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The consistency approach Consistency-Around-a-Cube
Soliton solutions and the ABS list Lax pair
The Boussinesq equations The ABS list and beyond

Quadrilateral equations

The consistency approach is usually applied to quadrilateral
equations defined on the following stencil
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Quadrilateral equations

The consistency approach is usually applied to quadrilateral
equations defined on the following stencil

The equation must be linear in all corner values, i.e.
multi-linear. The most general form is:

K XXXX + I XXX + b XXX + |y XXX + Iy XXX

+ 54 x}+32}?+33?§+s4§x+35x?+35§§

+ g x+q2)~(+q3?+q4§+ u= Q(X,T(,?,i;phpg):o.
Coefficients k, 1;, s;, g;, u may depend on lattice parameters p;.
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The consistency approach Consistency-Around-a-Cube
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CAC - Consistency Around a Cube

Definition of integrability: multidimensional consistency.
(This corresponds to the hierarchy of commuting flows.)

Adjoin a third direction x, m — Xp m«x and construct a cube.

Xnmk+1 = X

)

Xn,m+1,k = X

)

Xn+1 ,mk — X

Jarmo Hietarinta Lattice integrability



The consistency approach Consistency-Around-a-Cube
Soliton solutions and the ABS list Lax pair
The Boussinesq equations The ABS list and beyond

CAC - Consistency Around a Cube

Definition of integrability: multidimensional consistency.
(This corresponds to the hierarchy of commuting flows.)

Adjoin a third direction x, m — Xp m«x and construct a cube.

Xnmk+1 = X

s

Xn,m+1,k = X

) )

> -
\ >0
3

Xn+1 ,mk — X

n
Use the same map (with different parameters) also in the (n, k)
and (m, k) planes. Identical map on any parallel-shifted plane.
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CAC - Consistency Around a Cube

Definition of integrability: multidimensional consistency.
(This corresponds to the hierarchy of commuting flows.)

Adjoin a third direction x, m — Xp m«x and construct a cube.

Xnmk+1 = X
Xn,m+1,k = X
Xn+1,m,k =X

n
Use the same map (with different parameters) also in the (n, k)
and (m, k) planes. Identical map on any parallel-shifted plane.
Idea: If x, X, X, X are given, can solve for )A"(, X, )X(, uniquely. But
X can be computed in 3 different ways and they must agree!
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The consistency approach Consistency-Around-a-Cube
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Consistency of pdKdV

As an example consider the pdKdV equation

(x-X)(X-%)+qg-p = O,
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Consistency of pdKdV

As an example consider the pdKdV equation

bottom: (x —X)(X —X)+q—p = O,

e
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Consistency of pdKdV

As an example consider the pdKdV equation

(X=X +qg-p
JX-X)+q-p

bottom : (x — X
top: (x — X
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Consistency of pdKdV

As an example consider the pdKdV equation
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As an example consider the pdKdV equation
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bottom : (x — X)
top: (x — f()
back : (x —
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Consistency of pdKdV

Consistency-Around-a-Cube
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As an example consider the pdKdV equation

bottom :
A top :
C back :

front :
left :
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(X=X +q-p
(x-X)+q-p
X—=X)+qg-r
X—X)+q-r
(X—=X)+r—p
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Consistency of pdKdV

Consistency-Around-a-Cube
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The ABS list and beyond

As an example consider the pdKdV equation

bottom :

top :

’4/\ back :

front :
left :

right :
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(X —%)+q-p
)X -X)+q-p
JX—K)+q—r
JX=X)+q-r
(X —X)+r—p
Jk=X)+r—p
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Consistency of pdKdV

As an example consider the pdKdV equation

bottom : (x —X)(X —X)+q—p
top: (X = X)(¥~ %)+ q—p
back : (x —X)(Xx —X)+q—r
front - (% — X)X —X)+q—r
left: (x —X)(X—X)+r—p
right : (X — )e()(x X)+r—p

o O O o o o

Solve first for the blue variables, then remaining egs. all yield

5 _ XX(p—q)+XX(q -

r)+ xx(r—p)

X(r—q)+Xx(p—r)
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Consistency of pdKdV
As an example consider the pdKdV equation
i | bottom : (x — X)(X — %)+ q—p
i top: (x =3)(X %) +q-p
e back : (x —X)(X —X)+q—r
front : (X —X)(X —X)+q—r
left: (x —X)(X—X)+r—p
right : (X — )e()(x X)+r—p

o O O o o o

Solve first for the blue variables, then remaining egs. all yield
r)+ xx(r—p)

X =

xx(p—q) + Xx(q -

X(r—q)+x(p—r)+x(q-p)

Note the tetrahedron property: there is no unshifted x.
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CAC provides a Lax pair

Recipe given by FW Nijhoff, in Phys. Lett. A297 49 (2002).

The third direction is taken as the spectral direction.
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CAC provides a Lax pair

Recipe given by FW Nijhoff, in Phys. Lett. A297 49 (2002).
The third direction is taken as the spectral direction.
This means: the auxiliary functions are generated from x,,1:

Xo01 = foo/Goo, X101 = fr0/G10, X011 = fo1/Got1, X111 = f11/911.
Also new name for the lattice parameter A = r.

Lattice integrability
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CAC provides a Lax pair

Recipe given by FW Nijhoff, in Phys. Lett. A297 49 (2002).
The third direction is taken as the spectral direction.

This means: the auxiliary functions are generated from x,.1:
Xo01 = foo/Goo, X101 = fro/G10, X011 = fo1/Go1, X111 = f11/911.
Also new name for the lattice parameter A = r.

Solve xq¢1 from the left side-equation and xp11 from the back
side-equation and express the result in terms of f, g.

Lattice integrability
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CAC provides a Lax pair

Recipe given by FW Nijhoff, in Phys. Lett. A297 49 (2002).
The third direction is taken as the spectral direction.

This means: the auxiliary functions are generated from x,.1:
Xo01 = foo/Goo, X101 = fro/G10, X011 = fo1/Go1, X111 = f11/911.
Also new name for the lattice parameter A = r.

Solve xq¢1 from the left side-equation and xp11 from the back
side-equation and express the result in terms of f, g.

Lattice integrability
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For the discrete KdV
(Xn,m+1 - Xn+1,m)(xn,m - Xn+1,m+1) = p2 - q27 we have:

Left equation: (X001 — X100)(Xo00 — X101) = P* — r?,
Back equation: (X001 — Xo10)(Xo00 — Xo11) = G° — r?,
Solving for doubly shifted x we get
X101 = Xooo — i,
X001 — X100
Xo11 = Xooo — M,
Xoo1 — X010
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For the discrete KdV
(Xnme1 = Xne1,m)(Xnm — Xnt1,me1) = p? — g°, we have:

Left equation: (X001 — X100)(Xo00 — X101) = p* — r?,
Back equation: (X001 — Xo10)(Xo00 — Xo11) = G° — r?,
Solving for doubly shifted x we get
X101 = Xo00 — i,
X001 — X100
Xo11 = Xooo — i,
Xoo1 — X010
and after changing variables
flo  Xoofoo + (A% — P? — X10 Xo0)Joo
go foo — X10900 ’
for  Xoofoo + (A2 — % — Xo1 Xoo)goo
o1 foo — Xo01900
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Consistency-Around-a-Cube
Lax pair
The ABS list and beyond

Define

and write the result

fo_ Xoofoo + (A = PP — xq0 Xoo)goo
g0 foo — X10900
i Xoofoo + (A = 9° — ot X00)Joo
91 foo — Xo01900

as a matrix relation
#10 = Loo®oo, #12 = Moopoo
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Define

f
"= (9)
and write the result
fio Xoofoo + (A = p* — X0 Xoo)goo
dio foo — X10900
for. Xoofoo + (A2 — G° — Xo1 X00)Joo
Jo1 foo — Xo1900
as a matrix relation

#10 = Loo®oo, #12 = Moopoo
For the KdV-map one finds

Loo = (X N2 — p? — XooX10 Mo = ' X00 N2 — g% — X00Xo1 |
1 —X10 1 —Xo1

where v, 7/ are separation constants.
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Consistency-Around-a-Cube
Lax pair
The ABS list and beyond

Consistency of Lax pair: using the matrix equations

¢n+1,m = Ln,m¢n,ma ¢n,m+1 = Mn,m¢n,m
we can transport ¢ from (0, 0) to (1, 1) via two routes:

L
®o1 o e 14
Moo Mio
o0 Loy . P10

Jarmo Hietarinta Lattice integrability



The consistency approach Consistency-Around-a-Cube
Soliton solutions and the ABS list Lax pair
The Boussinesq equations The ABS list and beyond

Consistency of Lax pair: using the matrix equations

¢n+1,m = Ln,m¢n,ma ¢n,m+1 = Mn,m¢n,m
we can transport ¢ from (0,0) to (1, 1) via two routes:

L
®o1 o e 14
Moo Mio
o0 Loy~ P10

Therefore the consistency condition for well defined ¢14 is
Lot (Moo®oo) = Mio(Loogoo) or as a matrix relation

Lot Moo = Mg Loo-
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Consistency of Lax pair: using the matrix equations

¢n+1,m = Ln,m¢n,ma ¢n,m+1 = Mn,m¢n,m
we can transport ¢ from (0,0) to (1, 1) via two routes:

L
®o1 o e 14
Moo Mio
o0 Loy~ P10

Therefore the consistency condition for well defined ¢14 is
Lo4 (M00¢00) = M10(L00¢00) or as a matrix relation

Lot Moo = Mg Loo-

Since L, M are 2 x 2 matrices, this looks like 4 conditions.
They yield the parameters +,+’ and the equation on the bottom
quadrilateral.
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CAC provides BT

X13

X1

X3

X123

y X23

X2

X12

Backlund transformation

Take the side equations and compute
X413, Xo3, Xq23 from left, back and front.
This leaves right equation, which is
quadratic polynomial in x3.
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CAC provides BT

X13

X1

X3

X123

y X23

X2

X12

Backlund transformation

Take the side equations and compute
X413, Xo3, Xq23 from left, back and front.
This leaves right equation, which is
quadratic polynomial in x3.

The greatest common divisor of its coefficients yields the
bottom equation.
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The consistency approach Consistency-Around-a-Cube

Soliton solutions and the ABS list Lax pair

The Boussinesq equations The ABS list and beyond

CAC provides BT

X13

X1

X3

X123

y X23

X2

X12

Backlund transformation

Take the side equations and compute
X413, Xo3, Xq23 from left, back and front.
This leaves right equation, which is
quadratic polynomial in x3.

The greatest common divisor of its coefficients yields the
bottom equation.

Similar computations on the bottom variables x, x;, X2, X1» yield
the top equation.

The computations are equivalent to those for the Lax pair.
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CAC as a search method

CAC has been used as a method to search and classify lattice
equations:

Adler, Bobenko, Suris, Commun. Math. Phys. 233, 513 (2003)
with 2 additional assumptions:
e symmetry (¢,0 = +1):

Q(X000, X100, X010; X110; P1, P2) =€ Q(Xo00, X0105 X100, X110; P2, P1)
=0 Q(X100, X000, X110: X010; P1, P2)

e “tetrahedron property”: xq11 does not depend on Xggo.

Lattice integrability
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CAC as a search method

CAC has been used as a method to search and classify lattice
equations:

Adler, Bobenko, Suris, Commun. Math. Phys. 233, 513 (2003)
with 2 additional assumptions:
e symmetry (¢,0 = +1):
Q(X000 X100, X010, X110; P1, P2) =€ Q(X000, X010: X100, X110 P2 P1)

=0 Q(X100, X000, X110: X010; P1, P2)

e “tetrahedron property”: xq11 does not depend on Xggo.

Result: complete classification under these assumptions,
9 models.
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Soliton solutions and the ABS list Lax pair
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ABS results:
List H:

H)  (x-X)E-%)+g-p=0,

H2) (x=X)(x—=%)+(q—p)(X+X+X+X)+q2—p2=0,
(H3)  p(xX + XX) — g(xX + XX) + 6(p? — g%) = 0.

List A:

(A1) p(x+X)(X+X) = q(x + X)(X + X) — 3?pa(p - q) = 0,
(A2)

(G2 — P?)(XXXX+1)+q(p? — 1) (XX +%X) —p(q2 —1)(xX+XX) = 0.
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The main list

Q1) p(x —X)(X - X) — q(x — X)(X — X) = 62pq(q — p)

p(x —R)(X—X) —q(x—X)(X —X) +Pq(p—q)(X + X+ X +X) =
pa(p— a)(p* — pa +q7)
(@3)  p(1 — G)(XX +Xx) — q(1 — PP)(XX + XX) =
(P ¢ ((?)? T xx) + 202 —q2))
(Q4)  sn(a)(XX + Xx) — sn(B)(xX + Xx) — sn(a — B)(XX + xX) +

~~~

ksn(a)sn(B)sn(a — B)(1 + xxxx) = 0.  (JH 2005)
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Beyond the “ABS-list”

e CAC but no tetrahedron property, e.g. X-X-X+x=0
e CAC but different equations on different sides (Boll)
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Beyond the “ABS-list”

e CAC but no tetrahedron property, e.g. X-X-X+x=0
e CAC but different equations on different sides (Boll)

e CAC but multicomponent, e.g. Boussinesq equations
(partial classification JH 2011)

Yy =XX— 2, (?—})(E—x§+y):p3—q3.

Jarmo Hietarinta Lattice integrability



The consistency approach Consistency-Around-a-Cube
Soliton solutions and the ABS list Lax pair
The Boussinesq equations The ABS list and beyond

Beyond the “ABS-list”

e CAC but no tetrahedron property, e.g. X-X-X+x=0
e CAC but different equations on different sides (Boll)

e CAC but multicomponent, e.g. Boussinesq equations
(partial classification JH 2011)

y=XxX~—2z, (?—})(E—x§+y):p3—q3.
e On a square but not CAC: Hirota’s discretization of KdV

Yn+1,m+1 — Ynm = 1/J/n,m-H - 1/yn-H,m
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The consistency approach Consistency-Around-a-Cube
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Beyond the “ABS-list”

e CAC but no tetrahedron property, e.g. X-X-X+x=0
e CAC but different equations on different sides (Boll)

e CAC but multicomponent, e.g. Boussinesq equations
(partial classification JH 2011)

y=XxX~—2z, (?—})(E—x§+y):p3—q3.
e On a square but not CAC: Hirota’s discretization of KdV
Yn+1,m+1 — Ynm = 1/J/n,m-H - 1/yn-H,m

¢ On a bigger stencil, typical for bilinear equations
(recall part 2)
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The consistency approach Starting point: 0SS and 1SS
Soliton solutions and the ABS list The bilinearization
The Boussinesq equations NSS as Casoratians

Applying Hirota’s bilinear method

To apply Hirota’s direct method we need to bilinearize the
equation.
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The consistency approach Starting point: 0SS and 1SS
Soliton solutions and the ABS list The bilinearization
The Boussinesq equations NSS as Casoratians

Applying Hirota’s bilinear method

To apply Hirota’s direct method we need to bilinearize the
equation. One algorithm for this is:

© find a background or vacuum solutions
® find a 1-soliton-solutions (1SS)
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Applying Hirota’s bilinear method

To apply Hirota’s direct method we need to bilinearize the
equation. One algorithm for this is:

© find a background or vacuum solutions

® find a 1-soliton-solutions (1SS)

® use this info to guess a dependent variable transformation
into Hirota bilinear form
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Applying Hirota’s bilinear method

To apply Hirota’s direct method we need to bilinearize the
equation. One algorithm for this is:

© find a background or vacuum solutions

® find a 1-soliton-solutions (1SS)

® use this info to guess a dependent variable transformation
into Hirota bilinear form

@ construct the fist few soliton solutions perturbatively
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Applying Hirota’s bilinear method

To apply Hirota’s direct method we need to bilinearize the
equation. One algorithm for this is:

© find a background or vacuum solutions
® find a 1-soliton-solutions (1SS)

® use this info to guess a dependent variable transformation
into Hirota bilinear form

@ construct the fist few soliton solutions perturbatively

@ guess the general from (usually a determinant: Wronskian,
Pfaffian etc) and prove it
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Applying Hirota’s bilinear method

To apply Hirota’s direct method we need to bilinearize the
equation. One algorithm for this is:

© find a background or vacuum solutions
® find a 1-soliton-solutions (1SS)

® use this info to guess a dependent variable transformation
into Hirota bilinear form

@ construct the fist few soliton solutions perturbatively

@ guess the general from (usually a determinant: Wronskian,
Pfaffian etc) and prove it

Here: apply this to H1 (KdV). [JH, Zhang, J. Phys. A: Math.
Theor. 42, 404006 (2009).]
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The consistency approach Starting point: 0SS and 1SS
Soliton solutions and the ABS list The bilinearization
The Boussinesq equations NSS as Casoratians

The background solution

First problem in the perturbative approach:
What is the background solution?
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The consistency approach Starting point: 0SS and 1SS
Soliton solutions and the ABS list The bilinearization
The Boussinesq equations NSS as Casoratians

The background solution

First problem in the perturbative approach:
What is the background solution?

Atkinson: Take the CAC cube and insist that the solution is a
fixed point of the bar shift. The “side”-equations are then

Q(u,u,u,u;p,r) =0, Q(u,u,u,u;q,r)=0.
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The consistency approach Starting point: 0SS and 1SS
Soliton solutions and the ABS list The bilinearization
The Boussinesq equations NSS as Casoratians

The background solution

First problem in the perturbative approach:
What is the background solution?

Atkinson: Take the CAC cube and insist that the solution is a
fixed point of the bar shift. The “side”-equations are then

Q(u,u,u,u;p,r) =0, Q(u,u,u,u;q,r)=0.

The H1 equation is given by (u — f/)(l? —U)—(p—q) =0, then
the side-equations are

(U—-ul=r—p, (G-uP=r-aq.
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The consistency approach Starting point: 0SS and 1SS
Soliton solutions and the ABS list The bilinearization
The Boussinesq equations NSS as Casoratians

The background solution

First problem in the perturbative approach:
What is the background solution?

Atkinson: Take the CAC cube and insist that the solution is a
fixed point of the bar shift. The “side”-equations are then

Q(u,u,u,u;p,r) =0, Q(u,u,u,u;q,r)=0.

The H1 equation is given by (u — f/)(l? —U)—(p—q) =0, then
the side-equations are

(@-uf=r—p (@-uvf=r-q
For convenience we reparametrize (p, q) — (&, b) by
p=r—a, q=r—b>

One solution is: ug(n, m) = an+ bm + ~
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The consistency approach Starting point: 0SS and 1SS
Soliton solutions and the ABS list The bilinearization
The Boussinesq equations NSS as Casoratians

1SS

Next construct the 1SS by considering side equations of the
consistency cube as Backlund transformation:

(u—0)(T-0)=p- s,
(u—T)(T—-1)=»—q.

— Here v is the background solution uyg = an+ bm + ~,
— uis the new 1SS, and s is its soliton parameter
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1SS

Next construct the 1SS by considering side equations of the
consistency cube as Backlund transformation:

(u—0)(T-0)=p- s,
(u—T)(T—-1)=»—q.

— Here v is the background solution uyg = an+ bm + ~,
— uis the new 1SS, and s is its soliton parameter

We search for a new solution u of the form
u=1uy+v,
where U is the bar-shifted background solution
Up=an+bm+k+ )\,

v the unknown and k is the new soliton parameter, > = r — k2.
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For v the side equations imply:
v Ev G Gv
V4 F’ V+H

)

where » = r — k2.

E=—(atk), F=—(a—k), G=—(b+k), H=—(b—k),

Jarmo Hietarinta Lattice integrability



The consistency approach Starting point: 0SS and 1SS
Soliton solutions and the ABS list The bilinearization
The Boussinesq equations NSS as Casoratians

For v the side equations imply:
- Ev Gv

V=

vV =
v+ F’ v+ H’

where » = r — k2.
E=—-(at+k), F=—-(a—k), G=—-(b+k), H=—-(b—k),

The equations can be solved easily by writing them as matrix
equations using v = g/fand ¢ = (g,f)":

®(n+1,m) =N(n,m)®(n,m), &(n,m+1) =M(n,md(n, m),
where

N(n,m):/\(lf 2_), M(n,m):/\’(? El)’

In this case E, F, G, H are constants and we can choose
A=N=1.
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Since the matrices N, M commute it is easy to find

E"G™ 0
(D(n, m) == ( EnGmEIanm F”Hm ) (D(O’O)
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Since the matrices N, M commute it is easy to find

E"G™ 0
(D(n, m) == < EnGmEIanm F”Hm ) (D(0,0)

If we define discrete plane-wave-factors by

pn,m - F H p0,0 - a— k b_ k p0,07
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Since the matrices N, M commute it is easy to find
E"G™ 0
(b(n, m) = ( EnGmEI,(:nHm EnpHm ) (D(O, 0)
If we define discrete plane-wave-factors by
_(EN"/G\"  (a+k\"/b+k\"
pn,m - F ﬁ p0,0 - a— k b_ k p0,07

then we obtain (with suitable vq o)

V. _2k,0n m
"M o + pnm
Finally we obtain the 1SS for H1:
—2k
ullo9) = (an+bm+A) + k + #.
nm
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Bilinearizing transformation

The form of the 1SS

k(1 — pnm)
14 Pn,m

This suggests the dependent variable transformation

9n,m

fn,m

upSe = an+bm+ A+

upNSS = an+bm+ X —

Jarmo Hietarinta Lattice integrability



The consistency approach Starting point: 0SS and 1SS
Soliton solutions and the ABS list The bilinearization
The Boussinesq equations NSS as Casoratians

Bilinearizing transformation

The form of the 1SS

k(1 — pnm)
14 Pn,m

This suggests the dependent variable transformation

9n,m

fn,m

upSS =an+bm+ A\ +

upNSS = an+bm+ X —

When we use this in H1 we find
Hi=(u-0)(T-0)-p+gq

— —[Hy + (a— b)ff] [Ha + (a+ b)T| /(FFF) + (& — b?),

where o~ —~ =
Hy = gf—gf+(a—b)(ff —ff)=0,

H, = gf—gf+ (a+ b)(ff—f)=0.
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Casoratians

For continuous equations soliton solutions are given by
Wronskians, for discrete equations we use Casoratians.
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Casoratians

For continuous equations soliton solutions are given by
Wronskians, for discrete equations we use Casoratians.

For given functions ¢;(n, m, h) we define the column vectors

QP(na m, h) = (901 (nv m, h): 902('7’ m, h)’ T 790N(n7 m, h))T’
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Casoratians

For continuous equations soliton solutions are given by
Wronskians, for discrete equations we use Casoratians.

For given functions ¢;(n, m, h) we define the column vectors
@(na m, h) = (901 (n, m, h)v 902(,7’ m, h)a T QPN(’L m, h))T’

and then compose the N x N Casorati matrix from columns
with different shifts h;, and then the determinant

CfLm(‘p; {hi}) = “10(”7 m, hy )7 90(n7 m, h2)7 T 7‘10(’7: m, hN)|'
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Casoratians

For continuous equations soliton solutions are given by
Wronskians, for discrete equations we use Casoratians.

For given functions ¢;(n, m, h) we define the column vectors
@(na m, h) = (901 (n, m, h)v 902(,7’ m, h)v T @N(n7 m, h))T’

and then compose the N x N Casorati matrix from columns
with different shifts h;, and then the determinant

Cn,m(QO; {hl}) = ‘(,D(n, m, h1 )7 SO(n, m, h2)7 T 790('77 m, hN)|
For example

C2(p) = lp(n,m,0),--- o(n,m N —2),o(n,m,N)
0,1,--- ,N—2,N| = |N—2,N|.
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Main result

The bilinear equations 3; are solved by Casoratians
f=IN—-1[,, g=IN-2N|,, with ; given by

pi(n,m, h; k) = o kI'(a+k)"(b+k)™+or (—ki)"(a—k:)"(b—k;)™.
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Main result

The bilinear equations X; are solved by Casoratians
f=IN—-1[,, g=IN-2N|,, with ; given by

pi(n,m, h; k) = o kI'(a+k)"(b+k)™+or (—ki)"(a—k:)"(b—k;)™.
Similar results exist for H2,H3,Q1,Q3

J. Hietarinta and D.J. Zhang, Soliton solutions for ABS lattice
equations: Il Casoratians and bilinearization J. Phys. A: Math.
Theor. 42, 404006 (2009). arxiv:0903.1717

J. Atkinson, J. Hietarinta and F. Nijhoff, Soliton solutions for Q3,
J. Phys. A: Math. Theor., 41 142001 (2008).
arXiv:0801.0806

The structure of the soliton solution is similar to those of the
Hirota-Miwa equation
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Boussinesq class of multi-component equations

Assume three dependent variables x, y, z related on the
elementary square by

Yy=XX—2Z, y=XX-2,

~ - 3_ 3

E:xx—y+pA g9
X—X

This is the lattice Boussinesq equation (Togas, Nijhoff, 2005).
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Boussinesq class of multi-component equations

Assume three dependent variables x, y, z related on the
elementary square by

Yy=XX—2, y=XxX—2,
Yy=XX—2, ¥Y=XX—2,
~ 3 _ 3
= = p”—q

This is the lattice Boussinesq equation (Togas, Nijhoff, 2005).

The first four equations involve only points on the edges, while
the last one is on the square.

One can now add the third direction and associated shifts,
consistently.
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yzZ=X—-X, yzZ=X-X,

S_2Y 5v.3_ 353
s 5P —2yq).

This is the modified/Schwarzian Boussinesq equation (Nijhoff).

N
I
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Another equation of this type is

yzZ=X—-X, yzZ=X-X,

S_2Y 5v.3_ 353
z=s—5(2yp’ - 2yq’).

This is the modified/Schwarzian Boussinesq equation (Nijhoff).

One can write such equations also as one component
equations but on a 3 x 3 stencil.

The mBSQ and SBSQ are obtained from the above equation,
by eliminating x, z or y, z, respectively.
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BSQ search

Search for BSQ-type equations with CAC
J.H.: J. Phys. A: Math. Theor. 44 (2011) 165204 (22pp)

Assume edge equations are linear separately in shifted and
unshifted variables and do not depend on spectral parameters.

Then can classify edge equations into one of the following types

Xz=y+x, (A)
Xx=y+2z, (B)
yz=Xx—x. (C)

The choice of variables: x appear as shifted an unshifted,
y only shifted and z only unshifted.

Jarmo Hietarinta Lattice integrability



Definition
d th Search
The Boussinesq equations Main results

Requirement of 3D consistency on the x, y edge evolutions
leads to a condition on z:

Case A:

2(zZ-2)+2(2-2)+2(z-2)=0
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Requirement of 3D consistency on the x, y edge evolutions
leads to a condition on z:

Case A:

2z-2)+22-2)+22-2)=0= 2= =(FFy)

Here Fp = ¢(X,y.2,X,y,Z,p) etc.
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Requirement of 3D consistency on the x, y edge evolutions
leads to a condition on z:

Case A:

2z-2)+22-2)+22-2)=0= 2= =(FFy)

Here Fp = ¢(X,y.2,X,y,Z,p) etc.
Next the 3D consistency of z gives the condition

P - P il (A%)

For the other cases B and C one gets similar equations.

The difficult problem is to solve (A*), etc.
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Main results:

Case A, i.e.,, xz =y + x, we found

z-Y lpx-ax
X X zZ—Zz

9
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Main results:

Case A, i.e.,, xz =y + x, we found

§:Z+1px qx, (A-2)
X X z-z

Case B, i.e., xx = y + z, a generalization of IBSQ

§+y:bo(§—x)+xx+’9 q (B-2)
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Main results:

Case A, i.e.,, xz =y + x, we found
= 1 px—gx
y  1pXx=gx

zZ= , (A-2)
X X z-2Z
Case B, i.e., xx = y + z, a generalization of IBSQ
§+y:bo(§—x)+xx+8 q (B-2)

Case C, i.e., zy = x — x, we found two equations, which are
kind of modifications of the ImBSQ/ISBSQ equation:

30X o ZpyEogpE c3
y y z-z
and ~
§:xx+d1+zpyz qyz (C-4)

y y z-2z
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Conclusions

Multidimensional consistency has turned out to be very efficient
idea as a definition of integrability for equations defined on an
elementary square of the Cartesian square lattice.

Jarmo Hietarinta Lattice integrability



The consistency approach Definition
Soliton solutions and the ABS list Search
The Boussinesq equations Main results

Conclusions

Multidimensional consistency has turned out to be very efficient
idea as a definition of integrability for equations defined on an
elementary square of the Cartesian square lattice.

e It is an abstraction of the Bianchi permutation property.
e Itis useful: Lax pair and BT follow immediately

e Soliton solutions can be constructed systematically

e We have classification results
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Conclusions

Multidimensional consistency has turned out to be very efficient
idea as a definition of integrability for equations defined on an
elementary square of the Cartesian square lattice.

e It is an abstraction of the Bianchi permutation property.
e Itis useful: Lax pair and BT follow immediately

e Soliton solutions can be constructed systematically

e We have classification results

Generalizations still under development:

e Different equations on the sides
e Multi-component equations
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