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Basic model

Figure 1: A schematic model of the system
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Variant

Number of server N is finite or N = o(n).

N = n, critical.

Fluid vs Diffusion scaling

Cost structures: Discounted, long-time average/ergodic,
risk-sensitive.
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Model

There are d > 1 number of customer class.

Customers of class i ∈ {1, . . . , d} arrive according to a
Poisson process with rate λni > 0.

The service times and patience times of customers are
class-dependent and both are assumed to be exponentially
distributed, that is, class i customers are served at rate µni
and renege at rate γni .

Customers of each class are served in the first-come-first-serve
(FCFS) service discipline.
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Halfin-Whitt regime

Let rni =
λni
µni

be the mean offered load of class i customers. The

traffic intensity of the nth system is given by ρn = n−1
∑d

i=1 r
n
i .

We assume

λni
n
→ λi > 0 , µni → µi > 0 , γni → γi > 0 ,

λni − nλi√
n

→ λ̂i ,
√
n(µni − µi ) → µ̂i ,

rni
n
→ ρi :=

λi
µi
< 1 ,

d∑
i=1

ρi = 1 .

This implies that

√
n(1− ρn) → ρ̂ :=

d∑
i=1

ρi µ̂i − λ̂i
µi

∈ R .
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Let X n
i = {X n

i (t) : t ≥ 0} be the total number of class i
customers in the system, Qn

i = {Qn
i (t) : t ≥ 0} the number of

class i customers in the queue, and Zn
i = {Zn

i (t) : t ≥ 0} the
number of class i customers in service.
Note that Z can be treated as control. We have the following
relations

X n
i (t) = X n

i (0)+An
i (λni t)−Sn

i

(
µni

∫ t

0
Zn
i (s)ds

)
−Rn

i

(
γni

∫ t

0
Qn

i (s) ds

)
, t ≥ 0 ,

where An
i , Sn

i and Rn
i are all mutually independent rate-1 Poisson

processes, for i = 1, . . . , d , and

Qn
i (t) ≥ 0 , Zn

i (t) ≥ 0 , and e · Zn(t) = (e · X n(t)) ∧ n.

Here e = (1, . . . , 1).
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Scaled version

Define

X̂ n
i (t) :=

1√
n

(X n
i (t)− ρint), Q̂n

i (t) :=
1√
n
Qn

i (t) ,

Ẑn
i (t) :=

1√
n

(Zn
i (t)− ρint).

Then

X̂ n
i (t) = X̂ n

i (0) + `ni t − µni
∫ t

0
Ẑn
i (s) ds − γni

∫ t

0
Q̂n

i (s) ds

+ M̂n
A,i (t)− M̂n

S ,i (t)− M̂n
R,i (t) ,

where `n = (`n1, . . . , `
n
d)T is defined as `ni := 1√

n
(λni − µni ρin) ,

and M̂n
A,i , M̂

n
S ,i , M̂

n
R,i are square integrable martingales w.r.t. some

suitable filtration filtration.
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Cost

Let r : Rd
+ → R+ be a given locally Lipschitz function satisfying

c1|x |m ≤ r(x) ≤ c2(1 + |x |m) for some m ≥ 1 ,

for some positive constants ci , i = 1, 2.
Given the initial state X n(0) and a work-conserving scheduling
policy Zn, we define the diffusion-scaled cost function as

J(X̂ n(0), Ẑn) := lim sup
T→∞

1

T
E
[∫ T

0
r(Q̂n(s))ds

]
.

Then, the associated cost minimization problem becomes

V̂ n(X̂ n(0)) := inf
Zn∈Un

J(X̂ n(0), Ẑn) .
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Defining r(x , u) = r((e · x)+u) we can rewrite the control problem
as

V̂ n(X̂ n(0)) = inf J̃(X̂ n(0), Ûn) ,

where

J̃(X̂ n(0), Ûn) := lim sup
T→∞

1

T
E
[∫ T

0
r
(
X̂ n(s), Ûn(s)

)
ds

]
,

and
Q̂n(t) :=

(
e · X̂ n(t)

)+
Ûn(t).

We are interested to find the asymptotic of V̂ n as n→∞ and
identify a sequence of policy that is asymptotically optimal.
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Standard method

One of the standard ways to do this is to study the analogous
controlled diffusion problem and then use the HJB to construct a

sequence of optimal control.
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The limiting controlled diffusion process

A formal derivation gives

dXt = b(Xt ,Ut) dt + Σ dWt ,

with initial condition X0 = x . The drift b(x , u) : Rd × S → Rd

takes the form

b(x , u) = `− R
(
x − (e · x)+u

)
− (e · x)+Γu ,

with

` := (`1, . . . , `d)T, R := diag [µi ] , and Γ := diag [γi ] .

The control Ut lives S = {u ∈ Rd
+,
∑

ui = 1}, W (t) is a
d-dimensional standard Wiener process independent of the initial
condition X0 = x , and the covariance matrix is given by

ΣΣT = diag (2λ1, . . . , 2λd) .
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Analogous cost

Define r̃ : Rd
+ × Rd

+ → R+ by

r̃(x , u) := r((e · x)+u) ,

where r is the same function as earlier. Then we define

J(x ,U) := lim sup
T→∞

1

T
EU
x

[∫ T

0
r̃(Xt ,Ut)dt

]
, U ∈ U .

We obtain the ergodic control problem

%∗(x) = inf
U∈U

J(x ,U) .

What’s new??????
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A new class of ergodic control problem

We consider controlled diffusion

dXt = b(Xt ,Ut)dt + σ(Xt)dWt ,

that satisfies standard assumptions like locally Lipschitz
coefficients, non-degeneracy etc. Let where a := σσT. We denote
the generator by

Luf (x) :=
1

2
aij(x) ∂ij f (x) + bi (x , u) ∂i f (x) , u ∈ U .
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Different type of assumption

Assumption

For some open set K ⊂ Rd , the following hold:

(i) The running cost r̃ is inf-compact on K.

(ii) There exist inf-compact functions V ∈ C2(Rd) and
h : Rd × U→ R, such that

LuV(x) ≤ 1− h(x , u) ∀ (x , u) ∈ Kc × U ,

LuV(x) ≤ 1 + r̃(x , u) ∀ (x , u) ∈ K × U .

Without loss of generality we assume that V and h are
nonnegative.
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For admissible control U, define

%U(x) := lim sup
T→∞

1

T
EU
x

[∫ T

0
r̃(Xs ,Us) ds

]
,

Assumption

There exists U ∈ U such that %U(x) <∞ for some x ∈ Rd .

Definition

Let h̃ : Rd × U→ R be some continuous inf-compact function,
locally Lipschitz in its first argument, satisfying

r(x , u) ≤ h̃(x , u) ≤ k0
2

(
1 + h(x , u) IKc (x) + r(x , u) IK(x)

)
,

for some positive constant k0 ≥ 2.
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Example

Definition

A square matrix R is said to be an M-matrix if it can be written as
R = sI − N for some s > 0 and nonnegative matrix N with
property that ρ(N) ≤ s, where ρ(N) denotes the spectral radius of
N.

Let Γ = [γ ij ] be a given diagonal matrix with positive entries. Let
` ∈ Rd and R be a non-singular M-matrix. Define

b(x , u) := `− R(x − (e · x)+u)− (e · x)+Γu ,

with u ∈ S :=
{
u ∈ Rd

+ : e · u = 1
}

. Assume that eTR ≥ 0T.
We consider the following controlled diffusion in Rd :

dXt = b(Xt ,Ut) dt + Σ dWt ,

where Σ is a constant matrix such that ΣΣT is invertible.
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Let r̃ : Rd × S → [0,∞) be locally Lipschitz with polynomial
growth and

c1[(e · x)+]m ≤ r̃(x , u) ≤ c2
(
1 + [(e · x)+]m

)
,

for some m ≥ 1 and positive constants c1 and c2.

Proposition

Let b and r̃ be given as mentioned above. Then our assumptions
are satisfied.

In Dieker-Gao’ 2013 it is shown that every constant control is a
stable control.

Anup Biswas Ergodic control for multi-class M/M/N+M



Let r̃ : Rd × S → [0,∞) be locally Lipschitz with polynomial
growth and

c1[(e · x)+]m ≤ r̃(x , u) ≤ c2
(
1 + [(e · x)+]m

)
,

for some m ≥ 1 and positive constants c1 and c2.

Proposition

Let b and r̃ be given as mentioned above. Then our assumptions
are satisfied.

In Dieker-Gao’ 2013 it is shown that every constant control is a
stable control.

Anup Biswas Ergodic control for multi-class M/M/N+M



Result

For ε > 0 let
r̃ε(x , u) := r̃(x , u) + εh̃(x , u) .

Then by (Arapostathis-Borkar-Ghosh: Ergodic control of diffusion
processes, 2012)

Theorem

There exists a unique function V ε ∈ C2(Rd) with V ε(0) = 0,
which is bounded below in Rd , and solves the HJB

min
u∈U

[
LuV ε(x) + rε(x , u)

]
= %ε ,

where %ε is the optimal ergodic cost w.r.t. r̃ε.
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Our result

Theorem

Let V ε, %ε, and vε, for ε > 0, be as above where vε is a
measurable selector. Then

(a) The function V ε converges to some V∗ ∈ C2(Rd), uniformly
on compact sets, and %ε → %∗, as ε↘ 0, and V∗ satisfies

min
u∈U

[
LuV∗(x) + r(x , u)

]
= %∗ .

Also, any limit point v∗ (in the topology of Markov controls)
as ε↘ 0 of the set {vε} satisfies

Lv∗V∗(x) + r(x , v∗(x)) = %∗ a.e. in Rd .
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Theorem (Theorem Cont.)

(b) A stationary Markov control v is optimal for the ergodic
control problem relative to r̃ if and only if it satisfies

H
(
x ,∇V∗(x)

)
= b

(
x , v(x)

)
·∇V∗(x)+r

(
x , v(x)

)
a.e. in Rd ,

(1)
where

H(x , p) := min
u∈U

[
b(x , u) · p + r(x , u)

]
.

Moreover, for an optimal v ∈ USM, we have

lim
T→∞

1

T
Ev
x

[∫ T

0
r
(
Xs , v(Xs)

)
ds

]
= %∗ ∀x ∈ Rd .

We can also give a stochastic representation for V∗ and under
some convexity assumption on cost we show that the convergence
of optimal control can be obtained in pointwise sence.
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Spatial truncation technique

Let v0 ∈ USSM be any control such that
∫
Rd r̃dπv0 <∞ where πv0

denotes the ergodic occupation measure corresponding to v0.

We fix the control v0 on the complement of the ball B̄l and leave
the parameter u free inside. In other words for each l ∈ N we
define

bl(x , u) :=

{
b(x , u) if (x , u) ∈ B̄l × U ,
b(x , v0(x)) otherwise,

r̃l(x , u) :=

{
r̃(x , u) if (x , u) ∈ B̄l × U ,
r̃(x , v0(x)) otherwise.
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We consider the family of controlled diffusions, parameterized by
l ∈ N, given by

dXt = bl(Xt ,Ut) dt + σ(Xt) dWt ,

with associated running costs r̃l(x , u).

We note that for fixed l the
controlled dynamics are uniformly stable.
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Theorem

Then for each l ∈ N there exists a solution V l in W 2,p
loc (Rd), for

any p > d, with V l(0) = 0, of the HJB equation

min
u∈U

[
Lul V

l(x) + rl(x , u)
]

= %l ,

where Ll corresponds to the diffusion with truncated drift.
Moreover, the following hold:

(i) %l is non-increasing in l ;

(ii) .... some addition estimate of the growth of V l uniformly in l .

Theorem

V l → V∗ and %l → %∗ as l →∞.
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Asymptotic optimality

Proving asymptotic lower bound is relatively simpler. To establish
the upper bound we need to construct a scheduling policy that
achieves %∗ asymptotically. We use special truncation technique for
this construction.

Anup Biswas Ergodic control for multi-class M/M/N+M



Conclusion and comments

We solve the ergodic control problem for multi-class many
server queues with single pool.

We obtain a preemptive scheduling policy that is
asymptotically optimal. How about a non-preemptive one?

Multi-pool server case is also a interesting question.

How about G/G/N+G????
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Thank you
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