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0.B Finite Sets

0.B.1. Let X be afinite set with n elements. For i € N, let 3;(X) be the set of all subsets ¥ of X
with |Y| = i. Show that: If i € Nwith0 < i < n/2 (resp. withn/2 < i < n), then there exists an
injectivemap f; : PB;(X) = Pir1(X) suchthat Y C f;(Y) foral Y € PB;(X) (resp. aninjective map
gi “PBi(X) — P;_1(X) suchthat g;(Y) C Y fordl Y € P, (X)). (Hint: Let0O<i <n/2
A par (Y,Y) € P:(X) x P;,1(X) iscaled amicableif Y C Y'. Let R be a subset of B, (X) with |R| =: 7.
Further, let R’ bethe set of al those Y’ € B;,1(X) which areamicableto at leastone Y € R. Puts := |R/|. Then
r(n —i) <s(i +1) and hencer < s. Now usethe Marriage-theorem see Exercise (1.2).)

0.B.2. Let Xq,..., X, befinitesets. For J € {1,...,n}, let X; := (.., X; with Xy := J/_; X;.
Generadize the formula |Y U Z| = |Y| + |Z] — |Y N Z] for finite sets Y, Z, prove the well-known
Sylvester’s (Sieve-) formulal):

>, DYixgi=0. Qe XI= Y DYIHX.
JeP(L,...,n)) 0#J eP(L,....n})
(Hint:  Byinductiononn. —Variant: Fork =1, ..., n, let Y, bethe set of elementsx € X, which belong to
exactly k of thesets X, ... ., X,. ThenY,, 1 <k < n arepairwise digoint. Using ExerciseT2.2b) show that

n

Yoox=)2wl= Y X))

JeP(L,...n} k=1 JePB{Ll...nh
|J]even |7]odd

0.B.3. a). Let X beafinite set with m elements. Let p,, denote the number of permutations of X which
donot have fixed points and let s,, = m! be the number of al al permutations of X. Show that:

Pm 1 1 L 1
sp O 1 m!
(Hint: Let X = {x1,...,x,}. St X; :={o € 6(X) : o(x;) = x;} and compute s,, — p,, = |U"q1 Xl

using the Sieve formulain Exercise2.2. — Remark : Note that lim,,_, o (pn/sm) = e %, wheree = 2, 718. ..
is the base of the natural logarithm.) — The number of permutations of X with exactly r fixed pointsis
(’f)pm,,, 0 <r < m. (Proof!)

b). Let X be afinite set with m elements and let Y be afinite set with n elements. The number of
surjective mapsfrom X in Y is

n n n
L ) Lo
(Hint: LetY = {y1,..., ). Set P :="{f € Y* : y; ¢ im f} and compute the number | J_; P;| of
non-surjective maps using the Sieve formulain Exercise2.2.)

0.B.4. Let I beafiniteindex set withn elementsandleto; e Nfori e I, w :=[],.,0i, 0 :=),, 0i
andoy =), yoifor HC 1. Then

oH n OH (1"
Z(_l)“‘”( n ) =D and Z(_l)Hl(n + 1) 2 (o —mm,
HCI HCI

(Hint: Let X = Uie; Xi,» where X; are pairwise disjoint subsets with | X;| = ;. For aproof of the first formula
consider theset 3, (X) anditssubsets Y; := {A € P, (X) | AN X; = @} and usethe Sieveformulain Exercise2.2
tofind | U, Yil.)

On the other side one can see (simple) test-exercises.

1) Thisisalso calledthe Inclusion-Exclusion principle
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Test-Exercises
TO.B.1. Let X be afinite set with n € ements.
a). The number of subsets of X is2" (Induction).

b). If n € N*, then the number of subsets of X with an even number of elementsis equal to the number of subsets
of X with an odd number of elements. Moreover, this number is equal to -1, ( Hint: Leta € X.
Themap defined by A — AU {a},ifa ¢ A,resp. A~ {a},if a € A, isabijective map from the set of subsets
with an even number of elements onto the set of subsets with an odd number of elements.)

T0.B.2. (Factorials and Binomial co-efficients) For natural number n € N, the natural number
n!:=[]'_,il-2---n iscaledthe n-factorial. Notethat 0! = 1.

Let X and Y betwo finite sets. Then:

a). If | X|=m <n=1Y|,thentheset 3(X,Y):={f:X — Y| fisinjective} hascardinaity n!/(n —m)!.
b). The set of all permutations G(X) hasexactly |X|! elements.

c). Forany m € N with m < |Y|, theset P, (Y) :={Z € BY) | |Z| = m} hascardindity n!/(n —m)!.
(Remark: For 0 < m < n,thenatural numbers (") := n!/m!-(n—m)! arecalled binomial co-efficients,

since they occur in the Binomial theorem. For m, n € Z, wedefine (") := 0 if either m <0 orif n <m.)

d). Prove the formuals: (n> = ( . ) and (n+1> = (") +< " ) ( Hint: For the
m n—m m m m—1

firstlet 0 < m < n. Thenthemap B,,({1L,...,n}) - P,-n({L, ..., n}) definedby J — {1,...,n}\ J isa
bijective map. — For thesecond, let 1 <m <n andlet X :={I € B, ({L,....,n+1}) | n+1¢ I} ad
N ={eP,.({L,....n+1) |n+1el}. Thenthemaps X — B, ({L,...,n}) definedby J — J and
9 — P,-1({1,...,n}) definedby J > J\ {n+1} arebijectiveand hence |X| = (*), 19| = (,",) and {X, D}
isapartition of B,,({1,...,n,n+1}).)

T0.B.3. a). From 1a) deducethat: Forn e N, (¢) + (}) +---+ (1) = 2".

b). From 1b) deducethat: For n € N*, (¢) — (1) +--- + (=1*(?) = 0.

c). Let X be afinite set with n elements. The number of pairs (X1, X2) inP(X) x PX) with X3 N X, =@ is

3" (Induction). General: The number of r—tuples (X1, ..., X,) of pairwise digoint subsets X1,..., X, C X is
equa (r +1)", r e N.

m-n m n m n m n H n 2 n 2 n 2
d). Form,n.k € N, (") = () (1) + (1) (") + - + () (o). Inparticular, (3) = (o) + () + -+ ;)" for
neN. (Hint: Let X, Y bedigoint setswith |X| = m, |Y| = n. Theassignment A — (AN X, ANY) defines
abijective map P(X UY) — P(X) x P(Y).)

T0.B.4. Letm beanatural number (resp. apositivenatural number) andlet » beanother natural number. Leta(m, n)
(resp. b(m, n)) denotethe number of m—tuples (x1, ..., x,) € N*withx1+---+x, <n(resp.x1+---+x, = n).

Show that "
a(m,n):(n+m>, b(m,n):(n+m_ )
m m—1

( Hint: Notethat am — 1, n) = b(m,n) anda(m, n) = a(m,n — 1) +a(m — 1, n) if m > 1 and use induction on
n+m. —Variant: Themap (x1,...,x,) — {x1+1, x1+x2+2,...,x1+--+x, +m} mapstheset of m—tuples
(X1, ..., Xy) € N" withxg + - -- + x,, < n bijectively onto the set of m—element subsetsof {1,2,...,n + m}.)

T0.B.5. Let X = (Xq1,..., X,)andletd = (Y1, ..., Y,) bepartitions of the set X into r pairwise digoint subsets
each of themwithn > 1 elements(i.e. | J_; X; = X and X; N X; = ¢ fori # j and analogously for )). Show
that: X and 2) has a common representative system, i.e. there exist r distinct elements x4, ..., x, in X such that
each x; belongs to exactly one of the subset X1, ..., X, and exactly one of the subset Y1, ..., Y,. ( Hint: Using
the Marriage-theorem find a permutation o € &, suchthat X; N Y, # @ forevery 1 <i <r.)
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