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1. Suppose that f : [a, b] → R is continuous and that f(x) is always rational.
What can be said about f?

2. Prove that there exists a real number x such that

sinx = x− 1.

3. Prove that there exists a real number x such that

x179 +
163

1 + x2 + sin2 x
= 119.

4. Suppose that f is continuous on [−1, 1] such that x2 + (f(x))2 = 1 for all x.
Show that either f(x) =

√
1− x2 or else f(x) = −

√
1− x2 for all x.

5. Suppose that f and g are continuous, that f2 = g2, and that f(x) ̸= 0 for all
x. Prove that either f(x) = g(x) or else f(x) = −g(x) for all x.

6. Suppose that f and g are continuous on [a, b] and that f(a) < g(a), but
f(b) > g(b). Prove that f(x) = g(x) for some x ∈ (a, b).

7. Let f : [a, b] → [a, b] be a continuous function. Show that there exists an
x ∈ [a, b] such that f(x) = x.

8. Let f : [a, b] → [a, b] be a continuous function such that f(x) > 0 for all
x ∈ [a, b]. Show that there exists an α > 0 such that f(x) ≥ α for all x ∈ [a, b].

9. Let f : [a, b] → [a, b] be a continuous function with the property: for each
x ∈ [a, b] there exists a y ∈ [a, b] such that |f(y)| ≤ 1

2 |f(x)|. Prove that their
exists a point c ∈ [a, b] such that f(c) = 0.

10. Let f : [0, 1] → R be a continuous function such that f(0) = f(1). Prove that
there exists point c ∈ [0, 12 ] such that f(c) = f(c+ 1

2).
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