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MA-302 Advanced Calculus
2. Surface area and Length

2.1. a). (Plane Polar coordinates) Letr — r(t) andt — ¢(t) becontinuously differentiable
functions on the interval [a, b] . The curve

1+ r(t) (cose(t), sine(r))

in R?, with the Euclidean standard norm, has the length

b
L= /(f2+r2¢2)1/2 dr .
Inparticular, if () =t for dl ¢, then r(t) =r(¢) , and the length of the curve between the angles

@1 and ¢, isequal to
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b). (Space Polar coordinates) Letr +— r(t),t — @(t) andt — A(t) be continuously
differentiable functions on the interval [a, b] . The curve

1+ r(t) (Cose(r) COSA(t) , COSp(r) SINA(L) , Sing(1))

in R3, with Euclidean standard norm, has the length

b
Lb = /(r'2+ r29%+ r?i2 cos? )2 dt .
a

c). Thegrapht — (t, g1(0), ..., gn(t)) of acontinuously differentiable curve g : [a, b] — R" has
(with respect to the Euclidean standard norm) the length

b
Lh = f(1+g§+- Y2 dr

d). Compute the length of the perimeter of the unit circlein R? with respect to the maximum norm
and with respect to the sum-norm of R2.

e). Let c e R* andlet y : R — R? bethe logarithic spiral y(t) := (e cost, e sint) .
For [a, b] € R, computethe arc-length L, := L2(y|[a, b]) . Doesthelimit lim L, o exists?
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2.2. Compute the arc-length of the ellipse y : [0, 27] — R?, t — (a cost, bsint) with the help
of the complete elliptic integral 1)

2.3. Let V be afinite dimensional normed R-vector space and let f :[a, b] — V be arectifiable
curve of thelength L in V.

a). Show that thearc-lengthr — s(¢) := L! (f) isamonotoneincreasing and surjective continuous
function[a, b] — [0, L] andthereexistsauniquerectifiablecurveg : [0, L] — V suchthat f = gos,
and Ly (g) = so for every point so € [0, L]. Further, thefunction s isstrictly monotoneincreasing if
and only if f isnon-constant on every subinterval of [a, b] with more than one point. Inthiscase s
defines aparametrisation of £, and g = fo s~ isthearc-length parametrised curve corresponding
to f.

b). Let ¢ : [, B] — [a, b] be amonotone and surjective continuous function. Then the curve fo ¢
iaalso rectifiableand L (f o) = L = Lb(f).

c). Show that the continuous curve g: [0, 1] — R? mit g(¢) = (t,tCOS(l/t)) for t+ # 0 and
g(0) := (0, 0) and the differentiablle curve i : [0, 1] — R? with h(r) := (¢, t? cos(1/1?)) fur t #£0
and 4 (0) := (0, 0) are not rectifiable.

2.4. Let V beafinite dimensiona normed R-vector space with basisv;, i € I.

a). Show that acurve f:[a,b] — V with t — )., fi(t)v; isrectifiable if and only if all the
component functions f; : [a, b] — R arerectifiable.

(Thelength of acurveinR isalso called its variation. Therefore the concept of the V ari ation isdefined
for arbitrary function 2 : [a, b] — R asthe supremum over all sums Z;”:‘Ol |h(ti+1)—h(t;)], wherero, ..., t,
runs over all finite sequenceswith a<fp<---<t, <b.)

b). Show that if 4 :[a, b] — R hasafinitevariation, then » = f—g for some monotone increasing
functions f, g:[a,b] — R, moreover, if i is continuous then one can choose both f and g
continuous functions. (Hint: One can define f(¢) for ¢ € [a, b] as the supremum over all sums
Z}”:‘Ol Max (h(tj+1) — h(t;),0), a<tg<---<t, <t.)

2.5. Let y : I — C beaclosed continuous curve. Show that
a). Thefunction W(y, —) : C\ im(y) — Z, z — W(y, z) islocally constant.

b). ThesetsInty ;= {z € C\im(y) | W(y, z) # 0} and Exty := {z € C\im(y) | W(y, z) = 0}
areopenin C. (Thesesetsarecaledthe inside or interior andthe outside or exterior of
y , respectively. Inparticular, C = Inty Uimy U Exty isadigoint decomposition of C. ).

c). The set Inty is bounded and the set Exty is never empty and always unbounded. More
precisely, if im(y) c B(a;r) :={z€C||z—a| <r},theninty Cc B(a;r) and C\ B(a;r) C
Ext y
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T dr existsand isequal to the integral
—t

1
1) For every k € [0, 1] , theimproper integral E (k) := /
0

/2

/\/1—k23in2r dt andiscalledthe complete elliptic integral.
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