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Objectives

To give a brief overview of the Nonlinear Dynamics underlying the
Heisenberg anisotropic spin chain on both integrability and
nonintegrability aspects
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@ Introduction
© LLG Equation of ferromagnetism
e LLGS Equation of spin torque effect

@ Anisotropic spin chain : Integrable cases
@ Integrable XY spin map
@ Integrable XYZ spin map
@ Integrable Ishimori spin chain/QRT mapping

© Nonintegrable anisotropic spin chain : Exact solutions
@ Internal localized modes

@ STNO : Bifurcation & Chaos

© Arrays of STNOs : Synchronization

© Coupled phase oscillators : N — oo limit Integrability
@ Conclusion
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"The synchronization of STNOs raises complex problems that are new in
spintronics and is related to the general field of dynamics of nonlinear
systems”

J. Grollier, V. Cros and A. Fert (2006)
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Introduction

L.L.G - Equation

@ Magnetic moment — Spin: S

@ Spin in an external magnetic field
= Precession

s - -
E—*SXH,
§$=(5%,5,5%), §2=1, H=(h,h, h?)

@ Spin in the presence of damping

dS L - dS - -~ dS
dt——SxH—f—)\Sxdt_—Sx<H—)\dt>
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Introduction
L.L.G - Equation

A

H H
Sx dS/adt

4S / dt dS/dt

@ ®
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LLG Equation

L.L.G - Equation

@ Lattice of spins:

dS; - (= . . LS
ol = 5ix (F+ASFT+ B[+ CSTK+ S+ S a+ )
+ damping, i=12,---,N
- - dS;
= =5 (Heff—)\ o >,
Si=(55.S.57), (S + (S + (57 =1
'L_iefF = ’L_iexchange + ":ianisotropy + ":idemag + 'L_iapplied te

@ Landau & Lifshitz (1935)
@ Gilbert (1955)
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LLG Equation

Continuum limit

o5(ne) _ _ [§ x (V2S + AS*I'+ BSYj + CS?k + Haip
= - .= 0S
+Hdemag + H) —AS x 6t:|

S =(5%,57,5%), () +(5) + (5 =1

or
Z—S = — |Sx Hg—ASx ({;5‘| @ Spin waves
' ! @ Elliptic function
- ~ oS waves
= —-Sx|Her—A\=—],
( - 8t> @ Solitons
@ Vortices

Heff = Hexchange+Hanisotropy"‘Hdemag""Happlied s

(M. Lakshmanan, Phys. Lett. A, 61 53-54 (1977); Phil. Trans. R. Soc. A, 369, 1280-1300
(2011))
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LLG Equation

Continuum limit

(i) Isotropic spin system : (141) dimensions (Lakshmanan 1977;
Takhtajan 1977)

Se=SxSy S=(555"5%), §=1

L = i)\S
. 2 . 52 S— _Z =
B = \SS,+2i)\°S, 5—<5+ sz =S.¢4
so that

Le=[L,B] <= S5 =][S,5«]
o Geometrical / Gauge equivalence to nonlinear Schrodinger
equation :
iq: + G+ 2q1°g = 0,
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LLG Equation

Continuum limit

(II) Slngle site anisotropy (Borovick 1980; Nakamura & Sasada 1982)
Se=SxSx+ASxa a=(0,0,1)
(iii) Biaxial anisotropy (sklyanin 1979)

St=SxSu+SxJS, JS=" JuSafia
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LLG Equation

Continuum limit

(iv) (241) dimensional Ishimori spin system (ishimori 1984)
S, =S x (§XX + a2§yy + uX§y + uygx,

(u)xx — a?uy, = —2025.(5, x §y),a2 =1

= Geometrical & Gauge equivalent to (2+1) dimensional
Davey-Stewartson equation.

(v) Isotropic spin systems with damping (Lakshmanan & Daniel 1982)
S =S X S + A[Sux — (5.54)S].

= Geometrically equivalent to damped NLS equation :

X

it + Goc + 2/q1°q = iN[goc — 2q/ (997 — q*q)dx ],

—00
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LLG Equation

Hamiltonian Formulation

(vi) Hamiltonian formulation (Lakshmanan, Ruijgrok & Thompson 1976)
o Undamped spin chain (cubic lattice)
Hamiltonian

H=— (AS;S51+BS; S, +C5255.,)-D Y (5)*-H Y S,

{n} n
@ Quantum Heisenberg equation of motion :
ds; .z
=[S, H
dt 15, H]

and then take the s — oo limit to obtain the
semiclassical/classical dynamics.
@ Or start with the spin Poisson brackets

{S/{l’sjﬁ}PB = 5U€aﬂ’ysjya «, 53 Y= 17273’

so that
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LLG Equation
Hamiltonian Formulation

0A 88
{A B}PB_ ZZ 0,3785(1 55 I’
a,B,y i=1
-

@ Then the equation of motion

dS;
dt

= {§17H}
= Six[A(Sq1 + S¥q)i+ B(S/, + Siy—1)j
+ (5+1+5 )k +2DS?k) + S x H, i=1,2,...,N,
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LLG Equation

Hamiltonian Formulation

@ In the continuum case,
S{t) = S(71),  F=(xy,2),

5_"&1 = §(F’, t) £ FVS+ %V2§+ higher orders,

and then take the a — 0 limit.

@ Or define the Poisson brackets :

{5°(7,1), S°(7 ¥)} =€apy ST~ 7,1~ 1),

—

65(r,t):577‘£7 ’H:/ Hes
ot 6S —oo
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LLG Equation

(vi) Stereographic projection

Defining w € C,
S +isY
- (1+57)
SX:w—i—w* yzl(w—w*) s 1-ww
1+ ww*’ i (1+ ww*)’ 1+ ww*

— (M. Lakshmanan & K. Nakamura, Phys. Rev. Lett. (1984))

. . 2w*(Vw)? A1 —w?)(w+w*)
1 20 — A
(1= N + V7w (14 ww*) 3 (14 ww*)
§(1+w2)(w—w*)_c 1 — ww* "
2 (1 + ww*) 1+ ww*

S )@ W) (P (14 W)~ (HE = ) = 0,

N
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LLG Equation

Stereographic projection

O — Sy + ISy
To14820
we get
_ 2 _ 2
dQn :iCQ (1 |Qn+1’ 1 ’Qn 1| )
dt 1+\Qn+1y2 1+y§z,, 1/
A Q(Qn+1+Qn+1 n 1+Q 1)
2 n 1+’Qn+1|2 1+‘Qn 1’2
B Qni1 — Qui1 | Qo1 —Qp
#i9%( z ")
2 1+’Qn+1| 1+‘Qn 1’
19,2 Hy )
2ID———=Qp + i— Q
+2i FRTRE +i 2( + Q7).
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LLGS Equation

Extended L-L-G Equation: Spin torque effect

= Spin current, Slonczewski, J. Magn. Magn. Mater. (1996), Berger,
Phys. Rev.B (1996)

ipﬁ;‘%?. PP?,

.z
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LLGS Equation

Extended L-L-G Equation: Spin torque effect

Then =
oS

E:—SX

-

. oS .
Heff—A&+5Xj]

Then JE
o =[NNSR+ (Sex S) -]
pm { |Se]” + ( St J
—=Energy is not necessarily decreasing along trajectories
= Novel features may arise
@ Slonczewski's form of _j_’
(1+ P3)

j=— P i f(P)=
J ] (P) 4pi

@ a, strength of spin current
@ f(P), polarization factor

@ P, degree of polarization of pinned layer(F;)
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LLGS Equation

L-L-G Equation with spin current: Switching, Bifurcations

and Chaos

@ Homogeneous magnetization

(1 — iNw: = —(% + iH)w + i[Aw — B(1 — w?)]

—i
N3(1 — |[w*)w — Ny (1 — w? — |w|?)w

(1+wf?)
N, (Ny — NoJw
- 7(1 +w? = |wP)w — 2]
@ Isotropic sphere:
1-iNwe = —(*+iH)w
_ (7~ )
= w(t) = w(0)exp {(1+|)\|2) t}
[0+ H)
) { (T+AP) }
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LLGS Equation

L-L-G Equation with spin current: Switching, Bifurcations

and Chaos

@ (a) Magpnetic field alone present.

@ (b) Current alone present: Faster switching
=—> Development of MRAMS
S. Murugesh & M. Lakshmanan, Chaos, Solitons & Fractals, 41
2773 (2009)

)

%
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LLGS Equation

As j is varied (d.ct+a.c)

Z. Yang, S. Zhang & Y. C. Lai, Phys. Rev. Lett. 99 (2007)
S. Murugesh & M. Lakshmanan, Chaos, 19 043111 (2009)
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Anisotropic spin chain

Anisotropy + External magnetic field

N
H=—Y (ASySx ,+BS}S) 1+CSZSE1) DZ (S22=H-D S,
{n} n
(S +(S1)?+(S5)?=1, n=1,2,....N.
ds, . y o\
g Sn X [A(Sh41 + Sz 1)’ +B(Sy 1+ Sy
+ C(SZ.1+SZ 1)k +2DSZk| + S, x H, n=1,2,...,N.
dsr); z z y Yz
W = 5 (Sn+1 + Snf ) BS (Sn+1 + 5n—l) - 2DSn Sn?
dS’}; z X z X CZ zZ
el ASH(Spi1+S5-1) — C5,(Spe1 + S5-1) +2DS, S5 +HS;,
dS?
= BSN(SI a5 ) ~ASI(Sa+ Sha) —HS  n =12, ]
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Anisotropic spin chain
€000

(a) XY - Integrable Map

@ Let us restrict the spin motion to (x, y) space only, i.e.
57 =0.
= Then dynamics becomes statics | (Thompson, Ross, Thompson &
Lakshmanan, 1985)
= Discrete XY-Spin system

B(S/\ 1+ S/ 1) —AS/(Sfq + SL1) — HS] = 0
(S)+ (5 = 1
@ When the magnetif field H=0
B(S71+S71) —AS/ (S +S51) = 0
(S (S
= Hamiltonian
H= -3 (AS;Sk, + BS!S,,)

n
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Anisotropic spin chain
0000

(a) XY - Integrable Map

@ Exact solution : (Roberts & Thompson 1988; Lakshmanan & Saxena 2008)

Sy = sn(pn+ 6, k)
Sy = cn(pn—+0,k)

where dn(p, k) = &,k : arbitrary

B B2 — AZ 1 A%K? Z(p, k
H:E:—NA\/ k+ +N,/A2_Bz(i7)
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Anisotropic spin chain
0000

XY - Integrable Map

@ Domain wall structure
o When k — 1:

Sy = tanh(pn+ ),

n

Sy = /1—~2sech(pn+9),

S = v sech(pn+ )

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Anisotropic spin chain
oooe

System admits a first integarl W: (Granovkii & Zhedanov, 1986)

W=BS, S51+A 5n5,}1/+1

Proof:

(Sh41— Sh-1) X [B SX(SI{H + Sy 1) —ASY(Spi1+S5,1)]=0
(Soy1— 5571) [B Sy(Spi1+ Sy 1) —ASI(Sy1+S1)]=0

Use (S +(Sh)*=1=
[B(Sh Sn1—Sn—1S3)+A(SY Spi1=Sn 1 SIOIX(Sp1 +Sha + S0+ Sy

=

BS;Sy.1+ AS)S). . = BSy 1Sy +AS) S}

= W: Integral
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Anisotropic spin chain
©00000

XY - Integrable Map

o Complete integrability stands proved.

@ Another form of the map: (S, = (cosf,,sin6,))

0 On—
B tan(6,) = A tan%
= With x, = tanf,
= Integrable QRT map
20y — xp—1(1 — A2x2) A
Xn+1 = , A= —
1= X2x2 + xp-1(2Xx,) B

(Quispel, Roberts & Thompson, Physica D 1989)
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Anisotropic spin chain
0®0000

XYZ - Integrable Map

(b) XYZ Integable map:
o Next consider the static case of the anisotrpic Heisenberg spin
chain (with H = 0)

CSY(Si1+Sri1)—BSHSy 1 +S551)=0
ASH(Sh+551)—CS(Sp1+S,-1)=0
B SX(SLy+5) ) —ASISKa+S5 1) =0

and also

(S3)? + (SN2 +(S5)° =1

= - Z §n'j\§n+1a
n

jSp=A SXi+B S!j+ C Sk

@ Or equivalently

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Anisotropic spin chain
00000

XYZ - Integrable Map

e Static equation of motion:
Or
1 Sn

_ ( J n+1)
An = .J2S,

§n+1+§n71 = >\n

L’) U')1=|>

(Granovskii & Zhedanov 1987; Veselov 1987)
o First integral:
° As before muItlpIylng scalarly by (§,,+1 — §,,,1):
=S,. J 5,,+1
° Second integarl: From the defining equation:

Sp X (JSni1) = =S, x (JS,_1)
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Anisotropic spin chain

[e]e]e] lele]

XYZ - Integrable Map

@ Squaring and

rearranging:

(SpxAni1) (SpxAni1) = (SaxAn_1) (SpxAn_1) (A, =JS,)
: — — — — — — — —
Sn .(AnJr]_ X § x An+1) = 5,, .(A,,,l X 5,, X Anfl)
=
Sn [(An+1 5 ) n+1 - ‘An+1|25n] =

Sol(An-1. Sp)(An_1) — |An_1]? Sil

— —

(An+1 -§n)2 - |’Z\’n+1|2 = (Anfl -Sn)2 - |A’n71‘2

— —

= (Sp1 An)? = |Ar1)?

—

=
|An+1|2 + |An|2 - (An+1 -Sn)2 = |An|2 + ’An71|2 - (An -Sn71)2

:> ~ = ~n = ~n—= —
Wao = [JSpi 12 + |JS]? — (JSni1 -Sn)?

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Anisotropic spin chain
000000

XYZ - Integrable Map

@ Some exact solutions (Lakshmanan & Saxena, @
Physica D 2008)

S =+/1—~2k"? sn(pn+ 6, k),
S = /1 —~2cn(pn+6, k), M

S7 =~ dn(pn+ 6, k),

A? — B2

B n n
2 — S
K= Tz dulpk) = —. ﬁ

® XYY model : k=1 (A# B,C)

Sy =tanh(pn+6), S} =+/1—~2sech(pn+46) S7=- sech(pn+9),
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Anisotropic spin chain
[eleYelelel ]

Total Energy

3 @ Linear Stability
E = _N%_N%Z(p,k)
(A =5 SP =80 +4S,
(82-¢%

—(A2 _ B2) + 72C2

(A2 = C?)

@ Floquet theory
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Anisotropic spin chain
©0000

Ishimori Integrable Spin Chain

@ Anisotropic spin chain : In general not integrable

@ But a modified version - Ishimori spin chain - is integrable.

@ lIsotropic spin chain (A = B = C) (ishimori, Prog. Theor. Phys. 1984)
dS,
dt

= Sn % (Sns1 + S(ao1))-
@ Ishimori spin chain

A0 2 (GG ) (5ix5e ).
dt (1+5n‘5n+1) (1+5n'5n71)

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Anisotropic spin chain
0000

Ishimori Integrable Spin Chain

@ Lax pair
(A+A7h (A=2"h
L, = I n
2 + 2 >
M o (1 _ A2+ )\_2> Sp+ Sn-1 - i()\2 -27?) (1+5,.15,)
" 2 1+§n'§n+1 2 (1+§n '§n71)
S, = &- §,,, | : unit matrix.

@ Hamiltonian

H=-2) log(1+ S, Sni1)
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Anisotropic spin chain
00®00

Ishimori Integrable Spin Chain

@ 1- soliton solution

sinh? 2P
Z = 1—- ———————— -sech, - sech&,i1,
S cosh2P — cos2k ¢ &n - sechCni1
sinh2P
Sy+iS) = —————— -sech
n o cosh2P —cos2k ¢ Sn+1 %
x(cosh2P — e~k t sinh2Ptanh ¢,)e™",
& = 2Pn+ 2sinh2Psin(2kt + &)
Nn = 2k, 2(1 — cosh2P cos2k)t + 1°,

(P, k,&,n° : constant).
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Anisotropic spin chain
[eJeTe] Yol

Ishimori Integrable Spin Chain

@ Gauge equivalence to discrete NLS
.dQp
/ dt — Qn+1 + anl - 2Qn+ | Qm ’2 (QnJrl + Q(n+1)
(Ablowitz-Ladik)
1
o= | A 3@
-AQ 1

A
. 1—>\2—Qn ;,1 _(\?n‘i’(?nfl'k_2
Mn = | * * 2 -2 *
_Qn + Qn—l)‘ —1+A + Qan—l

Mn+1 Ln - LnMn+1
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Anisotropic spin chain
ooooe

Ishimori Integrable Spin Chain

("] Integrable mapplng (Quispel, Roberts & Thompson, 1988)

@ With the assumption

Sn(t) = (cos¢,coswt,cos @, sinwt,sin )

1
X, = tan§¢n

B [2x3 4+ wx?Z + 2% — w + Xp—1(X7 + WXE — wxy — 1)]
Xn+1 = [—X4
n

—wx3 +wxy + 1 — xpo1(wxt — —2x3 — wx? — 2x,)]

= One among the 18 parameter integrable QRT map.
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Exact solutions

Anisotropic spin chain - Nonintegrable case

e Equation of motion

dS,),( z z z
1 = CS)(Sii1 + Si1) — BS(S)41 + Sy_1) — 2D},
dsf); z(cx X X(cz z X cz z
dt :ASn(5n+1+5n—1)_C5n(Sn+1+5n—1)+2D5n5n+H5n?
dS? X y X y
dt - BS (5n+1 + 5 l) ( n+1 + Snfl) - HSn

SE+5+5=1

(Lakshmanan & Saxena, Physica D 2006)
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Exact solutions
Parametrization of the unit spin vector

E.g. : Lamé polynomials :

d?y(u)

du?

+ [E = n(n+ 1)k%sn?(u, k)] (u) =

wll X SIl(U, k)7 w12 X CIl(U, k)7 "¢13 X dn(u7 k):
n=2:

o1 o sn(u, k)en(u, k), 1 o< en(u, k)dn(u, k), 123 o sn(u, k)dn(u, k)
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Exact solutions

Other parametrizations :

Sy =cn(u, ki), Sy =sn(u,ki)en(v, k), S; = sn(u, ki)sn(v, k),

o _ acn(u, ki) y _asn(u, ki)sn(v, ko)
" 1—qsn(u, ki)sn(v, ka)” " 1 —sn(u, ki )sn(v, kp)’

55— sn(u, k1)sn(v, ko) — o = m’

1 — ysn(u, k1)sn(v, ko)’

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Exact solutions

Moving solutions : (D =0, H =0)

o With u= (pn —wt + )
=

Sy = asn(pn — wt + 0, k), SY = en(pn — wt + 6, k),
Sy = dn(pn — wt + 9, k),

_ 2By[Cdn(p, k) — Ben(p, k)]
1 — k2sn2(u, k)sn2(p, k)
_ 2@’de(p, k)[ACH(p, k) — C]
wp = 1 — k%sn?(u, k)sn?(p, k) ’
_ 2afcen(p, k)[B — Adn(p, k)]
1 — k2sn2(u, k)sn2(p, k) '

wyk? u=pn—wt+9J.
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Exact solutions
Four possible choices :

(i) p=4K(K) :

_ A2 _
w=2y/(B— C)(A- (), k2:1727§’j_2‘§, (B>A> (),

S5 = /T V2K sn(@Kn—wt+6, k) = —/T— 12K2 sn(wt--5, k),
Sy = m cn(4Kn — wt + 6, k) = ﬂ en(wt + 0, k),

S; =~ dn(4Kn — wt + 9, k) = v dn(wt + 6, k).
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Exact solutions

Moving solutions : (D =0, H =0)

E = — Z[ASX(S,,+1 + S5 1)+ BSY(SY 1+ S)_1)+ CSE(SF1 + St

- —2N(/352 +Cy?) = —N[B + (C — B)Y?]
= —2N[B-(B-C)y’], (B>C, 0<vy<1)
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Exact solutions

Bohr-Sommerfield quantization:

1
%p;dq; = <n,- + 2) h, n=012..,i=12..N

Yy

S
pn=SZ, q,= arctan (51) , n=1,2.N.

n

W () -] = (e )
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Exact solutions

(i) p = 2K(K) :

1-4v2 (B-A
w=27/(A+C)(B+C), k= 727 <A+C> . p=2K(k).

The corresponding spatially alternating time periodic solutions are
S = /1= k2 sn(2Kn—wt+5, k) = (—=1)™ /1 — 12k2 sn(wt+5, k),
Sy = V1-72 en(2Kn—wt+6,k) = (—1)"V/1 =2 en(wt +6, k),

S; =~ dn(2Kn — wt + §, k) = v dn(wt + 6, k).
E = N[B—(B+ C)¥3.
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Exact solutions

(i) p = 2K(K) :

1 .
fpl,idch,i:<”1,i+2>hy m;=012.., 7i=12...

1 .
fPZ,iqu,i = <n2,i + 2> h7 n2,i = 0, 1a27 ceey = 1a27 O

NZ N[ =

(iii) k =0 : Linear / Nonlinear magnon solutions
(iv) w =0 : Static solutions (already discussed).
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Exact solutions

(b) Moving solutions (D # 0, H = 0)
All the above solutions exist with modified dispersion relations.

(c) Constant external magnetic field

dsx ]
ar = C[S)(S741+S51) — Si(Spn + Si_1)],
dsy 4 X 4 4
o = ASH(Ska + S3a) — CS3(SEar + S50) + HoSE.
dSz
0 = CS3(S)e1 + Si1) — ASY(Ska + Sya) — HuS)-

S = sn(pn + 5,k),
S =sin(wt + v)en(pn + 6, k),
S; = cos(wt + 7v)en(pn + 9, k).
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Exact solutions

NZ(p, k)
E = —NCecn(p,k)— m[—A—l— C dn(p, k)] — Hx E,, sn(pn + 6, k)
CV(C%2— A2+ k2A? VA2 — (C?
—NZ p i +N p Z(p, k) + Hy E sn(pn + 0, k).

(Pierls-Nabarro potential barrier present)
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Internal localized modes

Introduction
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(a) One-spin excitation :

(Lakshmanan, Subash & Saxena, Phys. Lett. A 2014)

Sp=.,(1,0,0),(1,0,0), (SX(t), S’ (¢), S7(t)), (1,0,0),(1,0,0), ..

ds;
dt
dsy
dt
dSz
dt

D=0
=V1—2a% §§ =asin(Qt+d), 5§ = acos(Qt+d), Q= (2A+H),

SX

0

= —2DS§S§,

= (2A+ H)SZ + 2DSSSZ,

= —(2A+H)S.

M. Lakshmanan
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(a) One-spin excitation :

D#0
o 1 d%
0 2A+H dt’
N 1 1 [(d?SE 2
%= [5( ol ) +2as .
Substituting Egs. (2) - (2) into Eq. (2) we find
dsg 1 1 [(dSE\ (d°SE 1 d3S¢
= - - + =
dt 2D(2A+H) | (S¢)?> \ dt dt? S¢ di3
_ 2D (45
QRA+H) O\ dt )’

M. Lakshmanan, Bharathidasan University
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(a) One-spin excitation :

X Da2 2/ A
Sy = A+ H™ (Qt+6,k)+d,
Sy = a) [sn(Qt+5 k)dn(Qt+5 k)],
0 " 24+ H

SZ = a en(Qt + 0, k),
E = 2d(2A+H) = 2/1 — a2(2A+H)—2Da?+{vacuum state energy—A}.

N A O N A A Y

M. Lakshmanan M. Lakshmanan, Bharathidasan University



(b) Two-spin excitations :

5_:n = (1’070)7 (1’0)0)7 (SIX7 5,y7 512)7 ( ;<+17 SI?/—‘,-]_’ iz+1 ’ (1’ 0’ 0)’ (1’ 07 0)
=..,(1,0,0),(1,0,0), (55, 53, S5). (5. 57, 57),(1,0,0),(1,0,0), ...
Equivalently one can also choose

Sp=.,(1,0,0),(1,0,0), (S 1,5’ 1, S71), (55, S?, S7),(1,0,0), (1,0,0)

1Y~ 0~

D6 _ csyst - Bsss; 208} 5,

d y

D0 _ AS3(Sy+1) - CS5ST + 208555 + HS5.
ds

> = BS§S{ — AS§(1+S}) — HS}.

M. Lakshmanan M. Lakshmanan, Bharathidasan University



(b) Two-spin excitations :

% — CSZSY — BSZS) — 2DS)S?,

d Y

jtl = ASZ(S +1) — CSYSE +2DS)S? + HS?,
ds?

dt

= BS;'S) — ASY(1+ S5) — HS!.
So(t) = Si(1).
dsy B}
T: = (C - B—-2D)S{&§,
dsy
dt
dsg
dt

=(A+H)Sf+(A— C+2D)S;S5,

= (B~ A)S§Sy — (A+H)S}.

M. Lakshmanan M. Lakshmanan, Bharathidasan University



(b) Two-spin excitations :

v Tcsn?(Qt+6)—b
S0(t) = 1—Tsn?(Qt +46) ’

<1,

or(py— |2b=c)(A— C+2D)(a+b—(a+c)lsn’(Qt)
o) = (C — B—2D)(1 — I'sn2(Qt))?

—

S1(t) = (S5, =55, —5%);

I I B 0~ I B IR

A
P IR T A
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(c) Three-spin excitations :

Sa(t) = ..., (1,0,0),(1,0,0), (5%;, 571, 5%1), (55, 53, 55), (55,57, 55). (1

df,fl = CSY Sz — BS?,Sy —2DS” | 5%,
djjl = AS?,(1+4 SF) — CS*,S% +2DS*,5%, + HS?,,
df/? = BSX1 S5 — ASY (1 + S5) — HSYy,
dTStg = CS§(Sf + S%1) — BS§(S{ + SY1) — 2DS{ S5,
djf = AS§(S¢ + S¥1) — CS§(SF + S%1) +2DS§S§ + HSE,
djf = BS§(SY + S¥;) — ASY(S5 + S*1) — HS,

M. Lakshmanan M. Lakshmanan, Bharathidasan University



(c) Three-spin excitations :

djtl = CSYS; — BSiS) —2DS!S%,
dsi/ z X X CZ X Ccz z
W :A51(1+50)_ CS]_SO +2D5151 +HS]_,
CISlz _ xXcy _ y X _ y
= BSISS — ASY(S§ +1) — HS}.
So(t) = (1,0,0),
ds* .
dtl = —2DSY 5%,
ds’,
i (2A+ H)S%; +2DS*,5%,,
ds?, ,
= AL H)SY,
0=0

M. Lakshmanan M. Lakshmanan, Bharathidasan University



(c) Three-spin excitations :

0=—C(5f +5%,),
0=B(S5+5")),
O _ apsysy.
dS])./ z X CZ
F = (2A+ H)Sl + 2D51 51,

ds?

dt

— _(2A+ H)SE.
S =-5%4,
5{ = —5{1.

A
=

Si(t) = (8%, -5, —-5%))

M. Lakshmanan M. Lakshmanan, Bharathidasan University



(c) Three-spin excitations :

(a) §,,(t) = - (17 07 0)? (Sila 5{17 Sil)a (17 0, O)a (Sil’ _Szl, _Sil)a (17

(b) S,(t)=...,(1,0,0),(Sy,SY,SE), (S5, Sy, SE),(1,0,0),(S%;,5”,, S

(a)

[N I I 0 B B I

®) z)x'"
[N B 202 2 I B

@ Linear stability.

@ Semiclassical quantization.
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Arrays of STNOs

Merits and Demerits of STNO

Merits
@ Nanoscale source of microwaves
o Resistant to radiation damage
@ Can be tuned over large frequency range
Demerits
@ Very low output power (theory ~ nW, experiment ~ pW)

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Arrays of STNOs

Common Driven Magnetic Field : Synchronization of

STNOs

o Current coupling (W. H. Rippard, M. R. Pufall, S. Kaka, T. J.
Silva, S. E. Russek & J. A. Katine(2005))

o Current coupling with delay (J. Grollier, V. Cros & A. Fert
(2006))

@ Common external noise (K. Nakada, S. Yakata & T. Kimura
(2012))

@ Common external periodically driven magnetic field

Consider an array of two STNOs in the presence of a common
applied magnetic field

—

Happ = (hde + hac coswt, 0,0)

(Subash, Chandrasekar & Lakshmanan, Europhys. Lett. 2013)

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Arrays of STNOs

Common Driven Magnetic Field : Synchronization of
STNOs

—

gt

Trve luyer
Spacer |

X
Flucd laycer

Figure: Schematic model of an array of two STNOs placed in a common
driven magnetic field
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Arrays of STNOs

Common Driven Magnetic Field : Synchronization of

STNOs

@ The LLGS equation of the spins of the two STNOs

dS; .- - dS - e e
Ttl = —751><Hleff—i—)\Slxd—tl—*yaSlx(Slep)

ds; -z . dS; - e e
TtZ = —752)(H2eff+)\52><d7t2—7352x(52><5p)

S _51x+51y+512_1 S _52x+52y+52z_1
Sp = ;\, H;ﬁ? = Happl + KkS1x 2X — 47 M Slz 2.k

® Happ, applied magnetic field along easy axis

@ K, anisotropy field

e Demagnetization field perpendicular to the layer(z — axis)

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Arrays of STNOs

Regions of Chaos in a Single STNO

400 A s
2
350
1
300 0
—
)
o -1
)
<
250 5
3
200
4
150 ‘ ‘ 5
100 150 200 250

hy. (Oe)

Periodic and Chaotic region for a single STNO in the a-hy. space for an oscillating external magnetic field of
strength h,c = 10 Oe of frequency w = 15 GHz and anisotropic field x = 45.0 Oe along the inplane axis
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Arrays of STNOs

Desynchronized oscillation of two similar STNO

0.6 05
03
N

N N
R} o 0

03

05
-0.6 05 0 st o5
205 206 T(ns) 207 z

Desynchronized oscillation of two similar STNOs having same anisotropy field x = 45.0 Oe placed in the
oscillating external magnetic field of strength h,. = 10 Oe of frequency w = 15 ns~! , hye = 400 Oe and
a =220 Oe
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Arrays of STNOs

0.3

The time series and phase space plot of an array of two similar STNOs having same anisotropy field
k = 45.0 Oe placed in the oscillating external magnetic field of strength h,. = 10 Oe of frequency

w =15 ns"1, hye = 500 Oe and a = 220 Oe exhibiting inphase and antiphase(a = 221 Oe) locked
synchronization

Lakshmanan
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Arrays of STNOs

Synchronization of different STNO

03 "03 02 5! .01 0
300 301 i(ns) 302 303 :
0 0
0.1 0.1
- i
;V( 2‘,:4
-0.2 02
03 .
03 -0.3 -0.2 S. -0.1 0
100 100 fms) 102 103

Synchronization of an array of two different(1°t row) STNOs with anisotropy fields k; = 45.0 Oe and
Ko = 46.0 Oe placed in the oscillating external magnetic field, hye = 130 Oe and a = 300 Oe.
Synchronization dynamics of an array of four different STNOs(2"d row) having anisotropy fields

K1 = 45, ky = 46, k3 = 47 and k4 = 48 Oe, hye = 130 Oe and a = 300 Oe
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Arrays of STNOs

hge Vs a parameter space for two similar STNO

40

90 120 150 180
hy, (Oe)

The inphase and antiphase synchronization regions of two similar STNOs having same anisotropy field
Kk = 45.0 Oe placed in the oscillating external magnetic field of strength h,. = 10 Oe and all the
parameters remains same
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Arrays of STNOs

0 g 10

3
0.3 - 03 02 s o 0
100 1005 f(ns) 101 1015 102 E

The time series and phase space plots of an array of 100 nonidentical STNOs showing the in-phase
synchronization for external magnetic field of strength hy. = 130 Oe, external current a = 300 Oe and
anisotropy strength x;, i = 1,2,...100 distributed randomly between 45 to 55 Oe.
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Arrays of STNOs

Current coupling : array of STNOs

—a
resistance
L

R, Ry R AR,
— Pi
L 0 1:/2I T
~ angle
dmj IEC y ﬁ 1 afi X dmj
— = —ym am; X —
dt Yomj eff lj dt

=

+ YJ[1+ ZﬁAR; cos(0;(t)] m; x (m; x I\7I)
i=1

J. Grollier, V. Cros, and A. Fert, Phys. Rev. B, 73 060409(R) (2006)
J. Turtle et al : Gluing Bifurcations in coupled STNOs, J. Appl. Phys.
113 114901 (2013)
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Arrays of STNOs

Hybrid arrays of STNOs (N x M)

C
|
(a) . ® i—
.......................... I Ca
Ty L |V].
Cgu Cem Cgn L ¥ ins R,, y Ihf
R, R | R v b
[]z
[~
Com Com Conl ~ Comn €y Con
RMT Rm., R,N‘ L R,TN Rn'w R.T L
]M ‘m l\ lMN lmN ]]N

B. Georges, J. Grollier, V. Cros, and A. Fert, Appl. Phys. Lett., 92
232504 (2008)

M. Lakshmanan
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Coupled phase oscillators

@ The synchronization of coupled STNOs via external ac field
= the energy injected from the external ac field H,. to the
ith STNO

E,' = _NOMSVO/Hac-dmi (3)

@ mj - orbit of the small amplitude in-plane oscillation, pg -
vacuum permeability, Vp - volume of the free layer.
@ Phase dynamics of the ith STNO

N
; g . .
0,——w,-—NElsm(e,-—ej—i—a),:—1,2,...,N, (4)
J:

@ « is the phase shift.

Jian-qing Xu and Guojun Jin, J. Appl. Phys., 111 066101 (2012)
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Coupled phase oscillators

@ The phase of the oscillator (i,7) in the hybrid array

N, =N

o
Z Zm’ Z sin( 9(77)+a,7,7/)+C,-(77)(t),
i=1,2,....Ny =N, (5)

@ 1 parallel branches have each N STNOs connected in series.

® 0, is the strength of the coupling between the STNO in 7/
and those in 7.

° Cflg) are independent Gaussian white noises

M. Lakshmanan M. Lakshmanan, Bharathidasan University



N- Coupled Oscillators- Kuromoto Model:

o O =wi+ %3 sin(0;—0;), i=1,2,....N

@ Consider frequency distribution as a unimodal function
g(w) = g(~w).

@ Global Coupling = Mean field approximation.

@ Define the complex order parameter

= r(t): A measure of phase coherence
(t): Average phase (Strogatz, Physica D 2000)

M. Lakshmanan M. Lakshmanan, Bharathidasan University



N- Coupled Oscillators- Kuromoto Model:

o r=,4/1- % for Lorenzian distribution g(w) = W

@ Second order phase transition:

o 0 =wi+ Krsin(t) —6;), i =1,2,3,.....N

0

M. Lakshmanan M. Lakshmanan, Bharathidasan University



N- Coupled Oscillators- Kuromoto Model:

@ r = 1: Synchrony
0 < r < 1- Partial synchronization
r = 0 - Desynchronization(phase drift)

M. Lakshmanan M. Lakshmanan, Bharathidasan University



N- Coupled Oscillators- Kuromoto Model:

@ Kuromoto: For r = constant, the threshold condition for

synchrony is K > K., K. = 7rg2(0)
r K>K,
L
K<K

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Synchronization

@ Synchronization of fireflies

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Synchronization
@ Delay coupling

d(ﬁ,’(f) .
de

wo + K Zsin [9;(t —7) — 6i(1)]

@ Nonlocal coupling

LA [~ 6= ysin [otx, ) = 6(x 1) + |
Gly) = gexp(*Kly!)

@ Chimera states: Simultaneous existence of coherent and
incoherent states.

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Coupled Phase Oscillators: N — oo

@ Kuromoto model of coupled phase oscillators:

@ In the N — oo limit, the state of the oscillator system can be
described by a continuous distribution function f(w, 6, t)

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Coupled Phase Oscillators: N — oo

e Continuity equation

of 0
of 0 K _ig * i _
m+60[w+2ire rre” | f=0

where

f(#) :/oﬂde/_oo dw e (0,w,8) [Ir(t)] <1]

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Ott - Antonsen Ansatz:

e Expanding f(6,w, t) as a Fourier series in ¢

oGl

27 00
r(t):/o de/ dw ef(0,w,t) (|r(t) < 1)

—0o0

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Ott - Antonsen Ansatz:

o Consider a restricted class of f,(w, t): (Ott & Antonsen, Chaos 2009)
fo(w, t) = [a(w, )]", [a(w, t)] < 1

@ Then

2T
ro= / de/ dw f e
2T
= / dw/ do <610+Zane:(n+1)9+z n e i(n— 19)
= [T dw ge) @'l

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Ott - Antonsen Ansatz:

@ Then the continuity equation becomes

o

Z |:nan—1 /m9 +ec. C:|

n=1
_K , ,
+[—2 (r e 0 4 e’e)

o0 o0
(1 + Z a e 4 c.c) +w (Z ina" e’ 4 c.c) +

n=1 n=1

Zi (n ra" /(=10 4 c.c) i (r* n o (10 4 c.c)]

n=1 n=1

wx
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Macroscopic Equations:

o Equating coefficients of powers of e and c.c:

aa K 2 * : —
ﬁJrf(ra —r")4+iwa=0
o But r(t) = [7 dw g(w) o*(w,t)
o Let
- A 1
Lorentzian g(w) Z(?) [(w — wo)? + A?]
1 1

1
T

(w—wp—iA) (w—wo+iA)
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Macroscopic Equations:

: (@n-i'yn)

@ Then

T > W, 21 [(w —wo)? + A?]

Z_l.}{dw _alwt) t).
27i J. (w—wo +iA)

=a(wy — iA, t)

o By changing the variables (0, w) — [0 — wpo(t), “A2]

@ wecansetwyg =0, A=1

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Macroscopic Equations:
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Synchronized/ desynchronized states

@ where R = (1— %)%

e For K<K.=2, r—0 as t—

N[

e For K > 2, r—>(1—%)

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Synchronized/ Desynchronized states

@ Linear Stability
o p=po+&t) = L+ (1-1K)¢=0

0o f=c e (1=5)t

e (i) p=0: Stable for K < 2, Unstable for K > 2.

1
)2 G+ (1-K)e+3p2 ¢=0

o

° (ii)p:pc:(l_
— L L (K-2)¢=0

— § = C ei(Kfz)t

= pe. Is stable for K > 2.

M. Lakshmanan M. Lakshmanan, Bharathidasan University



Conclusion

@ The topic of dynamics of Heisenberg spin chain is an
unending source of nonlinear dynamical systems - integrable
(maps, odes, pdes, etc) and nonintegrable.

@ What has been understood so far is only a tiny part of the
general system.

@ Many more exciting problems remain to be tackled.

M. Lakshmanan M. Lakshmanan, Bharathidasan University
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