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Approximation by polynomials in Sobolev space

Let Q be a regular domain in RY. Let W;(©2) denote a Sobolev
space of r-th differentiable functions with norm || - [l (q)-

Let MY = space of polynomials of degree < nin d-variables.

Problem: For f € W} (%), find a polynomial P, € M3 such that
[0%F — 0%Pr|lp < C”_rHa‘HfHW,g(Q), ol <,

where a € N¢ and |a| = ay + -+ + ay.
Question: What W(£2)? How to construct such a P,?

The problem is called Simultaneous Approximation in
Approximation Theory. It arises recently from Spectral Method
for numerical solution of PDE.



Approximation by polynomials on [—1, 1]

For f € LP[-1,1], 1 < p < 0, define

En(f)p = nf_[If = Pl

A classical theorem states that, if f(") € LP[—1, 1], then

En(f)p < on "[[¢"fOllp,  o(x) = V1 - x2,

for 1 < p < co. The polynomial that attains this approximation
order can be derived from Fourier-Legendre series,

. S [ () Pa(x Jox
fwzz:fnP,,(x), f, = T PrRo

where P, is the Legendre polynomial of degree n, satisfying
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Polynomial of approximation

For p = 2, the classical Hilbert space theory says that

n
En(f)2 = |If = Sufll2, where S,f = fPy(x)
k=1

For p # 2, let n be a smooth cut-off function on R: n(t) = 1 for
0 <t<1andn(t)=0fort¢][0,2]; define

Vif(x) —ZU( >kak

Then Vi f is of degree 2n and V,,f = f if f is a polynomial of
degree < n, and

[Vaf — fllp < CEn(f)p, 1< p< oo



Simultaneous Approximation on [—1, 1]

If (7 e LP[—1,1], the simultaneous approximation asks to find
a polynomial P, such that

k _
|70 — B, < en KOl k=0.1,....r
or an even stronger estimate
|18 — PEI|| < en KBy (F))p, k=0,1,....r

The polynomial P, however, cannot come from the Fourier-
Legendre series. In fact, for p = 2, we have

Hf(k) - (S,,f)(k)H2 <onmERE. (F0), k=0,1,....r

and the order on nis sharp.



Approximation in Sobolev space with Jacobi weight

Let w, 5(x) = (1 — x)*(1 + %), o, 3> —1,0n (=1,1). The
Jacobi polynomials P{*?) satisfy

/ 11 P (x) PP (x) We 5 (X) dX = 525 m.
All previous_results extend to the space with w, 3. E.g.,
En(f)io(w, 5) = inf Hf—PHLP(wa,g)S cn "¢ | o, -
The Fourier-Jacobi series of f € L2(w,, ) is defined by

(o] 1 (a75)
~ f(t)Py, w,, g(t)dt
f=> 1P where f = L 2a6 (2)e 1)
n=0 JLIPE P (2w ()t
Let S,O,"B f denote the n-th partial sum,

Sy f(x Zfaﬂpaﬁ)




Jacobi weight with negative indices?

Let 9 = %. For a, 8 > —1, the partial sum S,‘i"ﬁ satisfies
okSpPf = gotehthokf  k=0,1,2,....
It follows immediately that, for 0 < k < s,
10KF = 0S5 Pl iz, .. vy < 10°F = Stk  Fll2u )
= En k(M) iz < 00N 2w,y

Now, if we could choose o« = 3 = —s, this would be it.

However, w, s is NOT integrable if a < —1 and/or 5 < —1 and
P{~5~5) is NOT well defined for s = 1,2, ... .

Question: Can we find an extension of PS5 AND an inner
product to make the extension orthogonal?



Jacobi weight with negative indices

Jacobi polynomials of negative indices satisfy:

o Lo — P09 (x).

o PL 579 (x) = (1 — x2)sP*$) for n > 25 (zero boundary).
Spectral method community: define

(f.g) = / 11 79 x)g®) (x)dx

work with functions that are have zero boundary conditions.
Special function community: true inner product (add boundary
terms) but did not study Fourier orthogonal series.

The multiplication operator f — xf is no longer symmetric for
Sobolev inner product. Consequently, NO three-term relation
and NO Christopher-Darbox formula for the kernel — as in

Suf(x) = [ H)Ka(x.y)w(y)c.



Orthogonality in Sobolev space

For s € Nand 6 € [-1, 1], define an inner product in W3 (w,,s):

-1 s—1
(.91 = | FI0GOms(0t+ 3 MF ()5 (0),
- k=0
where )\, are positive constants.

Theorem

Fora, 8 > —1 and s € N. The polynomial

(x—9)"
n!

A X—ts_1 N
/9 ((3_)1)!Pn7—ﬁs(t)dt, n>s.

is orthogonal w.r.p. (-,-)_ fg and its normal square satisfies

) 0<n<s-1,

N =, 0<n<s—1, and by =0 n>s.



Fourier expansion in Sobolev orthogonal polynomials

For f € W§(w,,g), consider the Fourier expansion
a—S8,3—S8
Tn ™" s

a—S8,f—s
n

f_zfa s,B— s a s,B—s with fa s,B— s:_
The n-th partial sum of this expansion is defined by

a s,B— sf _Zfa s,8— sja s,B— s

Lemma

Leta,B > —1andseN. Forfe Wg(Wa’g) andn=0,1,2...,
(%) Withm—min{n s—1}

o—s,8—s Mo ) (X =1 s (s)
Sh f(x Zf +/€ 5_1) SoP ()

=

Q 955275 Sf—Sﬁﬁs ifn>s.
e 4 4444




Simultaneous approximation

Recall that we can define V,?’Bf for a, 8 > —1 via a cut-off
function, good for approximation in LP norm. We can define

X s—1
a—8,6—s (k ) (x-1 a,B £(s)
VIy SISt (x E:f +/0 o et

Theorem
Leta,p > —1 and f e W5(w, ) for1 < p < occ. Then

|0%f — akvs,;s’ﬁisfHLp(wa,ﬁ) < Cn_SJrkEn(f(S))Lp(wa,ﬁ), 0<k<s,

if either @ = —1 and 8 = 0 or @ = 1 and a = 0. Furthermore, for
p = 2, we can replace V,‘;igs’ﬁ—s f by Sﬁc’gaﬁ—s ;




Fourier orthogonal expansion in R?

Let w be a weight function define on Q c RY. Let V¢ be the
space of orthogonal polynomials of degree = n with respect to

(f,g) = /Q f(x)g(x)w(x)dx

Let {P, : |a| = n,a € Ng} be an orthogonal basis of V¢. Then
(Py,P3) =0, o # B and deg P, = n. Let f7 := (f, P")/(P", P").
@ The projection operator proj, : L2 — V¢ and the n-th partial
sum S, : L? — MY are defined by

n
proj, f( Z fuPa(X),  Snf(x):=")_ proj, f(x)
m=0

laj=n

@ The Fourier orthogonal expansion of f € L2 is defined by
— e = proj,f
n=0 n=0
e 4 4444



Classical orthogonal polynomials on the unit ball

On the unit ball BY = {x : ||x|| < 1} of RY, define
@u(X) = (1= x|, p>-1.

A basis for V¢(w,,) can be given via spherical harmonics. Let
#9 be the space of spherical harmonics of degree nin RY.

Theorem

ForneNgand0<j<n/2 let{Y] ¥ 1<t< aﬂ,gj} be an
orthonormal basis for #g_,;. Then

_ojp =2 :
P (x) = PR @ P~ 1) Y] 0.

Then the set{Pﬁé”(x) 1<j<n/2,1<1< ag_zj} is an
orthogonal basis of V().

Let A\, = n+ (d — 1)/2. These polynomials satisfy a PDE:
(A — (x,V)2 = 2)\,(x,V))u=—n(n+\,)P, VP eV(w,).
e 4 4444



Simultaneous approximation on the unit ball

We consider the unit ball BY = {x : || x|| < 1} of R? and the
Sobolev space defined by

Wj(BY) := {f € LP(BY) : 0°f € LP(BY), |a| <r, a € N§}

for 1 < p < oo and by C"(BY) if p = oc. Its norm is defined by

1/
lwgeey = (3 10%Fliogae))

|al<r

We hope to find a polynomial P of degree n such that for all
derivatives up to rth order (Simultaneous Approximation)

[0%f — 90%P|p < C”_rHaIHfHWFg(de la| <.

This is established again by the Sobolev orthogonality. What
we need resembles taking 1 — —s, s € N, in the classical w,,.



Spectral method for Poisson equation

Consider the Dirichlet problem for the Poisson equation:
~Au=f inB? with u=g onS? "
In variation form, we need to find u € W, (BY) such that
(VU,VV)ga = (f, V)po + d(g, V)ga-1, Vv € WI(BY),

where

(1.9)ss = | f(0g()dx and (g = [ H(O)ale)ol

sd—1

The Spectral Method looks for an approximate solution

N
up = Py,
j=1

where {P/: 1 <j < N =dimn3} is a basis of N9, such that
(VUn, VV)ga = (f, V)ga + d(g, V)ga—1, forv =7



Orthogonality in Sobolev Space

The Galerkin method uses v = P/ and determines the
coefficients a;, hence up, from the linear system

N
> a(VP!, VP)gs = (f, Pl)ge + d(g, Pl)gar, 1<k<N.
j=1

The matrix of the system becomes diagonal if Pj” are chosen as
<VP][77VPII(1>IB°’ =0, 17& k.

This suggests that we consider the inner product

(t.9)= [ VH)-Voljox+d [ #9g(e)do
For the error estimate of this method, we could expect:
If = Snfllge < n™ "Il wy(me)

10if — 3 Snllge <cn™ " IFllwgmey, 1<i<d.



Sobolev orthogonality on the unit ball

Form=1,2,3,..., let V2" := A™ and V27! .= VA™. For
M, Arg1—1 > 0, define the inner product of W$(BY) by
[31-1
(f,9)—s = (VF,Voq)po + Y M (AFF, A*G)ga-s.
k=0

Let V9(w _s) denote the space of OP with respect to (-, ) _s.

@ An orthogonal basis of VI(w_s) can be given explicitly.
Denote these basis by Q;f’”(x), indexed again by

1</<aj ,=dm#H] 5 and0<j<n/2as P

° ijf’” are given in terms of Jacobi polynomials P{~ ") and
spherical harmonics, but the formulation is complicated.



Orthogonal expansion in Sobolev space

Define the projection operator proj,® : Ws(B?) — Vd(w_s) by

[ an sn "Zfs,n_ <f’ Qj?£57n>—s
o<1 = 3 S0, T = et
< ]7‘€ ’ j7é >—S

O</<2
Unlike [ 1, 1], no nice formula for proj,,® f is known for d > 1.
Let proj? : L2(]B%d) — V9 be the classical operator (wg(x) = 1).

Lemma
Letn,s € Ngandn > s. If s is even, then

Az proj, S f = pro%_ AZf.
If s is odd, then

AT proj;Sf=prof_ A%z f, i=1,2,...,d.

This lemma is crucial for proving simultaneous approximation.



Simultaneous Approximation on the Ball

The partial sum and its analog defined via cut-off functions are

n

2n Kk
S3°1(6) = S proig ). Vo #f(x)i= > ) ol 1.
k=0

k=0

Theorem

Letr,sceNandr>s. Iff € Wi(B?),1 < p < oo, thenforn>s

10%F — OV S|l ey < Cn_r+k||f’\W5(Bd)> k=0,1,...,s,

and V,, °f can be replaced by S;, °f if p = 2.

V.

The proof relies on the Aubin-Nitsche duality argument in PDE,
applied to a BVP of the equation ASu = v on BY.

Li-Xu, SIAM J. Numer. Anal. [2014].



Simultaneous approximation on triangle

The study on triangle is far from complete. We state one result.
On the triangle A := {(x,y) : x >0,y > 0,x + y < 1}, define
03 = 0o — 0.
W consider approximation in the norm of the Sobolev space
W2 = {f € L3(L) : 9;0f € L3(L) 1 i,j =1,2}.
The classical weight function on the triangle is defined by
Do g (X, ¥) = XxYP1 —x—y),  aB,y>-1.

Let Vn(wa,s,4) = Space of orthogonal polynomials of degree n.
Several bases can be given via Jacobi polynomials. It is known
91 = Vn(@a,p,y) = Vo-1(@at1,8+1)

92 : Vn(@a,8,7) = Va-1(@a,64+1,7+1)

93 : Vn(@a,,9) = Vn-1(@at1,8+1,4)



Sobolev orthogonality on triangle

For simultaneous approximation in W2, we need to consider
the Sobolev orthogonality in a new space Wg, defined by

W3 = {f: 9205 € L¥(wo0,2), 0505 € L2(wp,0,0), 0505 € L*(wo2,0)}-

This amounts to:
@ Define an inner product (f,g)_» _» _» on the triangle
(involving 4th order derivatives)
@ Find a sequence of orthogonal polynomials on the triangle
e Let S,%%2 pe the n-th partial sum operator of the
Fourier orthogonal expansion,

02028, %75 72f = 80020202,
02028, %5 72f = 8020202,
02028, %78 72f = §2000202F,

where S277f in the RHS are partial sums for the Fourier
series in classical orthogonal polynomials.



Simultaneous approximation on triangle

Let Ex(f)a,3,, denote the error of best approximation
En(faser = inf I = Pl ,

and write En(f)=En(f)o0,0- Define
En(f) = En(9 510,02 + En(9505F)0,2.0 + En(0505F)2,00.

For f € W}, let p, = S, % %72f. Then

|f — pnll < LE, 3(313233)+ 22 En-a(f),
||alf7 aIpl’)” < Ef'l 3(818283) gn74(f)7 = 1,2537

10i0;f — Oi0;pnl| <& En 3(315233)+ 2 Ena(f), 1<i,j<3.

Xu, Constr. Approx. [2017]
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