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Q) — a nonempty open subset of R, d > 1, (a region)

o A= E‘f@f — the Laplacian

—Agq — the differential operator f+— —Af with domain
Q)
—Agq is symmetric,

(=A)f.8)12(q) = (f. (—A)8) 12(0) f, g € Dom(—Aq),

and non-negative, ((—Aq)f, f);2(q) > 0 for f€ Dom(—Ag).
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Sobolev spaces

Sobolev space H"(©2) (denoted also W™2(Q)):

the linear space of functions f€ L2(£2) with the distributional
derivatives 9“fin L2(Q) V a € N9 |a| < n, with the inner product

(f,8) Hn(o) = Z (0%f,0%8) 12(0).

|la|<n
HG(€2) — the closure of C2°(€2) in (H"(S2), || - [ ()

H"(£2) and H{(£2) are Hilbert spaces
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sesquilinear forms (general setting)

o t — a sesquilinear form with (dense) domain Dom(t) in
(H? <" >)

o A; — the associated operator:
Dom(A¢) = {h € Dom(t): Jup € H Vh' € Dom(t) t[h, h'| = (up, h')}

Ach = up, he DOHI(A{)

o if t is Hermitian (= symmetric) closed and non-negative, then
A¢ is self-adjoint and non-negative.
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esquilinear forms (general setting)

o t — a sesquilinear form with (dense) domain Dom(t) in
(H? <'7 >)

o A; — the associated operator:
Dom(A;) = {h € Dom(t): Jup € H VH € Dom(t) t[h, h'] = (up, H')}

Ach = up, he DOHl(At)

o if tis Hermitian (= symmetric) closed and non-negative, then
A¢ is self-adjoint and non-negative.

there is a canonical correspondence, on a given Hilbert space,
between the family of lower semibounded closed and Hermitian
sesquilinear forms and the family of lower semibounded self-adjoint
operators.
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to — the sesquilinear form defined on the domain H(Q) C L%(Q)
by

tolf, gl := /Q (VAK) - (Ve)x) dx= /Q 9;f(x)0jg(x) dx.
j=1

The Neumann Laplacian on ) , denoted —Ay , the operator on
L2(Q) associated with the form tho = to;

in particular, Dom(—Ap,n) C Dom(tnq) := HY(Q)

The Dirichlet Laplacian on €2 , denoted —Ap q, the operator on

L2(9) associated with the form tp g, the restriction of to to Hj(€);
in particular, Dom(—Ap ) C Dom(tpgq) := H(Q).
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eumann/Dirichlet Laplacians: comments

o —Apq coincides with the Friedrichs extension of —Aq
o Dom(—Apg) = HA(Q) N H(2), and

—AD’Q’:: —Af for fe DOH’I(—AD,Q);

here HA(Q) = {fe L2(Q): Afe L2(Q)} (H*(Q) C HA(R))
o much less is known about Dom(—Ap ) for general  C R?

0 ifQCRY d>2, is open bounded with C? boundary, then
there are much finer results concerning properties of —Ap o
and —Apq; the D.L. refers to vanishing boundary values at
0%, the N.L. refers to vanishing directional derivatives at 02

o the case Q = R¢:
H'(RY) = Hi(RY) = {fe L*(RY): || - |"Ffe L*(RI)},

Dom(—ADde) = HQ(Rd), _AD,]Rdf: —Af
and H'(RY) = H}(RY) implies —Aygd = —Appd.



symmetric sets

o 0 # veRY g, — the orthogonal reflection in the hyperplane
(v)* perpendicular to v,

oy(x) = x—2 <||‘:;|T2> v, x e RY

(If d =1, then the 'hyperplane’ reduces to {0}, o,(x) = —x.)
o Q C RYis symmetric in (V) , if 0,(Q) = Q
o the positive part of Q: Q4 = {w € Q: (w,v) >0}

o —Apn/po and —Ap/pq, are non-negative and hence their
spectra are contained in [0, 00).
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ain result

Theorem (J. Malecki-KS, 2017)

Let Q Cc RY — open symmetric in (v)*, Q, — positive part of €,
® — Borel function on [0,00). Assume that ®(—Apq) is an
integral operator with the kernel K* , . Then ®(—Apq, ) is also

an integral operator with the kernel K?A,m given by
e

K(EAN,QJr (xy) = K(I)ANQ(X y) + Kq)ANQ( (%), ¥), Xy € Q.

Similarly, if ®(—Apgq) is an i.o. with kernel Kq_’ADQ, then
®(—Apgq, ) is also an i.o. with kernel K?ADQ given by
2t

Ko ppa, (6¥) = K2apo(69) = K2a, 0 (00(x).y),  xye€Qy.
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corollary

Corollary

Let Q ¢ RY — open symmetric in (), Q, — positive part of

and let in’Q+ and p?’Q+, and pM? and pP©, denote the Neumann

and the Dirichlet heat kernels on Q21 and €2, respectively. Then
A9 N, N,

Pt +(X7y)=pt (X?y)—i_pt (UV(X)vy)a XayGQ—H t>0.

and

D,Q DO D,Q
P Ty) =pr (6y) =P (0u(x),y),  xy€eQy, t>0.

v
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auxiliary results 1

even and odd parts of F: @ — C (w.r.t. the v direction):

Feven/odd(x) = (F(X) + F(O-VX))/2;

we theat them as functions on €.
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auxiliary results 2

Proposition
Dom(—Apn, ) = (Dom(—AMQ))

even

and
(_AN,Q+)(Feven) = ((_AN’Q)F)even’ for Fe Dom(—Apngq).

Similarly,
DOIII(—AD’Q_,_) = (Dom(_ADvQ))odd

and

(_AD,Q+)(Fodd) = ((_AD7Q)F)odd’ for Fe& Dom(—ADVQ).

4
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tline of proof of main theorem

W — an arbitrary Borel function on R

o commuting property of the spectral functional calculus:
if A is self-adjoint operator on H and B € B(H) is such that
BA C AB, then also BU(A) C U(A)B

o two-Hilbert space and two-operator version of the above:
if A1 and Ao are self-adjoint operators on Hilbert spaces H1
and Hg, respectively, and B: Hi — Hs is a bounded operator
such that BA; C A2B, then also BU(A;) C V(Az)B.

If ¥ is bounded, then W(A), W(A;) are bounded and the concluding
inclusions become identities.
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tline of proof of main theorem

W — an arbitrary Borel function on R

o commuting property of the spectral functional calculus:
if A is self-adjoint operator on H and B € B(H) is such that
BA C AB, then also BU(A) C U(A)B

o two-Hilbert space and two-operator version of the above:
if A1 and Ao are self-adjoint operators on Hilbert spaces H1
and Hg, respectively, and B: Hi — Hs is a bounded operator
such that BA; C A2B, then also BU(A;) C V(Az)B.

If ¥ is bounded, then W(A), W(A;) are bounded and the concluding
inclusions become identities.

[a folklore, but it is hard to find it in the literature in the above
formulation; there is, however, Berberian's trick that allows to
change the intertwining condition into the commuting condition:
take A1 & Az on H1 @ Ha and (x,y) — (0, Bx) as the bounded
operator on H1 & Hs]
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outline of proof of main theorem, cont.1

We write —A, —Ay, K® instead of —Ap g, —Ap,n, and K?ANQ.

The mapping L2(Q) > F(x) — F(x) := Flov(x) € L2(£2), leaves

),
Dom(—A) invariant, and (—AF) = —AF, F € Dom(—A). Hence,
for Fe Dom(®(—A)) and x, y € Q,

(B(—A)F) = B(-A)F = K®(0(x),y) = K* (x,0u(y))
By Proposition
( A+)( even) = (_AF)even, Fe DOHI(—A)

and hence, (we take H1 = L2(2), Ho = L2(Q), AL = —A,
Ay = —Ay, and B: [2(2) — L2(£2,) defined by F+ Feyen,

®(—=A4)(Feven) = (P(—A)F)even; F € Dom(®(-A)).
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outline of proof of main theorem, cont.2

[recall: ®(—A4)(Feven) = (P(—A)F)even]
Given f€ Dom(®(—A4)) with F € Dom(®(—A)) such that
Feven = f, we can assume that F is even and then for x € 24 we

obtain
A = 3 (B(—A)Fx) + B(~A)F(oy(x)
5 ([ K enFm dy+ | Kou.0F0) &)
=5([ [+ o] d
+ [ K@) + K00, 00 e
= [ K0 ) + K ko)) )
remark:

K®(0u(x),y) = K2 (x,0u(y)) = K®(0u(x),00(y)) = K*(x, y)
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esolvents, Riesz potentials, Green's functions

Applications of the main Theorem, apart of heat kernels, include
o resolvents, ®y(u) = (u+ )", A >0,
Ra = (—Anpo+ )71
o Riesz potentials, ®,(u) = u™7, 0 >0, Ry = (~An/pa)~°
o 0 =1 (Newtonian potential operator) or the limiting case
A = 0 for the resolvent operators R (Green's function)

associated to the Neumann/Dirichlet Laplacians on regions of R,
These conclude in reflection principle formulas for the
corresponding integral kernels, i.e. resolvent kernels, Riesz
potential kernels, Green's functions.
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eflection formulas for heat kernels on regions

It is interesting to recover reflection formulas for heat kernels for
several regions by using formulas for Neumann and Dirichlet heat
kernels for these regions given in terms of series.

Let ® € (0,27 and let Qg denote the open (infinite) cone

Qp = {x=pe? cR*: 0<p<oo, 0<6<d}

. . N/D,®
on the plane with vertex at the origin and aperture ®. By p;
we denote the Neumann/Dirichlet heat kernels related to Q.
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eat kernels on cones in R2

An old Carslaw and Jaeger formula that expresses p?’cp(x, y) by the
convergent series,

p?’q)(x,y) = 2é)texp< s I2>ZI7U/¢< >2S|n (Jgﬁ) sin (jgn>,

where x = pe € Qg, y = re” € Qg (I, is the modified Bessel
function of order v), leads, after a calculation and with use of

B (r,7) + B*(7, @ — v) = 2B*(7,),
where B®(7,7) = 32, Ij/6(7) cos (j57), to the formula

D,®/2 D, o D, ~
Pt / (X7.y):pt (X,}/)_Pt (Xa.y)a XayGQQ’/Q? J

where x = pel(®=%) denotes the reflection of x = pe with respect
to the bisector of the cone Q.
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Dziekuje!

Thanks! evyaptoTw! Danke! Gracias! Aciu! Merci! Gracie!
Dékuji! Kiitos! Cmacu6o! Eskerrik asko! Hvala! Tack! w@am
g S bl gEmea
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DOKP Poznai

Par. Wolsztyn
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DOKP Poznan
Par. Wolsztyn
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something special

Nothing can ever happen twice.

In consequence, the sorry fact is

that we arrive here improvised

and leave without the chance to practice.

Even if there is no one dumber,

if you're the planet’s biggest dunce,
you can't repeat the class in summer:
this course is only offered once.

No day copies yesterday,

no two nights will teach what bliss is
in precisely the same way,

with precisely the same kisses.

One day, perhaps some idle tongue
mentions your name by accident:

| feel as if a rose were flung

into the room, all hue and scent.
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something special is continued

The next day, though you're here with me,
| can’t help looking at the clock:

A rose? A rose? What could that be?

Is it a flower or a rock?

Why do we treat the fleeting day

with so much needless fear and sorrow?
It's in its nature not to stay:

Today is always gone tomorrow.

With smiles and kisses, we prefer
to seek accord beneath our star,
although we're different (we concur)

just as two drops of water are.
Wistawa Szymborska, 1923 - 2012

Nobel Prize in Literature, 1996
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