPGU*MIPGU
AGH_0=GHO0*VGH

ddt_ AGH=QGB*GBV+QGL*GL+QGK*GK+Q
GP*GPV-QGH*GH-rRBCU

GNH=GH/GHO0

AGBV_0=GBV0*VGBV

AGBI_0=GBI0*VGBI
ddt_AGBV=QGB*(GH-GBV)-

N b~ r= I r—\ L 7~ F~t F o~ =\

ddt_AGG=rOGA3 + rOGA2 +
QGG*(GH-GG)-rGGU
AGPN_0=GPNO*VGPN

ddt_ AGPN=QGPN*(GH-GPN)
AGL_0=GLO*VGL
AGK_0=GKO0*VGK

if GK<0

rKGE=0

elseif GK<460
rKGE=71+71*tanh(0.011*(GK-460))
else

rKGE=-330+0.872*GK

end

ddt_ AGK=QGK*(GH-GK)-rKGE
AGPV_0=GPV0*VGPV

ddt_ AGPV=QGP*(GH-GPV)-
(VGPITGP)*(GPV-GPI)
AGPI_0=GPIO*VGPI
ddt_AGPI=(VGPI/TGP)*(GPV-GPI)-
rPGU

IGPV=log(GPV)

IGH=log(GH)
MG=2.93-2.10*tanh(4.18*(GNH-
0.61))
MI=1.31-0.61*tanh(1.06*(INH-0.47))
AGammaN_0=VGamma
GammaN=AGammaN/VGamma
ddt_ AGammaN=rMGammaC*(MG*
MI-GammaN)

Inc=Alnc/VInc
ddt_IncG=-IncG/Taulnc
ddt_AlInc=IncG/Taulnc-rMIncC*Inc
X=GH"\(3.267)/(131.877(3.267)+5.9
32*(GH"(3.024)))
Y=X"(1.1141)+phil*Inc

1_0=x0

PP_0=y0

ddt_PP=alpha*(Y-PP)
ddt_I=beta*(X-1)
Qi=(K*Imb0+gam*y0)/(M1*y0+K)
Imb_0=Qi
ddt_Imb=K*(Imb0-Imb)+gam*PP-
(M1*Y+M2*max(0,X-
1)+phi2*Inc)*Imb
S=(M1*Y+M2*max(0,X-
1)+phi2*Inc)*Imb

SBGH=(M1*y0)*Qi
rPIR=(S/SBGH)*rBPIR
ddt_AIPN=QIPN*(IH-IPN)+rPIR
MGammaOHGP=2.7*tanh(0.388*Ga
mmaN)
MGammaHGP=MGammaOHGP-f
ddt_f=(MGammaOHGP-1)/2-
f)TauGamma
rHGP=MGHGP*MIHGP*MGammaH
GP*rBHGP



Some links
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& Conn

Lire Voir le texte source  Afficher [historique  Rech Lire || Recherct

Home page

Mixed effects models for the

. . . . . = population approach
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& Tools ‘WikiPopix is dedicated to models for the population approach, .. models that can describe biological and physical phenomena abserved in each individual and also account for inter-individual variabilty.
Visuakzation WikiPopix s intended for mathematicians and statisticians interesting in modefing, and for modelers aware of the fole of mathematics and statistics in models.
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I t - | l

i The goal of this wikiis not to provide “recipes” for modeling or “tricks” for using software, but a rigorous approach for model implementation and practical use. It is fundamental that statisticians are satisfied with the theoretical models
Sencliion presented, and modelers with the tools provided.
This material is intended to be used for training and education in any field where population modeling occurs. All the tools presented here are free for academic and teaching purposes.

Presenting this subject in the form of a wiki has several advantages, including easy integration of multimedia applications. The goal is for the wiki to be regularly updated, corrected and improved. We are well aware that some modeis and
tasks are missing from this first version. Any suggestions are very weicome.

https:/Iwiki.inria.fr/popix




Some links

Simulx

A R function of the mIxR package
for computing predictions and sampling longitudinal data

( ; et m I X R from Mixtran and PharmML models.

User Guide Videos Casestudies Simulx&Shiny mIxR Notes Installation

simulx.webpopix.org

User Guide Case Studies Shiny

Learn how to use

_ webpopix
educational platform L

(l | n d e r d eve I O p m e nt Basic concepts Modelling in practice  Your turn  Ressources

model.webpopix.org

Basic concepts Modelling in practice Your turn

Concepts in Pharmacometrics and Statistic Learn the principles of model building wit Apply what your learned with interactive hand
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