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6 . R i n g s a n d M o d u l e s o f F r a c t i o n s — Localisation

6.1 Let A be a commutative ring, S⊆ A be a multiplicative system in A and let V be an A-module. We say
that an element a ∈ A is a n o n - z e r o d i v i s o r o n V , if the map λa : V →V , x 7→ ax is injective. If a ∈ A
is a non-zero divisor on V , then a/1 is a non-zero divisor on the AS-module VS. In particular, if a ∈ A is a
non-zero divisor in A, then a/1 is a non-zero divisor in AS.

6.2 Let A be a commutative ring and let T ⊆ S ⊆ A be multiplicative systems in A. Then the AT -algebra
AS is canonically isomorphic to the ring of fractions of AT with respect to the image of S in AT under the
canonical map ιT : A→ AT , i.e. AS ∼= (AT )ιT (S) as AT -algebras.

6.3 (so(Saturated multiplicative systems) Let A be a commutative ring. For every multiplicative system
S⊆ A, the subset S′ := {a ∈ A | a divide some s ∈ S} is a multiplicative system in A and S′ = ι

−1
S ((AS)

×) ,
where ιS : A→ AS is the canonical ring homomorphism a 7→ a/1. Further, S⊆ S′ and (S′)′ = S′. If S and T
are multiplicative systems in A, then AS and AT are isomorphic A- algebras if and only if S′ = T ′.
(Remark : The multiplicative system S′ is called the s a t u a r t i o n of S ; S is called s a t u r a t e d if S = S′.)

6.4 Let A be a non-zero commutative ring, S be the multiplicative system of non-zero divisors in A. Then the
t o t a l q u o t i e n t r i n g Q(A) := AS is a non-zero ring. An A-module V is called m o d u l e w i t h r a n k
o v e r A if VS is a free AS-module; in this case, we also say that V h a s r a n k o v e r A and put :

RankAV := RankASVS .

(a) Every free A-module V is a module with rank over A and in this case rank is nothing but the rank of the
free A-module V , i.e. the cardinality of an A-basis of V .
(b) If the A-module V is a module with rank over A, then the AS-module VS is a module with rank over AS. In
fact, VS has an AS-basis of the form xi/1 , i ∈ I ; moreover, xi , i ∈ I , is a maximal linearly independent family
in V .
(c) Suppose that A is an integral domain. Then S = A \ {0} and Q(A) = AS is the quotient field of A and
hence every AS-module is free. In particular, every A-module V has rank over A; moreover, RankAV is the
cardinality of a maximal linearly independent family in V .

6.5 Let A be a commutative ring, S be the multiplicative system of non-zero divisors in A and let V be an
A-module. Then the kernel of the canonical map ιV

S : V →VS is the torsion submodule
tAV := {x ∈V | sx = 0 for some s ∈ S}

of V . We say that V is t o r s i o n (respectively t o r s i o n - f r e e) if tAV =V (respectively tAV = 0). Show
that :
(a) If V is finitely generated torsion-free with rank over A, then V is isomorphic to a submodule of a finite
free A-module
(b) For an abelain group H, the following are equivalent :
(i) H is isomorphic to a subgroup of the additive group (R,+) .
(ii) H is torsion free and Card(H) ≤ Card(R) . (Hint : If Card(H) ≤ Card(R) then Rank(H) ≤ Card(R) .)

6.6 Let A be a commutative ring, S a multiplicative system in A and V , W be modules over A. Then we have
the canonical homomorphism

Φ : HomA(V,W )S→ HomAS(VS,WS) ,
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Show that :
(a) If V is a finite A-module, then Φ injective.
(b) If V is a finite A-module and if the canonical homomorphism W →WS injective (in this case one say that
W is S-t o r s i o n - f r e e), then Φ bijective.
(c) If V is finitely presented A-module, then Φ bijective.
(Hint : Consider an exact sequence G

f−→ F
g−→V −→ 0 with finite free A-modules F , G and the canonical commuta-

tive diagram
0 // HomA(V,W )S

g′ //

Φ

��

HomA(F,W )S

ΦF

��

g // HomA(G,W )S

ΦG

��
0 // HomAS(VS,WS)

f ′ // HomAS(FS,WS)
f // HomAS(GS,WS)

with exact rows, ΦF , ΦG are bijective and hence Φ is bijective.)

6.7 (a) Let A be an integral domain, S := A\{0} and K := AS = Q(A). Show that if the canonical homo-
morphism

HomA(K,A)S −→ HomAS(KS,AS)

is surjective, then A = K.(Hint : Consider idK!.) - Deduce that if K is finite over A then A = K.
(b) Let A be a commutative ring and S be a multiplicative system in A. If AS is a finite A-module, then AS is
isomorphic to A/Ker(A→ AS).

6.8 Let K be a field, I be an infinite indexed set and A := KI . Further, let a be the ideal K(I) in A and S be the
multiplicative system of elements (si) ∈ KI with si 6= 0 for almost all i ∈ I. Then :
(a) The canonical homomorphism

HomA(A/a,A)S −→ HomAS((A/a)S,AS)

is not surjective. (Hint : In fact, AnnAa= 0, HomA(A/a,A)∼= AnnAa , f 7→ f (1A/a) and aS = 0.)
(b) For every infinite set J the canonical homomorphism

HomA(A(J),A)S −→ HomAS(A
(J)
S ,AS)

is not injective.

6.9 Let A be a commutative ring and let V be a projective A- module (i. e. V is a direct summand of a free
A-module). Let S be the multiplicative system of non-zero divisors in A. If VS is a finite AS-module, then V is
a finite A-module. (Hint : Let f be an embedding of V as a direct summand in a free A- module of the type A(I) and
consider the image of fS.) In particular, a projective module over an integral domain is finite if and only if it has
a finite rank.

6.10 Let A be a commutative ring and a⊆ A be an ideal; S denote the multiplicative system 1+a in A. Then
aAS is contained in the Jacobson-radical of AS. (Hint : 1+aAS ⊆ (AS)

×.)

6.11 Let A be a commutative ring and V be a finite A-module. For a multiplicative system S in A, show that
VS = 0 if and only if sV = 0 for some s ∈ S.

6.12 ( L e m m a o f D e d e k i n d ) Let A be a commutative ring, V be a finite A-module and a be an
ideal in A with V = aV . Show that (1+a)V = 0 for some a ∈ a. (Hint : Note that V1+a = 0 by the L e m m a
o f K r u l l - N a k a y a m a1 — Remark : For an another elementary proof : Suppose that V = Ax1 + · · ·+Axn and
Vi := Ax1 + · · ·+Axi for i = 0, . . . ,n. By induction show that there are elements a j ∈ a such that (1−a j)V ⊆ aVn− j,
j = 0, . . . ,n.)

1 Lemma of Krull-Nakayama Let A be a commutative ring, a be an ideal in A. The following statements are equivalent :
(i) a⊆mA . (ii) For every A-module V and every submodule U of V with V/U finitely generated, the following implication hold :
If V =U +aV , then V =U.
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