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1. Basic Algebraic Concepts
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1.1 Let G C Z be a subset of integers which contains at least one positive integer and at least one
negative integer. Suppose that G is closed under the usual addition in Z i.e. a+b € G whenever
a,b € G. Prove that (G,+) is a group. (Hint : Use Test-Exercise T1.1 (f) 1).)

1.2 For a,b € R, let f,; : R — R be the function defined by f,;(x) := ax+b, x € R. Then
G :={fup|a,b R, a+#0} with the composition as a binary operation is not a commutative group.
(Remark : This group G is called the affine group of R and is usually denoted by Aff(1,R); Its elements
are called the affine linear maps.)

1.3 (a) Let G be a finite group with the identity element e. Suppose that #G = n and (ay,...,a,) €

G" =G x--- X G (n-times). Then there exist r,s with 0< r< s<nsuchthat a,---a;=e. (Hint :
The n+1 products a; ---a;, s =0,...,n, cannot be pairwise distinct.)

(b) For any given ay,...,a, € Z, n € N*, show that there exist r,s with 0 < r < s < n such that
ar+1+ -+ as is divisible by n. (Hint : Consider ay,...,a, in the group (Z,,+,) and apply part a).)

1.4 Let M be a (multiplicative)) monoid.

(a) Show that for an element a € M, the following statements are equivalent:
(i) aisinvertiblein M,i.e.a € M*.

(i) The left translation map A, : M — M, x — ax is bijective.

(ii1) The right translation map p, : M — M, x — xa is bijective.

(b) Show that M is a group if and only if every equation of the form ax = b with a,b € M has a
solution in M.

*1.5 Let n € IN*. Show that:

(a) A residue class [k], € Z,, k € Z, is invertible in the multiplicative monoid (Z,,) if and only if
ged(k,n) = 1,i.e. (Zn,-n)* ={[k]n | gcd(k,n) = 1}. In particular, the unit group (Z,)* is a group
of order ¢(n), where ¢ is the Euler’s totient function. (Hint : Use the Bezout’s Lemma: If a and b
are positive natural numbers, then there exist integers s and t with ged(a,b) = sa+tb. —In particular, if
a and b are relatively prime positive natural numbers, then there exist integers s and t with 1 = sa+1tb.)
Compute the inverse of [69]10p in Zjgp.

(b) (Zy,+n,n) is a field if and only if 7 is a prime number.

On the other side one can see auxiliary results and (simple) test-exercises.
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Auxiliary Results/Test-Exercises

T1.1 (Relations, Order, Equivalence relations and Quotient sets) LetX
be a set.

(@) Relations)A relation onX is a subset of the cartesian product X x X. Instead of “(x,y) € R
we usually write xRy.” We need to consider relations with additional properties.

Let X be a set and let R C X x X be a relation on X. Then

1) Riscalled reflexive if forall x € X, xRx.

2) Riscalled symmetric if forall x,y € X, from xRy, it follows that yRx.

3) Riscalled anti-symmetric if forall x,y € X, from xRy and yRx, it follows that x = y.
4) Riscalled transitive ifforall x,y,z € X,from xRy and yRz, it follows that xRz.

5) Riscalled complete if forall x,y € X either xRy or yRx.

We usually denote relations on a set X by the symbols =, ~, =, =, ~, C, <, < and so on.

(b) (Order Relations) A relation on a setis called an order (relation)if it is reflexive,
anti-symmetric and transitive. A complete order relation is calleda total or linear order.

Order relations are often denoted by the symbol <. We also write y > x for x < y; and x < y if x <y and
x #y. A set X with a (fixed) order < iscalledan ordered set and is denoted by the pair (X, <).

(c¢) Let (X, <) be an ordered set. For a subset Y C X, an element yp € Y iscalleda smallest (respectively,
biggest)elementof Y if for all y € Y, we have yg < y (respectively, y < yp).

If at all Y has a smallest (respectively, biggest) element, then it is uniquely determined (since < is anti-
symmetric) and is usually denoted by minY (respectively, maxY) and also called the minimum (respec-
tively, maximum)ofY.

(d (Well Order) Atotal orderonaset X iscalleda well order if every non-empty subset of X
has a smallest element.

(e) (Equivalence relations and Quotient Sets) ArelationonasetX iscalledan equiv-
alence relation ifitis reflexive, symmetric and transitive.

Let X be a set and let ~ be an equivalence relation on X. Two elements x,y € X are called equivalent
under ~ if x~y (and hence y ~ x also). For x € X, the subset {y € X | x ~ y} of X is called the
equivalence class of x under ~ and is usually denoted by [x].. or just by [x] or X.

(1) For every x € X, x € [x]. In particular, [x] # 0 and X = Uyex[x].  (2) For all x,y € X, the following
statements are equivalent: (i) [x] = [y]. (ii) [x]N[y] #0. (iii) x ~ y.

The set of equivalence classes X /~:= {[x] | x € X} iscalledthe quotient set of the relation ~ on X.
The natural map ¢ : X — X /~ which maps every element x € X maps to its equivalence class [x] is clearly
surjective and is called the canonical projection or quotient map of the equivalence
relation ~ on X. Its fibres are precisely the equivalence classes. One also says that X /~ is obtained by
identifying the equivalent element with respect to ~. An element in an equivalence class is called
representative ofitsequivalence class. If we choose exactly one representative from each equivalence
class, then together they forma complete representative system or fundamental
domain for the quotient set X /~. For example:

(1) On every set X “equality” is an equivalence relation, its equivalence classes are singletons {x}, x € X.
This is the only equivalence relation which is also an order on X.

) 1) Law of well order) The standard order <, i. e. the subset {(m,n) [n—m € N} CIN x N is

a well order on IN. This is equivalent tothe principle of mathematical inductiorﬂ(which
is a part of the definition on IN). However, the standard order < on the set of integers Z is not a well order,

1Principle of mathematical induction: If M is a subset of IN such that 0 € M and for all m € M, m+1 also belongs
to M, then M = IN.
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since for example, Z itself has no smallest element. The standard order < on IN is compatible with the
standard addition and multiplication:

(i)(Monotony of addition) Foralla,b,c € N, from a < b, it follows thata+c < b+c.

(i) Monotony of multiplication) Forall a,b,c € N, from a < b, it follows that ac < bc.
The Well Ordering principle statesthat: If X is a non-empty set, then there exists a well-order
on X. The main advantage of the well-ordering principle is that it enables us to extend the principle of
mathematical induction to any well-ordered set. This is known asthe principle of transfinite
induction.

2) On the power set B3(X) of a set X, the inclusion relation C is an order which is in general not a total order;
if X has at least two elements x, y, then neither {x} C {y} nor {y} C {x}.

3) The divisibility is a reflexive and transitive relation on Z which is neither symmetric nor anti-symmetric.
For example, 3 divides 6, but 6 is not a divisor of 3. Moreover, 3 and —3 divide each other. However, on IN
the divisibility is an order, but not a total order.

4) (Congruence modul d?] n) Let n € IN, n # 0 be a fixed natural number. For arbitrary a,b € Z,
we puta =, bmodn (andread a is congruent to b modulo n)ifndivides a— b (equivalently,
a and b have the same remainders (between 0 and n — 1) on division by n). Then =, is an equivalence relation
on Z. there are exactly n equivalence classes under =, so-calledthe residue classes modulo
n. the set of residue classes (quotient set under =) is denoted by Z,; the numbers 0,1,...,n — 1 form a
complete representative system for =,. In the case n = 2, the residue class 0 = [0] is the set of all even
integers and the residue class 1 = [1] is the set of odd integers.

(g) 1) Every complete order is reflexive and hence in the definition of total order one may drop reflexivity.

2) In the definition of well order one may drop completeness.

3) For arelation ~ on a set X, show that: (i) If ~ is symmetric and complete, then ~ be the whole order X x X.
(ii) If ~ is reflexive, symmetric and anti-symmetric, then ~ must be the equality order Ay := {(x,x) | x € X }.
4) The relation ~ on Z defined by a ~ b if a = b # 0 is not reflexive, but is symmetric and transitive. The
relation ~ on Z defined by a ~ b if |a — b| < 2 is not transitive, but is reflexive and symmetric.

5) The set Z with the usual order < is totally ordered but not well-ordered (since the subset of negative
integers has no smallest element). However, each of the following order (where by definition a < b if a is to
the left of b) is a well-order:

@ 0,1,—-1,2,-2,3,-3,...,n,—n,...; G 0,1,3,5,7,...,2,4,6,8,...,—1,-2,-3,—4,...;

(iii) 0,3,4,5,6,...,—1,-2,-3,—4,...,1,2.

T1.2 (a) (Division algorithm) Leta and b be integers with b = 0. Then there exist unique integers

q and r such that a = gb+r, with 0 <r < |b|. The integers ¢q and r are called the quotient and
remainder of aon division by b, respectively.

(b) (Euclidean algorithm) The existence and a rapid computation of the gcd(a,b) is proved by
the following Euclidean algorithm:

Put ry := a and ry := b and use the division algorithm repeatedly to write the equations:

ro=qir1+ra, 0<r<r;
r=qar»+r3, 0<r3<r;
Tk—1 = qQilk + Ty 1, 0<rigp1 <r

Tk = qk+17k+1-

This process terminates after finitely many steps, since r; > r; > -+ > ry > ri11. Then ged(a,b) = riyq.
Parallel to the Euclidean algorithm one can represent the remainder r; in the form r; = s;a + ;b with s;,¢; € Z.
In particular, rgy1 = Sgr1a+ tr1b With sgy 1,41 € Z. This can be done by recursively by defining:

S():l, th=0 s1=0 =1

Sitl = Si—1— ;S tiy1 =tio1 —qit;, i=1,.. .k

ZFirst time this relation is systematically studied by C. F. Gauss in his Disquisitiones arithmeticae (1801).
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Then: a=rp :S0a+t0b7 b= ri :Sld‘i‘tlb

Fipl = rio1 —qiti = Si-1a+ti_1b = —q;sia— qitib = si1a+1ti11b, i=1,...k

This proves Bezout’s lemma which is stated in Exercise 1.5. We illustrate this algorithm by the following
example: a := 36667 and b = 12247. Then:

36667 =2 x 12247 +12173;
12247 =1 x 12173 +74;
12173 =164 x 74437

74 =2 x37.

Therefore gcd(36667,12247) = 37. Further,

ilo 1 2 3 4
g 2 1 164 2
;|1 0 1 —1 165

10 1 =2 3 —494
Therefore 37 = gcd(36667,12247) = 165 x 36667 — 494 x 12247.

T1.3 (The unit group of a monoid) Let M be a (multiplicative) monoid. An element x € M
iscalled invertible if there exists X' € M such that x'x = e = xx’. In this case the inverse x’ is uniquely
determined by x and is denoted by x~! (in the additive notation by —x). Let M* denote the set of all invertible
elements of M.

1) eeM™.

2) Ifx,y € M*, then xy € M* and (xy)~! =y~ Ix~1.

3) M* is a group under the induced binary operation of M.

4) M is a group if and only if M = M*.

— The group M is called the group of invertible elements of M orthe unit group of M. For example, in
a field K with respect to multiplication the unit group is K* = K \ {0}. For the monoid (XX ,0) of the set of all maps of
a set X into itself, the unit group is (X*)* = &(X) the set of all permutations of X (proof?!).

T1.4 (Addition modulo n and multiplication modulo n) Letn &€ IN" be a non-zero
natural number. On the quotient set Z, := {[0],,[1]x,...,[n— 1],} of the congruence modulo n, the binary
operations +, addition modulo nand-, multiplication modulo n are defined by
[a]n +n [b]n = [a+ D], and [a], -n [b], := [a - D], respectively. With these binary operations (Z,, +,,-,) is a
commutative ring (with identity).

T1.5 (Power set of a set) Let X be any set and let J3(X) denote the power set of X, i. e. P(X) :=
{A | Ais asubset of X}.

1) The union Uand intersection N are associate and commutative binary operations on B (X).
What are the neutral elements for these binary operations? In the case X # 0, neither (3(X),U) nor (P(X),N)
is a group.

2) OnP(X)the symmetric difference A isabinary operation, in fact (B(X),A) is a group.
What is the inverse of ¥ € 33(X) in the group (P(X),A)?

3) (Indicator functions) ForA € P(X), letey : X — {0,1}, ea(x) =1 if x € A and e4(x) =0 if
x¢ZA,denotethe indicator function of A. ForA,B€‘B(X), prove that: esnp = esep, eaup=
eat+ep—eaep, eqp=-ea(l—ep). Inparticular,ex\p =1—e4 and eqpnp = ea +ep—2epep.

4) The map e : P(X) — {0,1}X defined by A + e, is bijective. (Remark : One can use this bijective map and
part (3) to prove (2). )

T1.6 There are natural examples of non-associative binary operations. For example, on the set IN of natural
numbers the exponentiation N x N — IN, (m,n) — m" is a non-associative binary operation on IN. The
difference Z x Z — Z., (m,n) — m —n and the division Q* x Q* — Q*, (x,y) — x/y are also non-associative
binary operations. More generally, if G is a group, then G x G — G, (a,b) — ab~! is a non-associative binary
operation if there is at least one element b € G with b # b~
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