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THE QRT MAPPING

Two families: symmetric and asymmetric

3 x 3 matrices, Ag and A; and vectors X,,, Y,

o B v x2 Y
Ai — 5@ €; Cz and Xn — Ln ] Yn — Yn
Ki  Ai i 1 1
Y, Ao X,,
K(wna ym) — =
Y., A1 X,
Equations : K(xn,yn) = K(zni1,yn) = K(Tpa1,Yne1) = ... =K

besides trivial solution x, 11 = T, Ynt1 = Yn



Asymmetric (generic case) mapping

J1 (yn) — xan(yn)

Pt f2<yn) o xnfi%(yn)

91($n+1) — Yng2 (In+1)
92($n+1) — yn93(5€n+1)

fi (resp. g;) polynomials, in general quartic, of y (resp. x)

Yn+1 —

Symmetric mapping: if both Ay and A; symmetric then g; = f;

” _ fl(wm) — wm—le(wm)
m f2(wm) — wm—lfS(wm)

with identification x,, — won, Yn — Wanr1



INTEGRATION OF QRT MAPPING

Y, Ao Xm — K Y A1 X, = 0 =
ar’y® + zy(Br + 0y) +yr® + ky® +exy +Cx+ Ay +p =0
Through homographic transformations x = H,(§), y = H,(n)

(same for x and y iff symmetric case)
EP+TE +n*) +En+1=0
Elliptic functions of modulus k: € =vksn(z), n=vksn(z %+ q)

2

1 FE
k? + (F+f—f)k—|—1:(), q such that Tksn®(¢) +1 =0

Finally &, =Vksn(zo + 2nq), 1, =Vksn(zo + (2n + 1)q)
Symmetric case: w = Hy,(w) = wy, =Vksn(zy + ng)



REINTERPRETATION OF THE ASYMMETRIC QRT

Invariance condition K (x,,yn) = K(zni1,Yn) = K(Tni1,Yni1)

Introduce w even in asymmetric case : T,, — Wan, Yp — Want1

Woni1AoWan  Waont1AgWopio  Wopi3AgWan o

— = = = — =...=K
Won+1A1Wan  Wanp1AiWanio  Wopi3Ai1Wonio
W2n+1AOW2n—I—2 _ W2n—|—2AOW2n—I—1 N
W2n+1A1W2n+2 W2n—|—2A1W2n—|—1
W, 1 Bo(m)W,, N
v WmrrBo(m)Won - with B;(2m) = A;, B:(2m + 1) = A,
Wm+1Bl(m)Wm

K(m; wm, Wma1) =K
here K (m;x*,*) has period 2 (unless A; = A;, symmetric QRT)



How to find period 2 invariants?

Start from discrete Painlevé equation: for instance d-P;

Zn o
wn+1+wn+wn—1:1—|—w_7 Zn:an+5‘|‘(_1)’7

Discard “secular” term o« = 0 — z,, periodic function of period 2

Invariant
K = wnwn—l(wn + Wp—1 — 1) — Zn—1Wn — 2nWnp—-1

In QRT parlance:

0 1 0 0O 0 0
A(): 1 —1 —5—|—")/ Alz 0 0 O
0 —8—~ 0 0 0 1



INVARIANTS WITH COEFFICIENTS OF PERIOD THREE AND HIGHER
General approach:

Start from a discrete Painlevé equation
Discard the secular dependence on n

— mapping, autonomous up to the periodicity of its coeflicients

Use canonical expressions of the autonomous forms of the dPs

matrix A, is fixed and we focus only on Ay



First case
Zn

xn—|—1+xn 1—1_|__
Ln

with 2z, = an + 8+ vj™ + 352" where j = ¢27/3

Put a = 0 — z is periodic with period three, i.e. 2,19 = 2,1

Invariant

K = i i | — TpTn1(Tn +Tp_1) + @nTnTp_1 + bptyn + crnrn_1+dy

Start from K and demand that K(n) = K leads to the equation
an=1—2, — 2n_1+ 2n+1, bn=2n—1, Cn==2n, dn=2nZn_1

provided z, 2 = z,_1, i.e. z, of period three



A mapping with period 5 coefficients

Lp — Ap

LInt+1dn—1 —
xn_l

Postulate invariant

nln +Cn KpnTn—1+ >\n n
gl Cn 1 L
Ln—1 Ln Lndn—-1

-B;L::@nxnxn—l+¢%ﬁ@f+5n$n—1+fn%'

Ask that conservation K, ., = K,, lead to equation
Bn::‘_Q%z+'&n+1% 5n::__&%z+‘an—1% Yn = Cpn4+1y Bpn = Op—1

Cn = —(anant1t+ant2), An = —(An10nt2+tQn43), fn = AGnQnia, €, =0

Period 5 solution (c is a constant)

Qpis =, and a, = ca,_ o



Extend the mapping

Ty — G,
In+1n—-1 = bn
T, — 1
We find
C
Ay —
bn—lb%bn—kl
and for b
bn—lbn — bn+2bn+3
Period 6

Interesting limit a,, = 0 (with y = 1/x)

Yn+1Yn—1 = gn(yn — 1)

Again period 6.
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From elliptic discrete Painlevé equations
Period 12

Ln—1 — (¢n—1 + wn)2 Ln — (¢n—1 + ¢n+1 — wn)2 LIn+1 — (¢n—|—1 + wn)z

=1
Ln—1 — (gbn—l - wn)Z Ln — (¢n—1 + gbn—l—l + wn)2 Ln+1 — (¢n—|—1 - wn)z

where @13 = ¢, and wyp1q4 = Wy

and period 20

Ln—1 — (an + qbn—Q + wn)z Ln — (gbn - gbn—Q - ¢n—|—2 + wn)Q
Ln—1 — (¢n — ¢n—2 + wn)Q Ln — (¢n + ¢n—2 + ¢n—|—2 + wn)Q

o Ln+1 — (¢n + ¢n—|—2 + Wn)Q
Ln+1 — (¢n - ¢n—|—2 + wn)Q

=1

12=3x4, 20=4x5 but also 30=2x3x5, 14=2x7 and “genuine 8”
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Is there a limit to the length of periods?

Consider the mapping
d

Tkn + Thn—2 =

No!

Lkn—1

xkn+1_%a%mrd_::$kn‘%]-+'

d

xkn+2%_xkn‘—

d—c

Lkn

Lhkn+1

Thkn+3 + Thnt1l = —Tknt2 + 1+

followed by

Tkn+2j+2 T Thnt2j = —Tkn42j+1 + 1+

Tkn42j4+3 + Thn42j4+1 = —Tkn42j4+2 + 1+

Llen+2

Lhkn+25+1

Lhkn+2542

j=1,...

» P
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C .
Tkn4+2j4+3 + Thn42j4+1 = —Tkn42j4+2 + 1+ J=1...,p
Lkn+254+2

At 9 = p: 3-point mapping around the point kn + 2p + 2
Next equation

d
Lkn+2p+3

i.e. like (x) where n > n+1 for k =2p + 4
and the pattern repeats indefinitely

Lkn+2p+4 =+ Ln+2p+2 —

General form of the system
Tm

Lm+1 + Tm—1 = T, + Bm +
Lm

where oy, B, Ym are periodic coeflicients with period 2p + 4
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INTEGRATING MAPPINGS WTH PERIODIC COEFFICIENTS
Expect their solution to be given in terms of elliptic functions

Mapping with ternary symmetry (z, has period 3)

“n
Ln+1 + Tp—1 = I+ —
Ln

Start with the integral

2 2
K=xz,2,_ | —2nTn_1(Tn +Tn-1) + TnTn—1(1 — 2n — 2n—1 + Zn+1)

—I_Zn—lxn + Zndn—1 + Zn<n—1

Introduce homographic transformation for x

U Ym + Bm
Ty =
VY Ym + Om

where «, £, v, 0 must have period 3
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Bring invariant K(y3n+j,¥Y3n+1+5) — k = 0 to canonical form
for y =0,1,2

Two transformations are necessary (one for each of the arguments)

By the usual miracles of integrability:

all three invariants can be brought to canonical form

the solution can be expressed in terms of elliptic tfunctions
the moduli of the elliptic functions involved are the same

Solution

Yan = \/Esn(wn)a Yan+1 = \/Esn(wn +p)7 Yan4+2 = \/ESH(Wn +p+Q)
Ysntz = /K sn(wn,+p+qg+r), which means that w,11 = w,+p+q+r
where sn(w) elliptic sine of modulus &

In general the three steps p, g, r are different

A distinctive difference compared to the asymmetric QRT mapping
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(FOING STILL BEYOND

Hirota, Kimura and Yahagi: systems with biquartic invariants

(zn — a)(zn — 1/a) (a5 — 1)
p?zy —1

(TpTni1 — )(xprn_1 —1) =

Invariant

(xnxn—l — 1)2K — ((xn — xn—l)Q _p2(xnxn—1 — 1)2)

X((zn + Tn_1 —a — 1/a)* — p*(zpTpn_1 — 1)2)

HKY 2nd-order mappings from 3rd-order ones
From ¢-Painlevé equations with ¢ = —1
Reductions of Adler-Bobenko-Suris lattices
From non-QRT mappings

Using folding transformations
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HKY mappings can have periodic coefficients

Start from asymmetric ¢-Pv

(Tnyn — 1)(TnYn-1—1) =

(Tnt1yn—1)(Tpyn—1) =

Take g = —1, rescale, go to symmetric case
(22 — kx, +1)(22 — 1)

2 _
2 .
axs + Pi"x, — 1

(Tpa12n — D)(xpxn_1—1) =

Period 4
(22 —1)°K = ((z — 2)* — a(zz — 1)*) ((z + T — k)® — a(zT — 1)?)

+2Bi" (xz—1) (oz(a::?;—l)z(:Tc+ix)—((:i—|—i:c)2—2i) (f—ix)+m(f2+ix2—i—1))
+ B2 (=1)"(xz — 1)*((T + iz)* — 21)
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How to get HKY mappings with periodic coefficients?

Start from a g-Painlevé equation and take g as a root of unity
(For ¢ = 1, back to a QRT)

For ¢ = —1 asymmetric QRT if even-odd periodicity is allowed
Otherwise HKY mapping with periodic coeflicients

g-Painlevé 1

. n
LIn4+1Ln—1 — aq

Invariant

o vt xt 4+ 2a(—1)"22_ |22 (2y — Tpo1) +a*(xy — Tp_1 — 1)*
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Another example

Lpn — Ap
In+1n—1 —
e/,En - 1
with
An+30n—-3 = Ap420n—2
where

log a, = nlogq+ p+ rk™ + sk®™ + tk*" + uk*  (k®> =1)

Taking ¢ = —1 introduces even-odd periodicity
— HKY mapping (period 10)

T2 2? K, = onx T 23T (Bra+B. +vn )+ 2222 (0,2° +6! T2 +epx+€. T)
422 (Cpx® + 2%+ npa? + 0. 2° + 0, + 0T + Ky)
Mzt F N T+ e + B vt VB 4 + ET + py,

19



A final example (z, = ¢(—1)")

(Tnt1Zn — 2n) (XnTp—1 — 2n—1)  Tp + 282,02 — 22
(Tpa1Tn — D(TpTp_1 —1) % +2p2x2 +1
Invariant

(Tn+1%n — 1)2(37n+137n — Zn)2K = (1 - Zn)4(37721+1 + 37727,)2
_4(37714-19371 — 1)2(33714-13771 — Z?%)Z(]‘ — p2 + 32)
+4(1 = 20)? (27 120 ((p — s2n)x0 4y + (P + 520)77))
_8(1 — Zn)2$n+15’7nzn<(p — S)xgwrl + (p + 3)5’7721))
(L = 20)° 20 (P2 — 8) 7041 + (D20 + 5)77,)
+4(1 — 2,)? (2(p2 - San)x;sziZ — (p? (14 2n)* + 432zn)znx%+1x%)
+4(1 — 2,)%(2p%22 4 25%2,) Trg1 Tn,
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FroM HKY TO QRT MAPPINGS (AND BACK)

Apparently non-QRT mappings

o — i 1(xn+ia)(xn+i/a)
" " (0 + a)(zy + 1/)

Invariance condition K (x,11,2,) = 1K (2, T,_1) with

TnTp 1K (Tn, p_1) x,,% ,,% 1—|—mnazn (a4 1/a)(x, + iTn_1)

Invariant L(x,,x,_1) = K(ZUn,CIS‘n—1)4

+(xp, —ap_y) + (a+ 1/a)(@y — ixn_1) + 1
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Change of variables
Tan = Yan, Tant1 = tYdnt1, Tanto = 1/Yant2, Tants = 1/Yants

yp +i(—1)"(a+ 1/a)y, — 1
y2 + (a+1/a)y, +1

Yn+1Yn—1 =

QRT-type mapping with periodic coefficients!
Invariant

ynyn—lM(yna yn—l) y?%,yg,—l + ynyn—l(O‘ T 1/04) (yn + yn—l)
+(Yn +yn_1) —i(=1)"(a+1/a)(yn = Yn-1) +1

Re-interpret as a “standard” asymmetric QRT mapping
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Last integrable case

X2z —
’I’L X’I’L =
11 =Vi 1X¢2L_1

Invariant: start from biquartic K(X,,, X;,—1)
with invariance condition K (X, 11, X,) =1K(X,, X_1)

— Invariant L = K(X,,, X,,_1)* of degree 16

X2X2 K(Xp, Xpo1) = X2X2 | —2X2X72_ (X2 4+4iX2_ )
+ X2 - XE L —2(X2—iX2_ ) +1
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Mapping obtained with folding transformation

: (2n —1)?
X =1 XTpn—

Introduce X by z = X? (folding transformation)
and take the square root of the mapping, change of variables

X8n — Y8n7 X8n—|—1 — \/EYSn—I—lv X8n—|—2 — \/E/YSn—l—Qa

Xgnis = —1/Yznt3, Xgnaa = —Ysnta, Xgnts = —Vi Yanis,
Xgnt6 = —Vi/Yanie, Xangr = 1/ Yanir

Y —i(=1)"
Y2 -1
HKY type but with periodic coefficients!

Yn+1Yn—1 —

Invariant
Y2Y2 MY, Y1) =Y, Y, | —2YY? (V) +Y,; )
+(YEP4+YE )+ 20(-D)" (Y2 -Y2 ) +1
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A DIGRESSION ON CORRESPONDENCES AND THEIR INTEGRABILITY

The invariant can define a 2-2 correspondence

Evolution: start with an invariant condition e.g.
az’y’ + Bay(x +y) +v(@° +y°) +exy +((x+y) +p =0

For given x we solve for y (more than one solutions)
Iterate: inject values of y and solve for x
(again, more than one solutions, only one being previous x)

Question:
is the evolution defined by the 2-2 correspondence integrable?

Integrable 2-2 correspondences do exist!
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Simplest example: the invariant of the QRT mapping

Start with initial values x,, y, and compute K = K(x,, yn)
Obtain the u’s from K (u,y,) =K

—two solutions: x,, (obviously) and v = x,11 (from conservation)
Set of values {x,,,x,11}

Start form v = x,11 and from K(x,411,v) =K

—two solutions: y, (obviously) and v = y,, 11 (from conservation)

Starting from u = z,, and from K (x,,v) =K
—two solutions: y, (again) and v = y,,_1

Set of values {¥n_1,Yn, Ynr1}

At the next step, only four solutions for x, namely {x,,_1, Zn, Tni1, Tniz}

Number of images grows linearly with the number of iterations

According to Veselov’s criterion this correspondence is integrable
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Can we extend this result to the case of periodic coeficients?
Invariant (3.4) in case of ternary freedom

K(n;z,y) = vz’ —yx(y+2)+yx(1—2p—2n—1+2ne1 )+ 2n—1Y+2nT+2n2n—1

Initial conditions z = x,,_1, ¥y = x,,
From x and y compute the value of conserved quantity /C

From invariant relation K(n + 1;y,u) = K solve for u
—two solutions, but none coincides with z,,

Using these solutions, obtain the v from K(n + 2;u,v) = K
— four distinct solutions

Next from K(n + 3;v,w) = K, obtain 8 values for w

Exponential growth of the number of solutions? Not true!
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At K(n+ 4;w,w) = K we find only 12 distinct w’s
(From 8 values for w find 16 solutions, but only 12 distinct)
At K(n+ 5;w,v) =K we find 18 distinct values (instead of 32)

The number of distinct values grows polynomially (cubic growth!)

For number of iterations of 3n — 2, 3n — 1 and 3n (n > 1)

number of distinct solutions given by n?(n+1), n(n+1)% and (n+1)3

For ternary freedom
the invariant relation, as a 2-2 correspondence, is integrable

(by Veselov’s criterion)
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The result is not specific to the ternary freedom.
Analysis of the case of coefficients of period 5
Again polynomial growth (quintic)

For number of iterations
n—4,5m —3, 5n — 2, bn — 1 and dn

the number of distinct solutions are
nt(n+1), n?(n+1)% n?(n+1)° and n(n +1)* and (n +1)°

Again the polynomial growth is an indication of integrability

No rigorous proof but we expect

correspondences obtained from the invariant relation of a mapping
solved in terms of elliptic functions involving k different steps

to have a number of distinct solutions

growing with the number of iterations as a polynomial of degree k
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How about HKY mappings and their invariants?

Prototypical case of invariant curve

(z—y)? —p*(ay—1)°) ((x+y—b)° —p°(ay—1)*) = K(zy — 1) =0

already studied (constant coefficients)

From initial condition (z,y)
obtain number of images 4, 13, 40, 121, 364, 1093, ...

Exponential growth (recursion relation N1 = 3N, + 1)

Clear indication of nonintegrability

True for HKY mappings with constant coefficients

Since mappings with periodic coeflicients grow faster, we expect

nonitegrability also for HKY mappings with periodic coeflicients
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But an exception does exist!
HKY mappings with biquadratic “pre-invariant”

Start from a QRT-like invariant K(x,,z,_1)
Instead of QRT invariance condition K(x,,z,_ 1) = K(xn, Tp11)
introduce K(z,,xTn11) = SK(xn, Tn_1)

where S is an involution

In practice we find simple relations
K(xna ajn—l—l) — —K(CBn, xn—l) or K(il?n, xn—l—l) — 1/K($n7 xn—l)

HKY invariant M in terms of K:
M = K? or M = K + 1/K respectively
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Example
Tri1Tn—1 + T + aTp(Tpg1 + Tp_1) +b =10
biquadratic pre-invariant

20, Tpn_1 +a(z? + 22 1) — ab

K =
20X, Ty_1 + 22 +22_ 1+ b

invariance condition K (x,,%,4+1) = —K(xpn,Tn_1) and M = K?
Correspondence defined by M = M leads to

number of distinct solutions growing as (n + 1)? rather than 4"
HKY mappings with pre-invariants

— assoclated correspondences expected to be integrable

(For HKY mappings with biquadratic pre-invariants we do not know
any extension to forms with periodic coefficients)
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CONCLUSIONS

QRT mappings can have periodic coeffcients

HKY mappings can have periodic coefficients, too

All these mappings are integrable. Solution in elliptic functions

Interesting result: more than one steps

oft-shoot: integrability of a large family of correspondences

From QRT mappings to d-Painlevé equations by deautonomisation

With adequate autonomisation
from d-Painlevé equations back to (extensions of) QRT mappings
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