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MA-302 Advanced Calculus
1. Differentiable curves and functions

1.1. a). Let A beafinite dimensiona K- algebraandlet g : I — A be adifferentiable curve
in A such that the image of g is contained in the unit group A* of A'). Show that the curve
gl : 1 — A defined by g7 1(r) := (g(r))! is differentiable and the derivative of g~ is
(g7Y) = —g~1g'g™t. Moreover, for any differentiable curve f : I — A, provethe quotient
rules:

(fe ) =(f'—fee)e ad (¢7'f) =g (f'—gef).

b). Let A beadeterminant functiononthe n- dimensional K-vector space V andlet f; : 1 — V
be differentiable curvesin V., j = 1,...,n. Show that the function A(f1,..., f,) : I — K, is

differentiablewith A(f1, ..., fu) = Yy ACfrs ..o flaeee fi)-

1.2. Let f:1 — V beadifferentiable curve in the Euclidean vector space V . If f isdifferen-
tiableat 1o € I and f(x9) # O, thenthecurve ||f||: I — R, t — || f(®)||, isalso differentiable

a 1 and
(f'(t0), f(to))

170 = == o

1.3. Let f:1 — V be ak-times differentiable curve in a finite dimensional K-vector space V .
Suppose that F® (1) = a_1(t) F V@) + -+ + a1(t) f'(t), where ay, ..., ar_1:1 — K are
continuous functions. Then thetrgjectory of f iscontained inthe atmost (k —1)-dimensional affine
subspace Y"F 1 K £ (10) 4 f(t0) , Whereto € I isfixed (but arbitrary).

1.4. Let g be a continuous real-valued function on the unit circle St := {x € R? | ||x|] = 1}
such that g((0, 1)) = g((1,0)) =0 and g(—x) = —g(x) andlet f :R? — R be defined by

X

fx) = ! [l -g(m) , ff x#0,

, if x=0
a). For afixed x € R?, show that the function # : R — R defined by h(r) := f(tx) is
differentiable.
b). Show that f isnot differentiableat (0, 0) unless ¢ = 0.

1.5. a). Let f : R? — R bedefined by f(x, y) := /[xy[. Show that f isnot differentiable at 0.

b). Let f : R* — R beafunction such that | f(x)| < ||x||? for dl x € R". Show that f is
differentiableat O.

1) For example, A = M, (K) or Endg(V), V finite dimensiona K-vector space; A* = Gl,(K) or
Autg (V).



