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Lectures: Tuesdaz/Thursdaz 15:45-17:15; Lecture Hall-1, Deeartment of Mathematics

1. Inclusion-Exclusion Principle

1.1. (Sylvester’s Sieve--formula) LeXy,..., X, be finite sets. Fov C {1,...,n}, let
Xy =iy Xi With Xy == |J/_; X;. Prove that

Z (—1)”'|XJ| =0, ie [X|= > (=DYYx,.
JePUL,..., p£JePB(L,...,n})
(Hint: By induction orm. — Variant: Fork =1, ..., n, letY; be the set of elemenise X, which belong to
exactlyk of the setsXy, ..., X,,. ThenY;, 1 < k < n are pairwise disjoint. Using Exercise T1.3 b) show that
doox=) 2= Y 1X1)
Jepdl...nh k=1 JeBdL...nh
|7]even |71odd

1.2. a). Let X be afinite set withm elements. Lep,, denote the number of permutationsXofwhich
donot have fixed points and le} = m! be the number of all permutations &f. Show that:

DPm 1 1 m
Sm O TR !
(Hint: LetX = {x1,...,x,}. SetX; := {0 € &(X) : o(x;) = x;} and compute,, — p,, = | |/~ X;| using the
Sieve formula in Exercise 1.1. -Remark : Note that lim,_« (pm/sn) = e 1, wheree := lim,_ (1 + %)" =
2.71828182845904523536. is theEuler’s number which is base of the natural logarithm— The number of

permutations of with exactlyr fixed points is(") p—r, 0 < r < m. (Proof!)

b). Let X be a finite set withn elements and leY be a finite set withh elements. The number of
surjective maps fronX in Y is

n"— (”)(n — 1"+ ( )(n 2y (—1)"g”)(n — )"
1 ) n

(Hint: LetY = {y1,.. ., y.}. SetP, :="{f € Y* : y; ¢ im f} and compute the numbe{J/_, P;| of
non-surjective maps using the Sieve formula in Exercisg 1.1.

1.3. Let ] be afinite index set with elements and let; e Nfori € I, 7w :=[];.,0i, 0 :=) ;. 0i
andoy =), 4y 0;for H C 1. Then

> (- 1)'H< )—( 'z and ) (- 1)'H< +1) (_21)” (c —mm,

HCI HCI
(Hint: LetX = J,., X;, whereX; are pairwise disjoint subsets witl;| = o;. For a proof of the first formula

consider the séB,,(X) and its subsets; ;= {4 € B, (X) | AN X; = @} and use the Sieve formula in Exercise 1.1
to find |

1.4. Let m, n be two natural numbers.

a). Let am, n) (resp. ldm, n) ) denote the number of—tuples(xy, ..., x,,) € N” with x;+4- - -4x,, <

n (resp.x1 + ---+ x,, = n). Show that &n, n) = (”j;m) and bm, n) = (";m 1) (Hint: Remember
to put (j) '=1. Note that & — 1,n) = b(m,n) and &m,n) =am,n — 1) +am — 1,n) if m > 1 and use
induction onn + m . —Variant: The map(x1, ..., x,) = {x1+21, x1+x2+2,...,x1+ -+ x, +m} maps
the set ofm—tuples(xy, ..., x,,) € N” with x1 4+ --- 4+ x,, < n bijectively onto the set ofi—element subsets of
{1,2,...,n+m}.

b). Suppose thatz > 1. Prove that the number @i—tuples(x, ..., x,) € (N*)" of positive natural

numbers withx; + - - - + x,, = n is (173).

c). Letk e Nwith k <n. Provethatthesubsét = {A € B, ({1,...,n}) |if a € A, thena+1 ¢ A}
of Pr({1, ..., n}) has cardinality("}*%).

d). Let X = {x1,...,x2,11}, n € N beasetwith 2+ 1 elements. Fok =0,1,...,n, let X; be
the set of all those subsets &f of cardinality > n + 1 which containx, ;1 and exactlyn elements
from xq, ..., X4k e. Xy =1{A € s132,,4_1()() [ AN {x1,...x0x} =n andx,,+k+1 € A}. Show that
Ui—o Xk = P=n+1(X) and hence deduce tht;_, 2" *(*/*) = 4" . ( Note that subsets ak which are
elements ofX;, may contain some elements from,; 2, ..., x,;1. See also Exercise T1.3-b), T1.4-e) anjl i).

IEI

On the other side one can see (simple) test-exercises.
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Test-Exercises

T1.1. (Tower of Hanoi) Theuzzle consists of disks of decreasing diameter placed on a pole. There are
two other poles. The problem is to move the entire pile to another pole by moving one disk at a time to any othe
pole, except that no disk may be placed on top of a smaller disk. Find a formula for the least number of move:
needed to move: disks from one pole to another, and prove the formula by induction.

T1.2. (Indicator functions) Lef be a set. For a subséte P(1), lete; : I — {0, 1} bethe indicator

1, ifielJ, . _
0. ificl\J. Note thate; = 1 ande; = 0. Show that

a). The mapJ — e, is a bijective map from the poer sgt(/) onto the set0, 1}/ of all maps/ — {0, 1}.

b). For subsets/, K C I, prove that: e;nx = ejex, ejx = e; +ex —ejex, enx = e;(L—ex).
Inparticulare,;, =1—e; ande; ax = e, + ex — 2¢,ex .

c). ForJ,K € BI),let J + K := JAK ;= (JUK)\ (JNK) denote thesymmetric difference of
andkK. Showthat: 1)JJ+K=K+JandJ+0@=J,J+J=0. 2)(J+K)+L=J+(K~+1L) forall
J,K,LeB). 3) ForeveryJ, L € B(), there exists a uniqu& suchthat/ + K = L.

4) J+K)NL=UNL)+(KNL)forall J,K,L e BU).

(Remark : For verification of these properties use indicator functions and their rules given in b). These properties
of the symmetric differencé\ show that the power sgt(7) with the symmetric differenca as addition and the
intersectionn as multiplication is a commutative ring withas the zero element 0 aricas the unit element 1.

This ring (B), A, N) is called theset-ring of/. Moreover, it is a finite dimensional algebra over the prime
field Z, of dimension|I|;if |I| = 1, thenitis the prime field, ; inthe casel| > 1, itis not a field — nor even

an integral domain.)

T1.3. Useinduction to prove that: foral e N:a). >} gk (kD)= @m+D!—1 b). Y, 2" (") = 4.
(see also Exercise 1.4-d).)e). Y , ()= (""]), meN, m <n.

m

function of J (with respect td), i.e. e; (i) = {

T1.4. Let X be afinite set witlh elements.

a). The number of subsets of is 2" . (Hint: The mapP(X) — {0, 1}*, A — e, is bijective)
b). If n € N*, then the number of subsets &f with an even number of elements is equal to the number of subsets
of X with an odd number of elements. Moreover, this number is equal tb. 2 (Hint: Leta e X .

The map defined by +— AU {a},if a ¢ A,resp. A~ {a},if a € A, is abijective map from the set of subsets
with an even number of elements onto the set of subsets with an odd number of elgments.

c). Forn e N, prove that: () + (7)) +---+ (}) =2". (Hint: Use part a).
d). For n € N*, prove that: (g) — (1) +--- + (=1"(%) = 0. (Hint: Use partb)or(1—1)" =0.)
e). Prove thaty;_o (%5") =4 = Xi_o(311) for neN and Y o () = 4 = Y6 (,2,) for ne N~

(Hint: Use part b))
f). Let Y be ak-element subset ok . Then the number ofi-element subsets of which containy is ("™*).

m—k

g). For natural numbersz, n with m < n, show that}; o (;)(2~%) = 2"("). (Hint: Compute the sum

k/ \m—k

of all numberskin the part e), wheré runs through allk-element subsets of in two different ways or use the
formula () () = G) (7))

. Form.n.k € N, (") = (5)() + (})("0) + -+ + (1) ¢)- nparticular,%) = (5)°+ (1) +---+ ()" for
neN. (Hint: Let X, Y be disjoint sets withX | = m, |Y| = n. The assignmemt — (ANX, ANY)
defines a bijective maf$(X UY) — LX) x P(Y).)

i). What is the cardinality of the seéB.,.1({1, 2, ..., 2n + 1}) ? (See also Exercises T1.3-b), T1.4-e) and 1.4-d).)

T1.5. Let X be afinite set withh elements.
a). The number of pairgXy, X2) inP(X) x P(X) with X1 N X2 =@ is 3'. More generally : The number of

m—tuples(Xy, ..., X,,) of pairwise disjoint subsetXs, ..., X,, C X isequal(m + 1)".
b). Forn,r € N, prove that} _ (,’;) = r" ,wherem run through the set of-tuples (m1, ..., m,) € N of natural
numbers withm1 +---+m, =m. (Hint: User” = (14 ---+ 1)" orthe part a).
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