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Classical Hardy inequality

Due to G. H. Hardy. . .
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Classical Hardy inequality

Due to G. H. Hardy. . .

. . . but also contributions by E. Landau, G. Pólya, I. Schur, and M. Riesz (cf. A.
Kufner, L. Maligranda, and L-E. Persson, The prehistory of the Hardy inequality, Amer.
Math. Monthly) 113 (2006), 715–732
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Classical Hardy inequality

Due to G. H. Hardy. . .

A statement of Hardy inequality (Hardy 1920, 1925, also Hardy-Littlewood-Pólya, Inequalities):

Given f nonnegative (measurable) on (0, ∞), then∫ ∞

0

∣∣∣ 1
x

∫ x

0
f (t) dt

∣∣∣p dx ≤ ( p

p − 1

)p ∫ ∞

0
|f (x)|p dx

when p > 1 and RHS is finite
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Classical Hardy inequality (credits: M. J. Esteban)

Higher dimension d ≥ 3, p = 2

0 ≤
∫

Rd

∣∣∣∇f + α
x

|x |2 f
∣∣∣2 =

∫
Rd
|∇f |2 +

(
α2 − (d − 2)α

) ∫
Rd

∣∣∣ f (x)
x

∣∣∣2

Now we optimize: α = (d − 2)/2⇒
(
α2 − (d − 2)α

)
= − (d−2)2

4

(d − 2)2

4

∫
Rd

∣∣∣ f (x)
x

∣∣∣2 ≤ ∫
Rd
|∇f |2, f ∈ C∞

0 (Rd )

and it is well known that (d − 2)2/4 is optimal

In operator terms (the case of the Euclidean Laplacian ∆ = −∑d
j=1

∂2

∂x2
j
= −∇ · ∇)

0 ≤ −∆− (d − 2)2

4|x |2

and for all ν > (d−2)2

4 then −∆− ν
|x |2 is not bounded below
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Fractional version of Hardy inequality

For 0 < s < d/2, f ∈ C∞
0 (Rd )

∫
Rd

|f (x)|2
|x |2s dx ≤ Cd ,s〈∆s f , f 〉, Cd ,s = 4−s

Γ( d−2s
4 )2

Γ( d+2s
4 )2

• The constant Cd ,s is sharp (Beckner, Herbst, Yafaev), and the equality is not
obtained in the class of functions for which both sides are finite

• Recent proofs by Frank-Lieb-Seiringer, Bogdan-Dyda-Kim. . .

• It can be checked that

C−1
d ,s → C−1

d ,1 :=
(d − 2)2

4
, as s tends to 1

• We may consider also a Hardy with a non-homogeneous potential∫
Rn

|f (x)|2
(1 + |x |2)s dx ≤ Bd ,s〈∆s f , f 〉
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Hardy inequalities in the Heisenberg group

• Our goal: Hardy inequality for conformally invariant fractional powers of the
sublaplacian, denoted by Ls (L =sublaplacian)

• Remark: Hardy inequality for fractional pure powers of the sublaplacian Ls ,
first obtained by Ciatti-Cowling-Ricci (2015)

• Strategy 1: Obtain Hardy inequality by means of the approach of “ground
state representation” of Frank-Lieb-Seiringer

Previous work with Thangavelu. We will not show this today

• Strategy 2: Obtain Hardy inequality from a trace Hardy inequality for Ls

Key points - Strategy 2: Use the solutions of an extension problem (EP)
for L. This motivates study of EP in the Heisenberg group
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The Heisenberg group Hd : preliminaries

• Hd is the Lie group with underlying manifold Cd ×R and multiplication

(z ,w)(z ′,w ′) =
(
z + z ′,w + w ′ +

1

2
Im(z · z̄ ′)

)

• The sublaplacian is (z = x + iy , x , y ∈ Rd )

L := −∑
j

(( ∂

∂xj
+

1

2
yj

∂

∂w
)2 + (

∂

∂yj
− 1

2
xj

∂

∂w

)2
)
= −∑

j

(X 2
j + Y 2

j )

• Fourier transform on Hd maps f ∈ L1(Hd ) to a family of operators {f̂ (λ)}
acting on L2(Rd )

• Inverse FT in the central variable → f λ(z) =
∫ ∞
−∞ f (z ,w)e iλwdw
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Spectral theory of the sublaplacian

• L2(Rd ) has an OB of Hermite functions Φλ
α , α ∈Nd

• L2
rad(C

d ) has an OB of Laguerre functions ϕλ
k , k ∈N

Important: the Laguerre functions, related to Hermite via Weyl transform

We have the expansion, for f ∈Hd ,

f λ(z) = cd |λ|d ∑
k

(
f λ ∗λ ϕλ

k (z)
)

(∗λ is the twisted convolution)
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Fractional powers of the sublaplacian

• We have L̂f (λ)Φλ
α = (2|α|+ d)|λ|f̂ (λ)Φλ

α

• Fractional powers Ls → associated to the Fourier multiplier
(
(2k + d)|λ|

)s
• We will consider

Ls := (2|T |)s
Γ
( L

2|T | +
1+s

2

)
Γ
( L

2|T | +
1−s

2

) → Fm: (2|λ|)s
Γ( 2k+d

2 + 1+s
2 )

Γ( 2k+d
2 + 1−s

2 )

The spectral decomposition of Ls is

∫ ∞

−∞
Ls f (z ,w)e iλw dw = cd |λ|d ∑

k

(2|λ|)s
Γ
(

2k+d
2 + 1+s

2

)
Γ
(

2k+d
2 + 1−s

2

) f λ ∗λ ϕλ
k (z)

Remarks:
1 Ls arises naturally in Hd : defined from scattering theory, intertwining

operators on the CR sphere (see Branson-Fontana-Morpurgo)
2 Ls is conformally invariant and has an explicit fundamental solution; L1 = L
3 Relation: Ls = UsLs , Us bounded on L2(Hd ) (Stirling’s formula)
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The approach of the heat semigroup to define Ls

• We have
e−tLf = f ∗ qt ,

where ∫ ∞

−∞
qt(z ,w)e iλw dw = |λ|d

∞

∑
k=0

e−(2k+n)|λ|t ϕλ
k (z) =: qλ

t (z)

and qλ
t (z) has an explicit expression

• We use the numerical identity
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The approach of the heat semigroup to define Ls

Therefore, by the spectral decomposition of Ls and the latter identity

∫ ∞

−∞
Ls f (z ,w)e iλw dw = |λ|n ∑

k

(2|λ|)s
Γ
(

2k+d
2 + 1+s

2

)
Γ
(

2k+d
2 + 1−s

2

) f λ ∗λ ϕλ
k (z)

= Cs

∫ ∞

0

(
f λ(z)− ts+1

(sinh t)s+1
f λ ∗λ qλ

t (z)
)
t−s−1 dt

= (computations)

=
1

|Γ(−s)|

∫ ∞

−∞

∫
Hd

(
f (x)− f (y)

)
Ks(y

−1x) dy e iλw dw

Theorem (Integral representation for Ls)

For 0 < s < 1/2

Ls f (x) =
1

|Γ(−s)|

∫
Hd

(
f (x)− f (y)

)
Ks(y

−1x) dy , f ∈ C∞
0 (Hd )

where Ks(z ,w) = Cd ,s |(z ,w)|−2d−2−2s , and Cd ,s > 0 is explicit
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The extension problem for an operator L

• Let 0 < s < 1, L non-negative, self-adjoint, densely defined on L2(X , dη)

• We consider the following extension problem{(
L+ ∂2

ρ +
(1−2s)

ρ ∂ρ

)
u(x , ρ) = 0, x ∈ X , ρ ∈ R+,

v(x , 0) = ϕ(x) x ∈ X

• Some references:

In the Euclidean case: Caffarelli-Silvestre (2007) (back to
Molchanov-Ostrovskĭı, DeBlassie. . . )

General second order differential operators: Stinga-Torrea (2010) (also
Galé-Miana-Stinga, Banica-González. . . )

It occurs naturally in conformal geometry and scattering theory:
Graham-Zworski, Chang-González. . .
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Molchanov-Ostrovskĭı, DeBlassie. . . )

General second order differential operators: Stinga-Torrea (2010) (also
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The extension problem in the Heisenberg group

We consider the following extension problem (EP){(
−L+ ∂2

ρ +
(1−2s)

ρ ∂ρ +
1
4 ρ2∂2

w

)
v(z ,w , ρ) = 0, (z ,w) ∈Hd , ρ ∈ R+,

v(z ,w , 0) = ϕ(z ,w) (z ,w) ∈Hd

Extension problem in Hd , different from Caffarelli-Silvestre!
Studied by Frank-González-Monticelli-Tan (15’) and Möllers-Ørsted-Zhang (16’)

Let us,ρ(z ,w) = ((ρ2 + |z |2)2 + 16w2)−
d+s+1

2

Theorem (Möllers-Ørsted-Zhang & Roncal-Thangavelu)

The function v(z ,w , ρ) = C1(d , s)ρ2s ϕ ∗ us,ρ(z ,w) solves the above EP
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The EP in the Heisenberg group: new results

• We obtain a characterisation of solutions to the extension problem in Lp:

Let v be any solution of the EP, 1 < p ≤ ∞. Then∫
Hd
|v(z ,w , ρ)|p dz dw ≤ C ⇐⇒ v = cρ2s ϕ ∗ us,ρ for some ϕ ∈ Lp(Hd )

ϕ ∈ Lp(Hd ), 1 ≤ p < ∞. Then, as ρ→ 0+,

v = C1(d , s)ρ2s ϕ ∗ us,ρ → ϕ in Lp(Hd )

• For 0 < s < 1/2, the following limit also exists in the Lp(Hd ) sense:

− limρ→0+
v(z ,w , ρ)− ϕ(z ,w)

ρ2s
=
|Γ(−s)|
4sΓ(s)

Ls ϕ(z ,w).

• Isometry property for the solution operator associated to the EP on N

• Remark: All the results are shown for more general H-type groups
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The operator Ls as a Dirichlet-to-Neumann operator

Let v(z ,w , ρ) = C1(d , s)ρ2s ϕ ∗ us,ρ(z ,w)

Theorem

Assume ϕ and Ls ϕ are in Lp(Hd ). Then

− limρ→0+ ρ1−2s∂ρ(v(z ,w , ρ)) = 21−2s Γ(1− s)

Γ(s)
Ls ϕ(z ,w)

Extension problem for large values of s > 0:

` is the integer such that `− 1 ≤ s < ` and u is the solution of the EP. Then

limρ→0 ρ2(`−s)( 1

2ρ
∂ρ

)`
u(z ,w , ρ) = C (`, d , s)Ls f (z ,w),

in the Lp norm provided Ls f ∈ Lp(Hd ), where C (`, d , s) is explicitly given

L. Roncal (BCAM) Hardy inequalities for fractional sublaplacians IISc 2017 15 / 23



The operator Ls as a Dirichlet-to-Neumann operator

Let v(z ,w , ρ) = C1(d , s)ρ2s ϕ ∗ us,ρ(z ,w)

Theorem

Assume ϕ and Ls ϕ are in Lp(Hd ). Then

− limρ→0+ ρ1−2s∂ρ(v(z ,w , ρ)) = 21−2s Γ(1− s)

Γ(s)
Ls ϕ(z ,w)

Extension problem for large values of s > 0:

` is the integer such that `− 1 ≤ s < ` and u is the solution of the EP. Then

limρ→0 ρ2(`−s)( 1

2ρ
∂ρ

)`
u(z ,w , ρ) = C (`, d , s)Ls f (z ,w),

in the Lp norm provided Ls f ∈ Lp(Hd ), where C (`, d , s) is explicitly given

L. Roncal (BCAM) Hardy inequalities for fractional sublaplacians IISc 2017 15 / 23



The operator Ls as a Dirichlet-to-Neumann operator

Let v(z ,w , ρ) = C1(d , s)ρ2s ϕ ∗ us,ρ(z ,w)

Theorem

Assume ϕ and Ls ϕ are in Lp(Hd ). Then

− limρ→0+ ρ1−2s∂ρ(v(z ,w , ρ)) = 21−2s Γ(1− s)

Γ(s)
Ls ϕ(z ,w)

Extension problem for large values of s > 0:

` is the integer such that `− 1 ≤ s < ` and u is the solution of the EP. Then

limρ→0 ρ2(`−s)( 1

2ρ
∂ρ

)`
u(z ,w , ρ) = C (`, d , s)Ls f (z ,w),

in the Lp norm provided Ls f ∈ Lp(Hd ), where C (`, d , s) is explicitly given

L. Roncal (BCAM) Hardy inequalities for fractional sublaplacians IISc 2017 15 / 23



A generalised trace Hardy inequality in Hd . . .

Define ∇ = (X1, . . . ,Xd ,Y1, . . . ,Yd , 1
2 ρ∂w , ∂ρ)

Let W̃ s,2
0 (Hd ×R+) be the completion of C∞

0 (Hd ×R) with respect to the norm

‖u‖2
(s) =

∫ ∞

0

∫
Hd
|∇u(z ,w , ρ)|2ρ1−2s dz dw dρ

Theorem

Let 0 < s < 1. For any real valued function u ∈ W̃ s,2
0 (Hd ×R+), we have

∫ ∞

0

∫
Hd
|∇u(z ,w , ρ)|2ρ1−2s dz dw dρ

≥ 21−2sΓ(1− s)

Γ(s)

∫
Hd

u2(z ,w , 0)
Ls ϕ(z ,w)

ϕ(z ,w)
dz dw
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A generalised trace Hardy inequality: proof

Let L := −L+ ∂2
ρ +

1−s
ρ ∂ρ +

1
4 ρ2∂2

t ; consider the extension problem

Lv = 0, v(z ,w , 0) = ϕ(z ,w)

∫ ∞

0

∫
Hd
|∇u(x , ρ)|2ρ1−2s dxdρ ≥ 21−2s Γ(1− s)

Γ(s)

∫
Hd

u2(x , 0)
Ls ϕ(x)

ϕ(x)
dx

Proof.

The identity (which follows by integration by parts)∫ ∞

0

∫
Hd
|∇u − u

v
∇v(x , ρ)|2ρ1−s dxdρ =

∫ ∞

0

∫
Hd
|∇u|2ρ1−s dxdρ

+
∫ ∞

0

∫
Hd

u2

v
(Lv(x , ρ))ρ1−s dxdρ+

∫
Hd

u(x , 0)2

v(x , 0)
limρ→0 ρ1−s∂ρv(x , ρ) dx

Choose v = ϕ ∗ us,ρ (it satisfies the equation in the extension problem)

Use the previous theorem
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. . . and a Hardy inequality

Corollary

0 < s < 1, f ,Ls f ∈ L2(Hd ). Then, for any ϕ ∈ DomLs , ϕ−1Ls ϕ ∈ L1
loc(H

d )

(Ls f , f ) ≥
∫

Hd
f 2(z ,w)

Ls ϕ(z ,w)

ϕ(z ,w)
dz dw

Corollary (Uncertainty principles for Ls)

Cd ,s
( ∫

Hd
|f (z ,w)|2 dx dt

)2 ≤
( ∫

Hd
|f (z ,w)|2

(Ls ϕ(z ,w)

ϕ(z ,w)

)−1
dz dw

)
(Ls f , f )

Proof. Let W(z ,w) = Ls ϕ(z,w )
ϕ(z,w )

; by Cauchy–Schwarz

( ∫
Hd
|f (z ,w)|2 dz dw

)2

≤
( ∫

Hd
|f (z ,w)|2W(z ,w) dz dw

)( ∫
Hd
|f (z ,w)|2W(z ,w)−1 dz dw

)
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Hardy inequality with non homogeneous weight

Recall us,ρ(z ,w) = ((ρ2 + |z |2)2 + 16w2)−
d+s+1

2

Theorem (Cowling-Haagerup)

Let ρ > 0 and 0 < s < d + 1. Then

Lsu−s,ρ(z ,w) = C2(d , s)ρ2sus,ρ(z ,w),

By taking ϕ(z ,w) = u−s,δ(z ,w) and u(z ,w , ρ) the solution of the EP with initial
condition f we obtain:

Theorem (Hardy inequality - non homogeneous)

Let 0 < s < 1, δ > 0, f , Ls f ∈ L2(Hd ). Then

(Ls f , f ) ≥ C2(d , s)δ2s
∫

Hd

f (z ,w)2(
(δ2 + |z |2)2 + 16w2

)s dz dw .

The (explicit) constant is sharp and equality is attained when f = u−s,δ
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Hardy inequality with homogeneous weight

Theorem (Hardy inequality - homogeneous weight)

Let 0 < s < 1, and f , Ls f ∈ L2(Hd ). Then

(Ls f , f ) ≥ C2(d , s)
∫

Hd
f 2(z ,w)ws(z ,w) dz dw ,

where ws is a function which is homogeneous of degree −2s.
The explicit constant is sharp but equality is never achieved in W̃ s,2

0 (Hd )

Remarks:

Can we replace ws(x) by |x |−2s?

(Ls f , f ) ≥ C2(d , s)
∫

Hd
f 2(x)|x |−2s dx

ws(x) is optimal in the following sense: If w̃s ≥ ws is another weight s.t.

(Ls f , f ) ≥ C2(d , s)
∫

Hd
f 2(z ,w)w̃s(z ,w) dz dw

then w̃s = ws
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Thanks for your attention
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Happy birthday Veluma!!

¡¡Que cumplas muchos más!!
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