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Basic Algebra

4 A. — Continued — Free modules with rank

4.17. Foragivenn € N, letas, ..., a, € K ben distinct elementsinafield K. Thenthe sequences
g ‘= (a)ven € KN, i=1,..., n, aelinearly independent over K.  (Hint: Suppose that the g;
are linearly dependent. Without loss of generality we may assume that Dimg (Relx (g1, ..., g.)) = 1, see
exerciseT4.6. Let (b, ..., b,) beabass eement of relations. Then the lement (b1ay, ..., b,a,) isasoa
relation of the g;. Thisisa contradiction.)

4.18. Let K beafield and let I be aninfinite set. Then Dimg (K') = |K/]|. (Hint: (In view
of 1), it is enough to prove that |[K| < DimgK’. Leto : N — I beinjective and for a € K, let g, denote
the 7—tuple with (g,),) :=a" forv e Nand (g,); :=0for i € I ~imo. Then by exercise4.17, (g.)acx
are linearly independent.) Deducethat Dimg K/ > Dimg K©. —Remark : Thisdimension formulafor K’
isalso valid for division rings K . Proof!.)

4.19. Let K beadivisionring. Further, let x; = (a;1,...,a;,) € K", i =1, ..., n. Withthe j-th
components of this n—tuple we form the new n—tuples y; := (a1, ..., a,;), j = 1,...,n. Show
that : theelementsxy, .. ., x, of the K—Left-vector space K" arelinearly independent if and only if
theelementsyy, ..., y, of the K—right-vector space K" arelinearly independent. (Hint: Supposethat
x1, ..., x, arelinearly independent and y1b1+- - -+y,b, =0, b; € K. Thenxy, ..., x, € Relg (b1, ..., b,),
and adimension argument shows that Rel ¢ (b1, ..., b,) = K", thismeansb, = --- = b, = 0.)

4.20. Let K beadivisionring, I beasetandlet 11, ..., f, € K!, n € N. Thefollowing statements
are equivalent:

(i) The f1,..., f, arelinearly independent over K.

(i) Thereexistsasubset J < I suchthat |J| = n and that the restrictions fi|J, ..., f.|J € K’
are linearly independent (and hence form abasis of K7/).

(iii) Thevaue-n—tuples (f1(i), ..., f,(i)) € K", i € I, generate K" asa K —right-vector space.

(Hint: Theimplication (i) = (ii) can be proved by induction on n: Supposethat there existsasubset J' C I
with (n — 1)—elementsisfound for f1, ..., f,_1 suchthat f1|J’, ..., f,_1|J arelinearly independent over
K and soformabasisof K7'. Then f,|J' = a1(fi|lJ') + - - + ap_1(fo_1|J) Withaq, ..., a,_1 € K. Now,
by (i) there existsan element j € I ~ J' suchthat f,(j) # a1f1(j) + -+ + a,_1/f.-1(j). Now, choose
J :=J' U{j}. — For the equivalence (ii) < (iii) use the exercise4.19.)

4.21. Let K be adivisonring and let ay,...,a, € K. Let g := (a’)en € KN and f; =
(1, a,-,...,af’l) eK", i=1,...,n. Thengy, ..., g, arelinearly independent over K if and only
if f1,..., f, arelinearly independent over K. (Hint: Leth; := (a{,...,a,{) € K", j € N. Note that
fi=gN0,....n=1}and (f1()), ..., £, (J)) = (€1()). ..., &:.(j)) = h; fordl j =1,..., n. Thereforeby
exercise4.20, g1, ..., g, arelinearly independent if and only if z;, j = 1, ..., n generates the right-vector
space K".Suppose that the elements Ay, ... h,, are linearly independent in the K—right - vector space K",
but the elements ko, ... ., h,,41 are not linearly independent, so 4,1 and hence ; for every j > m + lisa
linear combination of Ay, ..., h,. Now again use the exercise4.20.)

4.22. Let K beafieldandlet by, ..., b, beelementsof K, al of which are not equal to 0. Then
there exist atmost m distinct elements x € K, which satisfy the equation

O=bg 14 bix + -+ bux".
(Hi'nt: If X1y ooy Xpy1 A€ distinct elements in K, then by exercises 4.17 and 4.21, the elements ; =

(xi,...,xjn+1), 0 < j < m, arelinearly independent over K. — Remark : the same result is also true for
integral domains, since every integral domain is contained in afield, for example, inits quotient field. With

1) Let A be aring and let V be a free A-module of infinite rank. Then |V| = |A|-rank, V =
Supf{|A], rank, V}.
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the help of concept of polynomials the above assertion can be formulated as: A non-zero polynomial of
degree < m over afield (or anintegral domain) K has atmost m zerosin K.)

Below one can see (simple) test-exercises.

Test-Exercises

T4.10. Let A bearing # Owith finitely many elementsand let V be an A—module with agenerating system
of n elements, n € N. Show directly (without using the theorem) that every n + 1 elementsof V arelinearly
dependent. (Hint: Proceed asin the Example given in the class which uses only cardinality argument.)

T4.11. What isthe rank of QQ as an abelian group?

T4.12. Let A be anintegral domain (which is contained in afield Q). Further, let U be a subgroup of the
unit group A* of A withan exponent?) m % 0. Then U is cyclic (and finite). Inparticular, every finite
subgroup of A* iscyclic; further, the unit group of every finitefield (for example, the unit group of a prime
ring of characteristic p, p prime, iscyclic.) (Hint: The equation x™ = 1 has atmost m solutionsin A by
exercise4.22. Now use 3).)

T4.13. Let K beafield, I beasetandlet g € K/ beafunctionon 7 into K, such that theimageim(g) isan
infinite subset of K. Thenthepowersg’, v € N of g arelinearly independent ovwer K. (For example from
thisit followsthat: thefunctionss — cos’z, v € N, from R to itself are linearly independent; similarly, the
functionsx — x¥, v € N, from K toitself for an arbitrary infinitefield K, are linearly independent.)

T4.14. Let L beadivisionring, K beasubdivisionring of L and / be aset. For an arbitrary family (f;);cs
of functions f; € K’ show that: the f;, j € J, are linearly independent over K if and only if they are
linearly independent over L asafamily of functionsin L!. (Use the exercise 6 and and exercise4.11(a).)

T4.15. Let A bearing and let J be an indexed set with cardinality of the continuum. Then there exists a
family x;, j € J, of A-inearly independent 0-1-sequencesin AN. (Hint: (H. Brenner) Let P be the set
of prime numbers. For asubset R C P, let N(R) be the set of those positive natural numbers whose prime
divisorsbelong to R, i.e. N(R) = {n € N* | primedivisorsof n C R}. Then the family xz, R € B(P), is
linearly independent, where x; denote the indicator function of N(R).)

2) Exponent of agroup. Let G beagroup with neutral element e. Then the set of integersn witha” = e
for al a € G formsasubgroup U of the additive group of Z, i.e. Us :={n € Z | a" = eforadl a € G}
and hence thereisaunique m € N such that Ug = Zm . This natural number m is called the exponent
of G and usualy denoted by ExpG. For example, if G is afinite cyclic group, then ExpG = OrdG ;
Exp&3 = OrdG3; Ingenera : ExpG and OrdG have the same prime divisors. (proof!).

3) Exercise on groups. Let G be afinite group with neutral elements . Suppose that for every divisor
d € N* of the order OrdG there are atmost ¢ elements x € G such that x¢ = e. Then G isacyclic group.
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