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4. Dimension of vector spaces
Submit a solution of the ∗-Exercise ONLY. Due Date : Wednesday, 31-08-2016 (Before the Class)

Let K be arbitrary field and let K denote either the field R or the field C.

4.1 Let ω ∈ R×+ be a fixed positive real number. For a ∈ R and ϕ ∈ R, let fa ,ϕ : R→ R be the
function defined by t 7→ asin(ω t +ϕ) and let W := { fa ,ϕ | a,ϕ ∈R}. Then W is a R-subspace
of the R-vector space RR of all R-valued functions on R.
(a) Find a R-basis of the R-subspace W . What is the dimension DimRW ? (Hint : The functions
t 7→ sinω t and t 7→ cosω t = sin(ω t + π/2) form a basis of W . — Remark: Elements of W are called
h a r m o n i c o s c i l l a t i o n s with the c i r c u l a r f r e q u e n c y ω .)
(b) Show that every f 6= 0 function in W has a unique representation

f (t) = asin(ω t +ϕ) , a > 0 and 0≤ ϕ < 2π .

(Remark : This unique a is called the a m p l i t u d e and ϕ is called the p h a s e a n g l e of f . The
zero function has the amplitude 0 and an arbitrary phase angle.)
(c) From the amplitudes and the phase angles of two harmonic oscillations f and g, compute the
amplitudes and the phase angles of the functions f ±g.

4.2 Let V be a K-vector space of dimension n ∈N.
(a) If H1, . . . ,Hr are hyper-planes in V , then show that Dim K(H1∩·· ·∩Hr)≥ n− r .
(b) If U ⊆V is a subspace of codimension r, then show that there exist r hyper-planes H1, . . . ,Hr
in V such that U = H1∩·· ·∩Hr .

4.3 Let x1 = (a11 , . . . ,a1n) , . . . ,xn = (an1 , . . . ,ann) be elements of Kn with

|aii|>
n

∑
j=1, j 6=i

|a ji| for all i = 1, . . . ,n .

Show that x1, . . . ,xn is a basis of Kn. (Hint : It is enough to show the linear independence of x1, . . . ,xn.
For this, suppose that b1x1 + · · ·+ bnxn = 0 with |bi| ≤ 1 for all i and bi0 = 1 for some i0. This already
contradicts the give condition for i0.)

4.4 Let x1, . . . ,xn ∈ Zn be arbitrary vectors with integer components. For every λ ∈ Q \Z, the
vectors x1+λe1 , . . . ,xn+λen form a basis ofQn. (Hint : Suppose a1(x1+λe1)+ · · ·+an(xn+λen) = 0
with a1, . . . ,an ∈Z and gcd(a1, . . . ,an) = 1 and use λ ∈QrZ to contradict gcd(a1, . . . ,an) = 1.)

∗4.5 Let K be a field with at least n elements, n ∈ N∗ and V be a finite dimensional K-vector
space. Let U1 , . . . ,Un be subspaces of V of equal dimension r and u1i, . . . ,uir be a basis of Ui
for i = 1, . . . ,n . Show that there exists t := Dim KV − r vectors w1, . . . ,wt ∈ V such that which
simultaneously extend the given bases u1i, . . . ,uir of Ui to a basis ui1, . . . ,uir,w1, . . . ,wt of V for
every i = 1, . . . ,n. ( Hint : Use Exercise 2.2. )

D. P. Patil / IISc 2016CSA-E0219-laa-ex04.tex September 5, 2016 ; 4:30 p.m. 1/??

http://math.iisc.ac.in/~patil/current_courses/2016CSA-E0219/Exercises/2016CSA-E0219-laa-ex02.pdf

