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1. Inclusion-Exclusion Principle

1.1. ( S y l v e s t e r ’s S i e v e - - f o r m u l a ) LetX1, . . . , Xn be finite sets. ForJ ⊆ {1, . . . , n}, let
XJ := ⋂

i∈J Xi with X∅ := ⋃n
i=1 Xi . Prove that∑

J∈P({1,...,n})
(−1)|J ||XJ | = 0 , i.e. |X| =

∑
∅�=J∈P({1,...,n})

(−1)|J |−1|XJ | .

(Hint : By induction onn. — Variant : Fork = 1, . . . , n, let Yk be the set of elementsx ∈ X∅ which belong to
exactlyk of the setsX1, . . . , Xn. ThenYk, 1 ≤ k ≤ n are pairwise disjoint. Using Exercise T1.3 b) show that∑

J∈P({1,...,n})
|J | even

|XJ | =
n∑

k=1

2k−1|Yk| =
∑

J∈P({1,...,n})
|J | odd

|XJ | .)

1.2. a). Let X be a finite set withm elements. Letpm denote the number of permutations ofX which
donot have fixed points and letsm = m! be the number of all permutations ofX. Show that :

pm

sm

= 1

0!
− 1

1!
+ · · · + (−1)m · 1

m!
.

(Hint : LetX = {x1, . . . , xm}. SetXi := {σ ∈ S(X) : σ(xi) = xi} and computesm −pm = | ⋃m

i=1 Xi | using the
Sieve formula in Exercise 1.1. —Remark : Note that limm→∞ (pm/sm) = e−1, wheree := limn→∞(1 + 1

n
)n =

2.71828182845904523536. . . is theEuler’s number which is base of the natural logarithm.) — The number of
permutations ofX with exactlyr fixed points is

(
m

r

)
pm−r , 0 ≤ r ≤ m. (Proof!)

b). Let X be a finite set withm elements and letY be a finite set withn elements. The number of
surjective maps fromX in Y is

nm −
(

n

1

)
(n − 1)m +

(
n

2

)
(n − 2)m − · · · + (−1)n

(
n

n

)
(n − n)m .

(Hint : Let Y = {y1, . . . , yn}. SetPi := {f ∈ Y X : yi /∈ im f } and compute the number| ⋃n

i=1 Pi | of
non-surjective maps using the Sieve formula in Exercise 1.1.)

1.3. Let I be a finite index set withn elements and letσi ∈ N for i ∈ I , π := ∏
i∈I σi, σ := ∑

i∈I σi

andσH := ∑
i∈H σi for H ⊆ I . Then∑

H⊆I

(−1)|H |
(

σH

n

)
= (−1)nπ and

∑
H⊆I

(−1)|H |
(

σH

n + 1

)
= (−1)n

2
(σ − n)π ,

(Hint : Let X = ⋃
i∈I Xi , whereXi are pairwise disjoint subsets with|Xi | = σi . For a proof of the first formula

consider the setPn(X) and its subsetsYi := {A ∈ Pn(X) | A∩Xi = ∅} and use the Sieve formula in Exercise 1.1
to find | ⋃i∈I Yi |.
1.4. Let m, n be two natural numbers.
a). Let a(m, n) (resp. b(m, n) ) denote the number ofm–tuples(x1, . . . , xm) ∈ N

m with x1+· · ·+xm ≤
n (resp.x1 + · · · + xm = n) . Show that a(m, n) = (

n+m

m

)
and b(m, n) = (

n+m−1
m−1

)
. (Hint : Remember

to put
(−1
−1

)
:= 1 . Note that a(m − 1, n) = b(m, n) and a(m, n) = a(m, n − 1) + a(m − 1, n) if m ≥ 1 and use

induction onn + m . — Variant : The map(x1, . . . , xm) 
→ {x1 + 1, x1 + x2 + 2, . . . , x1 + · · · + xm + m} maps
the set ofm–tuples(x1, . . . , xm) ∈ N

m with x1 + · · · + xm ≤ n bijectively onto the set ofm–element subsets of
{1, 2, . . . , n + m} .

b). Suppose thatm ≥ 1 . Prove that the number ofm–tuples(x1, . . . , xm) ∈ (N+)m of positive natural
numbers withx1 + · · · + xm = n is

(
n−1
m−1

)
.

c). Let k ∈ N with k ≤ n . Prove that the subsetX = {A ∈ Pk({1, . . . , n}) | if a ∈ A, thena+1 �∈ A}
of Pk({1, . . . , n}) has cardinality

(
n−k+1

k

)
.

d). Let X = {x1, . . . , x2n+1} , n ∈ N be a set with 2n + 1 elements. Fork = 0, 1, . . . , n , let Xk be
the set of all those subsets ofX of cardinality ≥ n + 1 which containxn+k+1 and exactlyn elements
from x1, . . . , xn+k , i.e. Xk = {A ∈ P≥n+1(X) | |A ∩ {x1, . . . xn+k}| = n andxn+k+1 ∈ A} . Show that⋃n

k=0 Xk = P≥n+1(X) and hence deduce that
∑n

k=0 2n−k
(
n+k

k

) = 4n . ( Note that subsets ofX which are
elements ofXk may contain some elements fromxn+k+2, . . . , xn+1 . See also Exercise T1.3-b), T1.4-e) and i).)

On the other side one can see (simple) test-exercises.
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Test-Exercises

T1.1. (T o w e r o f H a n o i ) Thepuzzle consists ofn disks of decreasing diameter placed on a pole. There are
two other poles. The problem is to move the entire pile to another pole by moving one disk at a time to any other
pole, except that no disk may be placed on top of a smaller disk. Find a formula for the least number of moves
needed to moven disks from one pole to another, and prove the formula by induction.

T1.2. ( I n d i c a t o r f u n c t i o n s ) LetI be a set. For a subsetJ ∈ P(I ), let eJ : I → {0, 1} be the i n d i c a t o r

f u n c t i o n o f J (with respect toI ), i.e. eJ (i) =
{

1, if i ∈ J ,
0, if i ∈ I \ J . . Note thateI = 1 ande∅ = 0. Show that

a). The mapJ 
→ eJ is a bijective map from the poer setP(I ) onto the set{0, 1}I of all mapsI → {0, 1}.
b). For subsetsJ, K ⊆ I , prove that : eJ∩K = eJ eK , eJ∪K = eJ + eK − eJ eK , eJ\K = eJ (1 − eK) .

In particular,eI\J = 1 − eJ andeJ � K = eJ + eK − 2eJ eK .

c). For J, K ∈ P(I ), let J + K := J�K := (J ∪ K) \ (J ∩ K) denote thes y m m e t r i c d i f f e r e n c e ofJ
andK. Show that : 1)J + K = K + J and J + ∅ = J , J + J = ∅ . 2) (J + K) + L = J + (K + L) for all
J, K, L ∈ P(I ) . 3) For everyJ, L ∈ P(I ) , there exists a uniqueK such thatJ + K = L .

4) (J + K) ∩ L = (J ∩ L) + (K ∩ L) for all J, K, L ∈ P(I ) .

(Remark : For verification of these properties use indicator functions and their rules given in b). These properties
of the symmetric difference� show that the power setP(I ) with the symmetric difference� as addition and the
intersection∩ as multiplication is a commutative ring with∅ as the zero element 0 andI as the unit element 1.
This ring (P(I ), �, ∩) is called thes e t - r i n g ofI . Moreover, it is a finite dimensional algebra over the prime
field Z2 of dimension|I | ; if |I | = 1, then it is the prime fieldZ2 ; in the case|I | > 1 , it is not a field – nor even
an integral domain.)

T1.3. Use induction to prove that : for alln ∈ N : a).
∑n

k=0 k · (k !) = (n+1)! − 1. b).
∑n

k=0 2n−k
(
n+k

k

) = 4n.

(see also Exercise 1.4-d).)c).
∑n

k=m

(
k

m

) = (
n+1
m+1

)
, m ∈ N, m ≤ n .

T1.4. Let X be a finite set withn elements.

a). The number of subsets ofX is 2n . ( Hint : The mapP(X) → {0, 1}X , A 
→ eA is bijective.)
b). If n ∈ N

∗ , then the number of subsets ofX with an even number of elements is equal to the number of subsets
of X with an odd number of elements. Moreover, this number is equal to 2n−1. ( Hint : Let a ∈ X .
The map defined byA 
→ A ∪ {a} , if a /∈ A , resp. A � {a} , if a ∈ A , is a bijective map from the set of subsets
with an even number of elements onto the set of subsets with an odd number of elements.)
c). For n ∈ N , prove that :

(
n

0

) + (
n

1

) + · · · + (
n

n

) = 2n . ( Hint : Use part a).)

d). For n ∈ N
∗ , prove that :

(
n

0

) − (
n

1

) + · · · + (−1)n
(
n

n

) = 0 . ( Hint : Use part b) or (1 − 1)n = 0 .)

e). Prove that
∑n

k=0

(2n+1
2k

) = 4n = ∑n

k=0

(2n+1
2k+1

)
for n ∈ N and

∑n

k=0

(2n

2k

) = 4n

2 = ∑n−1
k=0

( 2n

2k+1

)
for n ∈ N

∗.
( Hint : Use part b).)
f). Let Y be ak-element subset ofX . Then the number ofm-element subsets ofX which containY is

(
n−k

m−k

)
.

g). For natural numbersm, n with m ≤ n , show that
∑m

k=0

(
n

k

)(
n−k

m−k

) = 2m
(

n

m

)
. ( Hint : Compute the sum

of all numbers in the part e), whereY runs through allk-element subsets ofX in two different ways or use the
formula

(
n

k

)(
n−k

m−k

) = (
n

m

)(
m

k

)
.)

h). For m, n, k ∈ N,
(
m+n

k

) = (
m

0

)(
n

k

) + (
m

1

)(
n

k−1

) + · · · + (
m

k

)(
n

0

)
. In particular,

(2n

n

) = (
n

0

)2 + (
n

1

)2 + · · · + (
n

n

)2
for

n ∈ N. ( Hint : Let X, Y be disjoint sets with|X| = m, |Y | = n. The assignmentA 
→ (A∩X, A∩Y )

defines a bijective mapP(X ∪ Y ) → P(X) × P(Y ).)
i). What is the cardinality of the setP≥n+1({1, 2, . . . , 2n + 1}) ? (see also Exercises T1.3-b), T1.4-e) and 1.4-d).)

T1.5. Let X be a finite set withn elements.

a). The number of pairs(X1, X2) in P(X) × P(X) with X1 ∩ X2 = ∅ is 3n . More generally : The number of
m–tuples(X1, . . . , Xm) of pairwise disjoint subsetsX1, . . . , Xm ⊆ X is equal(m + 1)n .

b). Forn, r ∈ N, prove that
∑

m

(
n

m

) = rn , wherem run through the set ofr-tuples(m1, . . . , mr) ∈ N
r of natural

numbers withm1 + · · · + mr = m . ( Hint : Use rn = (1 + · · · + 1)n or the part a).)
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