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Topological Data Analysis

• Given : set of data points.

• Build simplicial complexes on points.

• Analyse the topology of simplicial complexes.

OUR GOAL : Simplicial complexes on different point
processes
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Abstract Simplicial Complex : ∆ ⊂ 2V such that

F ∈ ∆ & F
′

⊂ F ⇒ F
′

∈ ∆.

Elements of ∆ are called faces.
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Abstract Simplicial Complexes

Graphs : Vertices = V ; Edges ⊂ V × V.

Abstract Simplicial Complex : ∆ ⊂ 2V such that

F ∈ ∆ & F
′

⊂ F ⇒ F
′

∈ ∆.

Elements of ∆ are called faces.

Dim F = |F | − 1 ; Dim ∆ = maxF∈∆ Dim F .

Graphs are 1-Dimensional complexes.
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Geometric graphs

Vertices = Φ = {Xi}, finite set of points.

Edges= {(X,Y ) : ‖X − Y ‖ < 2r}.

Edges= {(X,Y ) : BX(r) ∩BY (r) 6= ∅}.
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Geometric complexes

C̆ech Complex: C(Φ, r)

Vertices = Φ ; k-simplices/face ={X0, . . . , Xk} if

∩k
i=0BXi

(r) 6= ∅.
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Geometric complexes

Vietoris-Rips Complex : V R(Φ, r)

Vertices = Φ ; k-simplices/face= {X0, . . . , Xk} if

‖Xi −Xj‖ ≤ 2r.
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Betti Numbers (Informally)

β0(.)− ♯ connected components ;

β1(.)− ♯ two dimensional or circular holes ;

β2(.)− ♯ three dimensional holes or voids.

Figure 9: β0(T ) = 1, β1(T ) = 2, β2(T ) = 1.
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Betti Numbers (Informally)

β0(.)− ♯ connected components ;

β1(.)− ♯ two dimensional or circular holes ;

β2(.)− ♯ three dimensional holes or voids.

Figure 11: β0(T ) = 1, β1(T ) = 2, β2(T ) = 1.

Figure 12: β0(T ) = 1, β1(T ) = 0, β2(T ) = 1.
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How to Compute Betti Numbers ?

♯ isolated points ≤ β0(C(Φ, r)) ≤ ♯ isolated points + ♯ |

♯ isolated△ ≤ β1(C(Φ, r)) ≤ ♯ isolated△+ ♯
⊔

Simple bounds are appropriate hyper-graph and
hyper-component counts of G(Φ, r).

First term in upper bound is of smaller order (i.e, number of
vertices) than the second term.
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What class of point processes ?

Simple, Stationary and unit intensity point process.
Weak sub-Poisson :

E

(

n
∏

i=1

Φ(Bi)

)

≤

n
∏

i=1

|Bi|.

P(Φ(B) = ∅) ≤ e−|B|.

Examples : Poisson point process.
Simple perturbed lattice -

∪z∈Zd{z + Uiz};Uiz ∼ Unif([0, 1]d.

Ginibre point process - Eigenvalues of n× n matrix with
i.i.d. NC(0, 1) entries as n → ∞.
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∏
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Φ(Bi)

)
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∫
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Some Notions

Some Definitions:
The k-correlation function ρ(k)(.) is the density of the

measure E

(

∏k
i=1Φ(.)

)

i.e, for disjoint sets.

E

(

k
∏

i=1

Φ(Bi)

)

=

∫

∏k
i=1

Bi

ρ(k)(x1, . . . , xk)dx1....dxk

If ρ(k)(0, . . . , 0) = 0, then assume that for y = (0, y2, . . . , yk),

ρ(k)(ry) = Θ(fk(r)) ; fk(r)
r→0
→ 0.

Random Complexes – p. 10/18



Asymptotics for Betti numbers

Random Complexes – p. 11/18



Asymptotics for Betti numbers

k ≥ 1.

Random Complexes – p. 11/18



Asymptotics for Betti numbers

k ≥ 1.

Sparse Regime : Φn := Φ ∩
[

−n1/d

2 , n1/d

2

]d

.

Random Complexes – p. 11/18



Asymptotics for Betti numbers

k ≥ 1.

Sparse Regime : Φn := Φ∩
[

−n1/d

2 , n1/d

2

]d

and radius rn → 0.

Random Complexes – p. 11/18



Asymptotics for Betti numbers

k ≥ 1.

Sparse Regime : Φn := Φ∩
[

−n1/d

2 , n1/d

2

]d

and radius rn → 0.

E(βk(C(Φn, rn)) = Θ(nr
d(k+1)
n fk+2(rn)).

Random Complexes – p. 11/18



Asymptotics for Betti numbers

k ≥ 1.

Sparse Regime : Φn := Φ∩
[

−n1/d

2 , n1/d

2

]d

and radius rn → 0.

E(βk(C(Φn, rn)) = Θ(nr
d(k+1)
n fk+2(rn)).

E(βk(V R(Φn, rn)) = Θ(nr
d(2k+1)
n f2k+2(rn)).

Random Complexes – p. 11/18



Asymptotics for Betti numbers

k ≥ 1.

Sparse Regime : Φn := Φ∩
[

−n1/d

2 , n1/d

2

]d

and radius rn → 0.

E(βk(C(Φn, rn)) = Θ(nr
d(k+1)
n fk+2(rn)).

E(βk(V R(Φn, rn)) = Θ(nr
d(2k+1)
n f2k+2(rn)).

lim
n→∞

P(βk(C(Φn, rn) ≥ 1) =











0 if nrd(k+1)
n fk+2(rn) → 0.

1 if nrd(k+1)
n fk+2(rn) → ∞+

ρ(k+l)(.) ≤ ρ(k)(.)ρ(l)(.).
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Specificf k(.)’s

Larger E
(

∏k
i=1Φ(.)

)

implies larger fk(.).

weakly super-Poisson - fk(.) ≡ 1

Simple perturbed lattice : ρ(k)(0, . . . , 0) = 0.

Ginibre ensemble and GAF zeros : fk(r) = rk(k−1).

weakly sub-Poisson need larger radii for
formation of Betti numbers.
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Thermodynamic Regime :rn → r > 0

E(βk(C/V R(Φn, rn)) = O(n).

Negative Association + P(Φ(BO(kr)) = 0) > 0. ⇒

E(βk(C/V R(Φn, rn)) = Θ(n).

lim
n→∞

P(βk(C/V R(Φn, rn) ≥ 1) = 1.
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Connectivity Regime :rn → ∞

weakly sub-Poisson: rdn = ω(log n) ⇒

lim
n→∞

P(βk(C(Φn, rn) ≥ 1) = 0.

Ginibre Ensemble or GAF Zeros : r4n = ω(log n).

This is also true for Vietoris-Rips in the case of Ginibre
ensemble.

For weakly sub-Poisson, Betti numbers are
formed later and end earlier.
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Further Results

What other asymptotics ?

Euler Characteristic :

χ(C(Φ, r)) =

d
∑

i=0

(−1)iβi(C(Φ, r)).

Subgraph counts useful for Clique number, Maximum
degree and Chromatic number.

Subgraph count - An example of a scale and translation
invariant U -statistic.

Morse critical points : Link between differential and
algebraic topology.
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