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Approximation by polynomials in Sobolev space

Let Ω be a regular domain in Rd . Let W r
p(Ω) denote a Sobolev

space of r -th differentiable functions with norm ‖ · ‖W r
p (Ω).

Let Πd
n = space of polynomials of degree ≤ n in d-variables.

Problem: For f ∈W r
p(Ω), find a polynomial Pn ∈ Πd

n such that

‖∂αf − ∂αPn‖p ≤ c n−r+|α|‖f‖W r
p (Ω), |α| ≤ r ,

where α ∈ Nd
0 and |α| = α1 + · · ·+ αd .

Question: What W r
p(Ω)? How to construct such a Pn?

The problem is called Simultaneous Approximation in
Approximation Theory. It arises recently from Spectral Method
for numerical solution of PDE.



Approximation by polynomials on [−1,1]

For f ∈ Lp[−1,1], 1 ≤ p ≤ ∞, define

En(f )p := inf
deg P≤n

‖f − P‖p.

A classical theorem states that, if f (r) ∈ Lp[−1,1], then

En(f )p ≤ cn−r‖φr f (r)‖p, φ(x) =
√

1− x2,

for 1 ≤ p ≤ ∞. The polynomial that attains this approximation
order can be derived from Fourier-Legendre series,

f ∼
∞∑

n=1

f̂nPn(x), f̂n =

∫ 1
−1 f (x)Pn(x)dx∫ 1
−1[Pn(x)]2dx

,

where Pn is the Legendre polynomial of degree n, satisfying∫ 1

−1
Pn(x)Pm(x)dx =

2
2n + 1

δm,n.



Polynomial of approximation

For p = 2, the classical Hilbert space theory says that

En(f )2 = ‖f − Snf‖2, where Snf =
n∑

k=1

f̂kPk (x).

For p 6= 2, let η be a smooth cut-off function on R: η(t) = 1 for
0 ≤ t ≤ 1 and η(t) = 0 for t /∈ [0,2]; define

Vnf (x) :=
2n∑

k=0

η

(
k
n

)
f̂kPk (x).

Then Vnf is of degree 2n and Vnf = f if f is a polynomial of
degree ≤ n, and

‖Vnf − f‖p ≤ cEn(f )p, 1 ≤ p ≤ ∞.



Simultaneous Approximation on [−1,1]

If f (r) ∈ Lp[−1,1], the simultaneous approximation asks to find
a polynomial P, such that∥∥f (k) − P(k)

n
∥∥

p ≤ c n−r+k‖f (r)‖p, k = 0,1, . . . , r

or an even stronger estimate∥∥f (k) − P(k)
n
∥∥

p ≤ c n−r+kEn−r (f (r))p, k = 0,1, . . . , r

The polynomial Pn, however, cannot come from the Fourier-
Legendre series. In fact, for p = 2, we have∥∥∥f (k) − (Snf )(k)

∥∥∥
2
≤ c n−r+2k−1/2En−r (f (r))2, k = 0,1, . . . , r

and the order on n is sharp.



Approximation in Sobolev space with Jacobi weight

Let wα,β(x) = (1− x)α(1 + x)β, α, β > −1, on (−1,1). The
Jacobi polynomials P(α,β)

n satisfy∫ 1

−1
P(α,β)

n (x)P(α,β)
m (x)wα,β(x)dx = hα,βn δn,m.

All previous results extend to the space with wα,β. E.g.,

En(f )Lp(wα,β) := inf
p∈Πn

‖f − p‖Lp(wα,β)≤ c n−r‖φr f (r)‖Lp(wα,β).

The Fourier-Jacobi series of f ∈ L2(wα,β) is defined by

f =
∞∑

n=0

f̂α,βn P(α,β)
n , where f̂α,βn =

∫ 1
−1 f (t)P(α,β)

n (t)wα,β(t)dt∫ 1
−1[P(α,β)

n (t)]2wα,β(t)dt

Let Sα,β
n f denote the n-th partial sum,

Sα,β
n f (x) :=

n∑
k=0

f̂α,βk P(α,β)
k (x).



Jacobi weight with negative indices?

Let ∂ = d
dx . For α, β > −1, the partial sum Sα,β

n satisfies

∂kSα,β
n f = Sα+k ,β+k

n−k ∂k f , k = 0,1,2, . . . .

It follows immediately that, for 0 ≤ k ≤ s,

‖∂k f − ∂kSα,β
n f‖L2(wα+s,β+s) ≤ ‖∂k f − Sα+k ,β+k

n−k f‖L2(wα+k,β+k )

= En−k (f (k))L2(wα+k,β+k ) ≤ cn−s+k‖f (r)‖L2(wα+s,β+s).

Now, if we could choose α = β = −s, this would be it.

However, wα,β is NOT integrable if a < −1 and/or β < −1 and
P(−s,−s)

n is NOT well defined for s = 1,2, . . ..

Question: Can we find an extension of P(−s,−s)
n AND an inner

product to make the extension orthogonal?



Jacobi weight with negative indices

Jacobi polynomials of negative indices satisfy:
ds

dxs P(−s,−s)
n = cnP(0,0)

n−s (x).

P(−s,−s)
n (x) = (1− x2)sP(s,s)

n−2s for n ≥ 2s (zero boundary).
Spectral method community: define

〈f ,g〉 =

∫ 1

−1
f (s)(x)g(s)(x)dx

work with functions that are have zero boundary conditions.
Special function community: true inner product (add boundary
terms) but did not study Fourier orthogonal series.

The multiplication operator f 7→ xf is no longer symmetric for
Sobolev inner product. Consequently, NO three-term relation
and NO Christopher-Darbox formula for the kernel – as in

Snf (x) =

∫
f (y)Kn(x , y)w(y)dy .



Orthogonality in Sobolev space

For s ∈ N and θ ∈ [−1,1], define an inner product in W s
2 (wα,β):

〈f ,g〉−s
α,β :=

∫ 1

−1
f (s)(t)g(s)(t)wα,β(t)dt +

s−1∑
k=0

λk f (k)(θ)g(k)(θ),

where λk are positive constants.

Theorem

For α, β > −1 and s ∈ N. The polynomial

J α−s,β−s
n (x) :=


(x − θ)n

n!
, 0 ≤ n ≤ s − 1,∫ x

θ

(x − t)s−1

(s − 1)!
Pα,β

n−s(t)dt , n ≥ s.

is orthogonal w.r.p. 〈·, ·〉−s
α,β and its normal square satisfies

hα−s,β−s
n = λn, 0 ≤ n ≤ s − 1, and hα−s,β−s

n = hα,βn−s, n ≥ s.



Fourier expansion in Sobolev orthogonal polynomials

For f ∈W s
p (wα,β), consider the Fourier expansion

f =
∞∑

n=0

f̂α−s,β−s
n J α−s,β−s

n with f̂α−s,β−s
n :=

〈f ,J α−s,β−s
n 〉−s

α,β

hα−s,β−s
n

.

The n-th partial sum of this expansion is defined by

Sα−s,β−s
n f :=

n∑
k=0

f̂α−s,β−s
k J α−s,β−s

k ,θ .

Lemma
Let α, β > −1 and s ∈ N. For f ∈W s

p (wα,β) and n = 0,1,2 . . .,
1 with m = min{n, s − 1},

Sα−s,β−s
n f (x) =

m∑
k=0

f (k)(θ)
(x − θ)k

k !
+

∫ x

θ

(x − t)s−1

(s − 1)!
Sα,β

n−sf (s)(t)dt ,

2 ∂sSα−s,β−s
n f = Sα,β

n−sf (s) if n ≥ s.



Simultaneous approximation

Recall that we can define Vα,β
n f for α, β > −1 via a cut-off

function, good for approximation in Lp norm. We can define

Vα−s,β−s
n,θ f (x) :=

s−1∑
k=0

f (k)(θ)
(x − θ)k

k !
+

∫ x

θ

(x − t)s−1

(s − 1)!
Vα,β

n−sf (s)(t)dt .

Theorem
Let α, β > −1 and f ∈W s

p (wα,β) for 1 ≤ p ≤ ∞. Then

‖∂k f − ∂kVα−s,β−s
n,θ f‖Lp(wα,β) ≤ c n−s+kEn(f (s))Lp(wα,β), 0 ≤ k ≤ s,

if either θ = −1 and β = 0 or θ = 1 and α = 0. Furthermore, for
p = 2, we can replace Vα−s,β−s

n,θ f by Sα−s,β−s
n,θ f .



Fourier orthogonal expansion in Rd

Let $ be a weight function define on Ω ⊂ Rd . Let Vd
n be the

space of orthogonal polynomials of degree = n with respect to

〈f ,g〉 =

∫
Ω

f (x)g(x)$(x)dx .

Let {Pα : |α| = n, α ∈ Nd
0} be an orthogonal basis of Vd

n . Then
〈Pα,Pβ〉 = 0, α 6= β and deg Pα = n. Let f̂ n

α := 〈f ,Pn
α〉/〈Pn

α,Pn
α〉.

The projection operator projn : L2 7→ Vd
n and the n-th partial

sum Sn : L2 7→ Πd
n are defined by

projn f (x) :=
∑
|α|=n

f̂αPα(x), Snf (x) :=
n∑

m=0

projm f (x).

The Fourier orthogonal expansion of f ∈ L2 is defined by

L2(Ω, $) =
∞⊕

n=0

Vd
n , f =

∞∑
n=0

projn f



Classical orthogonal polynomials on the unit ball

On the unit ball Bd = {x : ‖x‖ ≤ 1} of Rd , define

$µ(x) = (1− ‖x‖2)µ, µ > −1.

A basis for Vd
n ($µ) can be given via spherical harmonics. Let

Hd
n be the space of spherical harmonics of degree n in Rd .

Theorem

For n ∈ N0 and 0 ≤ j ≤ n/2, let {Y n−2j
` : 1 ≤ ` ≤ ad

n−2j} be an
orthonormal basis for Hd

n−2j . Then

Pµ,n
j,` (x) := P

(µ,n−2j+ d−2
2 )

j (2 ‖x‖2 − 1) Y n−2j
` (x).

Then the set {Pµ,n
j,` (x) : 1 ≤ j ≤ n/2, 1 ≤ ` ≤ ad

n−2j} is an
orthogonal basis of Vd

n ($µ).

Let λµ = µ+ (d − 1)/2. These polynomials satisfy a PDE:

(∆− 〈x ,∇〉2 − 2λµ〈x ,∇〉)u = −n(n + λµ)P, ∀P ∈ Vd
n ($µ).



Simultaneous approximation on the unit ball

We consider the unit ball Bd = {x : ‖x‖ ≤ 1} of Rd and the
Sobolev space defined by

W r
p(Bd ) := {f ∈ Lp(Bd ) : ∂αf ∈ Lp(Bd ), |α| ≤ r , α ∈ Nd

0}

for 1 ≤ p <∞ and by Cr (Bd ) if p =∞. Its norm is defined by

‖f‖W r
p (Bd ) :=

( ∑
|α|≤r

‖∂αf‖Lp(Bd )

)1/p
.

We hope to find a polynomial P of degree n such that for all
derivatives up to r th order (Simultaneous Approximation)

‖∂αf − ∂αP‖p ≤ cn−r+|α|‖f‖W r
p (Bd ), |α| ≤ r .

This is established again by the Sobolev orthogonality. What
we need resembles taking µ→ −s, s ∈ N, in the classical $µ.



Spectral method for Poisson equation

Consider the Dirichlet problem for the Poisson equation:

−∆u = f in Bd with u = g on Sd−1.

In variation form, we need to find u ∈W 1
2 (Bd ) such that

〈∇u,∇v〉Bd = 〈f , v〉Bd + d〈g, v〉Sd−1 , v ∈W 1
2 (Bd ),

where

〈f ,g〉Bd =

∫
Bd

f (x)g(x)dx and 〈f ,g〉Sd−1 =

∫
Sd−1

f (ξ)g(ξ)dσ.

The Spectral Method looks for an approximate solution

un =
N∑

j=1

ajPn
j ,

where {Pn
j : 1 ≤ j ≤ N = dim Πd

n} is a basis of Πd
n , such that

〈∇un,∇v〉Bd = 〈f , v〉Bd + d〈g, v〉Sd−1 , for v =?.



Orthogonality in Sobolev Space

The Galerkin method uses v = Pn
j and determines the

coefficients aj , hence un, from the linear system

N∑
j=1

aj〈∇Pn
j ,∇Pn

k 〉Bd = 〈f ,Pn
k 〉Bd + d〈g,Pn

k 〉Sd−1 , 1 ≤ k ≤ N.

The matrix of the system becomes diagonal if Pn
j are chosen as

〈∇Pn
j ,∇Pn

k 〉Bd = 0, j 6= k .

This suggests that we consider the inner product

〈f ,g〉 =

∫
Bd
∇f (x) · ∇g(x)dx + d

∫
Sd−1

f (ξ)g(ξ)dσ.

For the error estimate of this method, we could expect:

‖f − Snf‖Bd ≤c n−r‖f‖W r
2 (Bd )

‖∂i f − ∂iSn‖Bd ≤c n−r+1‖f‖W r
2 (Bd ), 1 ≤ i ≤ d .



Sobolev orthogonality on the unit ball

For m = 1,2,3, ..., let ∇2m := ∆m and ∇2m+1 := ∇∆m. For
λ1, . . . λd s

2 e−1 > 0, define the inner product of W s
2 (Bd ) by

〈f ,g〉−s := 〈∇sf ,∇sg〉Bd +

d s
2 e−1∑
k=0

λk 〈∆k f ,∆kg〉Sd−1 .

Let Vd
n ($−s) denote the space of OP with respect to 〈·, ·〉−s.

An orthogonal basis of Vd
n ($−s) can be given explicitly.

Denote these basis by Q−s,n
j,` (x), indexed again by

1 ≤ ` ≤ ad
n−2j = dimHd

n−2j and 0 ≤ j ≤ n/2 as Pµ,n
j,` .

Q−s,n
j,` are given in terms of Jacobi polynomials P(−s,β)

n and
spherical harmonics, but the formulation is complicated.



Orthogonal expansion in Sobolev space

Define the projection operator proj−s
n : W s

2 (Bd ) 7→ Vd
n ($−s) by

proj−s
n f (x) :=

∑
0≤j≤n

2

∑
`

f̂−s,n
j,` Q−s,n

j,` (x), f̂−s,n
j,` =

〈
f ,Q−s,n

j,`

〉
−s〈

Q−s,n
j,` ,Q−s,n

j,`

〉
−s

.

Unlike [−1,1], no nice formula for proj−s
n f is known for d > 1.

Let proj0n : L2(Bd ) 7→ Vd
n be the classical operator ($0(x) = 1).

Lemma
Let n, s ∈ N0 and n ≥ s. If s is even, then

∆
s
2 proj−s

n f = proj0n−s ∆
s
2 f .

If s is odd, then

∂i∆
s−1

2 proj−s
n f = proj0n−s ∂i∆

s−1
2 f , i = 1,2, . . . ,d .

This lemma is crucial for proving simultaneous approximation.



Simultaneous Approximation on the Ball

The partial sum and its analog defined via cut-off functions are

S−s
n f (x) :=

n∑
k=0

proj−s
n f (x), V−s

n f (x) :=
2n∑

k=0

η

(
k
n

)
proj−s

n f (x).

Theorem

Let r , s ∈ N and r ≥ s. If f ∈W r
p(Bd ), 1 < p <∞, then for n ≥ s

‖∂k f − ∂kV−s
n f‖Lp(Bd ) ≤ cn−r+k‖f‖W r

p (Bd ), k = 0,1, . . . , s,

and V−s
n f can be replaced by S−s

n f if p = 2.

The proof relies on the Aubin-Nitsche duality argument in PDE,
applied to a BVP of the equation ∆su = v on Bd .

Li-Xu, SIAM J. Numer. Anal. [2014].



Simultaneous approximation on triangle

The study on triangle is far from complete. We state one result.

On the triangle 4 := {(x , y) : x ≥ 0, y ≥ 0, x + y ≤ 1}, define

∂3 = ∂2 − ∂1.

W consider approximation in the norm of the Sobolev space

W 2
2 = {f ∈ L2(4) : ∂j∂j f ∈ L2(4) : i , j = 1,2}.

The classical weight function on the triangle is defined by

$α,β,γ(x , y) := xαyβ(1− x − y)γ , α, β, γ > −1.

Let Vn($α,β,γ) = space of orthogonal polynomials of degree n.
Several bases can be given via Jacobi polynomials. It is known

∂1 : Vn($α,β,γ) 7→ Vn−1($α+1,β,γ+1)

∂2 : Vn($α,β,γ) 7→ Vn−1($α,β+1,γ+1)

∂3 : Vn($α,β,γ) 7→ Vn−1($α+1,β+1,γ)



Sobolev orthogonality on triangle

For simultaneous approximation in W 2
2 , we need to consider

the Sobolev orthogonality in a new spaceW4
2 , defined by

W4
2 = {f : ∂2

1∂
2
2 ∈ L2($0,0,2), ∂2

2∂
2
3 ∈ L2($2,0,0), ∂2

3∂
2
1 ∈ L2($0,2,0)}.

This amounts to:
Define an inner product 〈f ,g〉−2,−2,−2 on the triangle
(involving 4th order derivatives)
Find a sequence of orthogonal polynomials on the triangle
Let S−2,−2,−2

n be the n-th partial sum operator of the
Fourier orthogonal expansion,

∂2
1∂

2
2S−2,−2,−2

n f = S0,0,2
n−4 ∂

2
1∂

2
2 f ,

∂2
2∂

2
3S−2,−2,−2

n f = S0,2,0
n−4 ∂

2
2∂

2
3 f ,

∂2
3∂

2
1S−2,−2,−2

n f = S2,0,0
n−4 ∂

2
3∂

2
1 f ,

where Sα,β,γ
n f in the RHS are partial sums for the Fourier

series in classical orthogonal polynomials.



Simultaneous approximation on triangle

Let En(f )α,β,γ denote the error of best approximation

En(f )α,β,γ := inf
p∈Π2

n

‖f − P‖L2($α,β,γ),

and write En(f )=En(f )0,0,0. Define

En(f ) = En(∂2
1∂

2
2 f )0,0,2 + En(∂2

2∂
2
3 f )0,2,0 + En(∂2

3∂
2
1 f )2,0,0.

Theorem

For f ∈ W4
2 , let pn = S−2,−2,−2

n f . Then

‖f − pn‖ ≤
c1

n3 En−3(∂1∂2∂3) +
c2

n4En−4(f ),

‖∂i f − ∂ipn‖ ≤
c1

n2 En−3(∂1∂2∂3) +
c2

n3En−4(f ), i = 1,2,3,

‖∂i∂j f − ∂i∂jpn‖ ≤
c1

n
En−3(∂1∂2∂3) +

c2

n2En−4(f ), 1 ≤ i , j ≤ 3.

Xu, Constr. Approx. [2017]



Thank You

Happy 60, Thangavelu


