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e Question F.6 is COMPULSARY. Attempt ONLY FIV E Questions.

F.1 Let A be a Dedekind domain and a # 0 an ideal in A.

(a) Show that all ideals in A /a are principal ideals.
(Hint : Use the Chinese Remainder Theorem to assume that a = pn with p € SpecA. Now, choose a € p ~ p,
and prove p™ = Aa™ +p" for 1 <m <n.) [5 Points]

(b) Show that the ideal a is generated by two elements. Moreover, for any element a € a, a # 0,
there is an element b € a with a = Aa+ Ab. (Hint : Apply part (a) to A/Aa.) [5 Points]

F.2 (a) (Minkowski’s Theorem on Linear Forms) Let L C R"” be a lattice
and let Fj :=a;;X; +---+an; X, € R[X], j=1,...,n be linear forms with Det (a;;) # 0. Suppose
that cy,...,c, € RT be positive real numbers with ¢;---c, > |Det (a;;)| - Vol L . Show that there
exists a non-zero x = (xi,...,x,) € L such that

\Fi(x1,...,%:)| <1 and  |Fj(xq,...,x,)| <c; forall j=2,...,n. [6 Points]
(Hint : Use Minkowski’s Convex Body Theorem F_-I to the convex, bounded and symmetric subset.
S = {(xl,...,xn) eR" ‘ |F1(x1,...,xn)| <ci+€,0<e<] and \Fj(xl,...,xn)] < cj,j:2,...,n}.

—Ifvy,...,v, € Lis a Z-basis of L, then P(vy,...,v,) :={Y rvi| i€ R,0<r<1,i=1,...,n}isa
fundamental domain of L. The volume Vol (P(vy,...,v,)) = [Det (vi,...,v,)| is independent of the basis
vi,...,v, which is called the volume of L and is denoted by VolL. )

(b) Let r € R be a real number. For every natural number m € IN, show that there exists a rational
number a/b € Q, a,b € Z, b # 0, with gcd(a,b) = 1 such that

a 1
0<b< d ——‘ _ .
<b<m an r b <bm

(Hint : Apply the part (a) to the linear forms F; = X, vand F, = —X; + rX, with ¢; = m,c; = 1/m and
L = 7. By setting b := |x| and a := sign (x2)x;, where signx, = 1 if xo > 0 and —1 if x, < 0.— This
rational approximation of real numbers has implications in the theory of continued fractions and solutions of
Pell’s equation in elementary number theory. )

F.3 Let K be a number field and A be the ring of algebraic integers in K. For ideals a, b in A, define
ged(a,b):=a+b. Wesaythataand bare relatively prime if gcd(a,b) =A. (Thisis a
generalization of the concept gcd of elements in Z to gcd of ideals in A).

'Theorem (Minikowski’s Convex Body Theorem) Let L be a lattice in R" with volume
Vol L := Vol (P(vy,...,vn)). If S C R" is a symmetric, convex subset with volume A"(S) > 2" - Vol L, then there exists a
non-zero element x € SN L.
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Let a be a non-zero ideal in A.

(a) Show that
{a€A/a|Aa and a are relatively prime }

is a subgroup of the multiplicative group of A/a of order
1
®(a) =N(a) (1 — —)
H N(p) /)’

where the product runs over all distinct prime divisors of a and N(—) denotes the norm.
(Note that for a,b € A with@ = b in A/a, gcd(Aa,a) = gcd(Ab, a). Therefore having the same ged with a is
an invariant of the residue class @ € A/a.— Hint : Since the norm N(—) is multiplicative, one may assume
that a = p” is a power of prime. )
Deduce that ®(—) is multiplicative, i. e., if a and b are two relatively prime ideals in A, then

®(ab) = P(a)P(b).
(If K = Q, then @ is the ordinary Euler’s totient function.) [5 Points]
(b) (Euler’s Theorem for ideals) Ifa#0anda € A be relatively prime to a, then

a®® = 1(mod a).

In particular, (Fermat’s Little Theorem for ideals):if a=pisaprime ideal in

A, then aN®)-1=1 (modyp). [3 Points]

(c) Letp # 0 be a prime ideal in A and a € A. Show that there exists an integer z € Z such that
a= z(modp) ifand only if @’ = a(modp),

where p € P is a prime number with Z p = pNZ. [3 Points]

F.4 (a) Let A_s be the ring of algebaric integers in the quadratic number field Q[v/—5]. Show

that A_s = Z[+/—5] and that it is not factorial. Further, show that the class group of Q[v/—5] is
cyclic of order 2. [5 Points]

(b) Show that the equation X 2+ 5 =¥3 has no solutions in Z2. (Hint : Use part (a).) [5 Points]

F.5 Let K be a number field and let A be the ring of integers in K. Let p € P be a prime number,
V(p) :={p € SpecA | p € p} be the set of prime divisors in A and Ap = H p® be the prime
peV(p)
factorization of the ideal Ap in A. Show that
(a) For each p € V(p), the norm N(p) = p/» with f, € N* and Z epfp =[K: Q). [4 Points]
peV(p)

(b) The natural map Gal (K| Q) x SpmA — SpmA , (o,p)— o(p), defines a natural operation
of Gal (K |Q) on the maximal spectrum SpmA of A. Show that the orbits of this operation are
precisely the subsets V(p), p € PP and that e, = ¢4 and f, = f; for all p,q € V(p). What is the
cardinality |Gy | of the isotropy at p € SpmA ? [6 Points]

“F.6 Let K be a number field with [K : Q] =n = r| + 2rp, where r; and r; is the number of real
and non-real complex Q-embeddings of K in C, respectively and Mg = Z—,’l (i)r2 |Disc K| be the

/9
Minkowski’s bound for the norm of ideals in A.
(a) Show that the class group of K is generated by U,cp . p<um, V(). (See Question .5 for notation.

Use F.5, (a).) [5 Points]
(b) Compute the class group of the quadratic number field K = Q(1/—14). (Hint : Use part (a) and
factorize the minimal polynomial u Joiaq =X 2 1 14 modulo primes 2 and 3.) [6 Points]

GOOD LUCK
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