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MID TERM
Monday, February 18, 2016 10:00 to 11:30 Maximum Points : 30 Points

MT.1 Let A be a commutative ring.

(a) Let f:V — V be an endomorphism of a noetherian A-module V. Show that if f is surjective,
then f is bijective. [5 points]

(b) Suppose that A is a noetherian ring and a C A is a non-zero ideal A. Show that the rings A and
A/a are not isomorphic. [5 points]

MT.2 Let A C B be an extension of rings.

(@ (Lemma of Gauss) If f,g € B[X] are monic polynomials with fg € A[X], then show
that coefficients of f and g are integral over A. [3 points]
(Hint : let C be a ring extension of B such that both f and g spilits into linear factors in C[X]. Then the
zeros of f and g are integral over A(why?).)

(b) Suppose that A and B are integral domains with quotient fields K and L respectively. If A
is integrally closed and if x € B is integral over A. Show that the minimal polynomial u, x has
coefficients in A and p(x) = 0 is the minimal integral equation of x over A. Further, show that A[x]
is a free A-module of rank deg i, x = [K(x) : K]. (Hint : Use part (a).) [7 points]

MT.3 Let A be the ring of algebraic integers in C.
(a) Show that A is not noetherian and there are no prime elements in A. [4 points]
(b) Let P denote the set of prime numbers. Show that for every maximal ideal m € Spm A, there

is a unique prime number p € P with mNZ = Z p. Further, show that the map ¢ : SpmA — P,
m — p, is surjective. Is the map ¢ is injective? [6 points]
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