
HOMEWORK 5: DUE 28TH OCT

SUBMIT THE FIRST FOUR PROBLEMS ONLY

1. (Chung-Erdös inequality).

(1) Let Ai be events in a probability space. Show that
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(2) Place rm balls in m bins at random and count the number of empty bins Zm. Fix
δ > 0. If rm > (1 + δ)m log m, show that P(Zm > 0) → 0 while if rm < (1 − δ)m log m,
show that P(Zm > 0)→ 1.

2. Let ξ, ξn be i.i.d. random variables with E[log+ ξ] <∞ and P(ξ = 0) < 1.

(1) Show that lim sup
n→∞

|ξn|
1
n = 1 a.s.

(2) Let cn be (non-random) complex numbers. Show that the radius of convergence
of the random power series

∑∞
n=0 cnξnzn is almost surely equal to the radius of

convergence of the non-random power series
∑∞

n=0 cnzn.

3. Give example of an infinite sequence of pairwise independent random variables for
which Kolmogorov’s zero-one law fails.

4. Suppose r = λn balls are put into n boxes at random (more than one ball can go into
a box). If Nn denotes the number of empty boxes, show that for any δ > 0, as n→∞,
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5. (Erdös-Renyi random graph model). Let Vn = {1, 2, . . . , n}. Fix 0 < p ≤ 1. Let Xi,j,
1 ≤ i < j ≤ n, be i.i.d. Ber(p) random variables. Consider the random graph G(n, p)
whose vertex set is Vn and whose edges consist of pairs {i, j} such that Xi,j = 1.

(1) Show that

P{G(n, p) is not connected } ≤ 1
2
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)
(1− p)k(n− k).

(2) Show that P{G(n, p) is connected}→ 1 as n→∞.
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