Solutions to Exercises — 11
by Sumit Kumar
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. Since f > 0 on [a,b], so log(f(a)) and log(f(b)) make sense. Hence f:% =
log(f(t))le = log(f(b)) — log(f(a)).

. Using the mtegratlon by parts we have, F(x fx 11 dt = lntt|2 + f2 lnt)Q 1tdt =
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But we know that the limit of the function - diverges to infinity as z goes to infinity.

Hence the function F(z) = [, 15 dt is unbounded.

: S%nce foﬁ sin( )dx = —f( )(:os(a:)\f)r~l—f07T f( cos(:v) —f(m)(—=1) + f(0) +
]f‘(x sin(z)|g — fo f (x)sin(z)dz = 14+ f(0)+0— [ f sm( Ydz = 1+ f(0) —
0 ) sin(x )d:l:.

Given that [" [f(z) + f"(2)] sin(z)dz = 0. Hence from above we have 1+ f(0) = 0.
That is f(0) = —1.

. Consider the integral fabf(x)dx Put t = a + b — x. Then after putting this and
changing the limits the integral becomes | b f ydo = — [" f(t —a —b)dt.
Now using the fact that fab f(z)dz = — [" f(x)dz. Then we have

/abf(x)dx:_/b“f(t_a_b)dt:/abf(t—a—b)dt

. First try to show that
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We also know that the Taylor polynomial of function f(z) of degree 3 at 0 is given
by
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First show that
sin®" ™ (z) = cos(z), sin**?(z) = —sin(x), sin*" " (x) = — cos(z), sin*"(x) = sin(z).

Then we have
sin*"™(0) = 1, sin*"2(0) = 0,sin*""(0) = —1,sin**(0) = 0.

Now by using this we can write the Taylor polynomial of degree 2n + 1 for g(x) =
sin(z) as
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So to get the result for f(z) = sin(z?) simply replace = by z? in the above, then we
have (z%)2 (220+1)2
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Use integration by parts and the fact that e > 1 4+ x to show that the inequality
hold for n = 0. Then use induction.
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As —1 <2 <t <050 1 <& < ;. Now using the fact that | [ f(t)dt| <
| fxo | f(t)|dt|, we have
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It is easy to see that

So




That is
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Hence by above we have
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