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8. Matrices

Submit a solution of the *-Exercise ONLY
Due Date : Monday, 10-10-2011 (Before the Class)

Complete correct solution of the *x-Exercise (Exercise 8.8) carries 10 Bonus Points!

8.1 Let V be a vector space of dimension n over a field K and let f € EndgV. Then there exists a
basis of V such that the matrix 91;(f) of f with respect to v is of the form

al di2 aiz - aln—1 aln
ay dzp dzz - azn—1 ax
0 ap ay -+ azp-1  as
. . . . . )
0 0 0 - ap1pu-1 An-1n
0 0 0 - app Qnn
where the elements ayy, az, ..., a,,—1 below the main-diagonal are either 1 or 0. (Remark : A

matrix of this form, where the elements ay1,a3»,...,a,,—1 are arbitrary is called a Hess enbergﬂ—matrix .
The existence of such a matrix representation is much simpler than what the applied mathematicians will
make you think, when they are using Householder type reﬂectionsE] for the construction (which works over
C only), see aIS(ﬂ However, it is much simpler to construct a basis wy,...,w, of V (over arbitrary field
K), see the — Proof: To construct a basis wy,...,w, of V (over arbitrary field K), choose any w; # 0 in
V. If f(w1) € Kwy, say f(w1) = ajw;, then choose wy € V, wy ¢ Kwy, and take ay; := ay,a;; := 0 for
i=2,...,n. Iff(W1) ¢ Kwi, put wy := f(W]) and a;; :=0,ay; : =1, a1 = 0 fori=23,...,n. Then wi,w,
are linearly independent, and the first column of the matrix will have the required form. Now, assume that we

have chosen linearly independent vectors wy,...,w;, j < n, such that the first j — 1 columns of the matrix
have the right form. Then proceed as follows: If f(w;) € Kwi +---Kwj, say f(w;) = aijwi +---+a;wj,
choose a vector wi 1 €V, wjyy ¢ Kw + -+ Kwj, and put g;; :=a; fori=1,...,j and a;; := 0 for

i=j+1,....n Iff(Wj) & Kw +--Kwj, put wjyq 1= f(Wj) and a;;:=0fori=1,...j,a;41;:=1 and

'Hessenberg matrices were first investigated by Karl Hessenberg (1904-1959), a German engineer whose
dissertation investigated the computation of eigenvalues and eigenvectors of linear operators, see [Hessenberg, K.
Thesis. Darmstadt, Germany: Technische Hochschule, 1942.]

ZHouseholder transformation was introduced in 1958 by Alston Scott Householder (1904-1993) an
American mathematician who specialized in mathematical biology and numerical analysis.

3[Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and Vetterling, W. T. "Reduction of a General Matrix to Hessenberg
Form." § 11.5 in Numerical Recipes in FORTRAN: The Art of Scientific Computing, 2nd ed. Cambridge, England:
Cambridge University Press, pp. 476-480, 1992.]
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ajj=0fori=j+2,...,n. Thenwy,...,w;q are linearly independent, and the first j columns of the matrix
will have the required form. This method stops after having chosen w;,, because there are no requirements on
the last column of that matrix. o)

*

8.2 (a) (Binomial inversion formula) Letn € IN. From the equations

(1+1) i() j:(l—H—l)j:i(—l)j_i<i>(1+t)i, j=0,....n,

i=0

deduce that the matrices
(0 (o) © —© — 0@
() 0 () - 0

o 0 --- (") 0 o .- (”)

n

in M,,4(K) are inverses of each other.

(b) (Fourier-inversion formula) Letn € IN* and { be a primitive n-th root of unity, for
example, { :=exp(27i/n). Then the matrices

|
(8" )o<p,v<n and ;(C Y )o<p,v<n

are inverses of each other in M,,(C) . (Proof: We have to show that Z g Llg=vA =g, . For A = in-
ve0

_ _ —A\"
deed Z grvle—vi— lezl.Forﬁ,yé/,Lwehave Z C“V%C_M:ﬁ Z (C“"l)v:lw:
v=0 v=0 v=0

no1-gr-2
1—(C”)“ o ~ i
= = 0. — Remark: More generally, the same assertion holds for an arbitrary field
n(1=Cr4)  n(1-Lrt)

K.—Wesay thatanelement { € Kisa primitive n-th root of unity if { generates a subgroup
of order n in the multiplicative group K* of the field K, for example, { := exp(2xi/n) € C is a primitive root
of unity in the field C. Note that n # 0 in K. Otherwise K will have a prime characteristic p = Char K which
is a divisor of n,i.e. n = pm with m € Nand ({"—1)? =" —1={"—1=0and hence {" —1=0a
contradiction to the hypothesis that { is a primitive n-th root of unity.)

8.3 (Vandermonde—matrices@ Let A, ..., A, be pairwise distinct elements of the field K.
t_
Forj:O,...,n,letfj(t)—H ( )

=agj+aijt+---+ay;t" . Then the matrices

=3

LA - A ago aon
(llj) = and (a,'j) = .

1 A, - A,zl anp0 - A

in M,,; (K) are inverses of each other. (Hint : Both these matrices are the transition matrices from the
basis t := {1,7,...,1"} to the basis f := {fy, ..., f,} (check this!) of the space V = K140~} of K-valued

functions on the set {Ao, ..., A,} and the other way, respectively, i. e. D] (idy) = (a; ;) and Sﬁt(ldv) (l/ )

— Matrices of this type (QL/) are called Vandermonde’s matrices.)

“In linear algebra, a Vandermonde matrix, named after Alexandre-Théophile Vandermonde
(1735-1796), who was a French musician, mathematician and chemist who worked with Bézout and Lavoisier; his
name is now principally associated with determinant theory in mathematics. Vandermonde was a violinist, and became
engaged with mathematics only around 1770.
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8.4 (Cauchy-matricesEl) Let Ay,...,A, resp. Uy, ..., U, be pairwise distinct elements of the
field K such that A; +u; #Oforalli,j=1,...,n. Letg(¢) := (t+ 1) - (r + Un) and

o 8T (1 =) & ayj
0 = Oy 2~ &

Then the matrices

(partial fraction decompostion).

1 1
( | A1+ A1+ aip -+ dip
= : : and (a;;) =
A_i_ ) J
' ‘uj ; 1 apl -+ Qupn
)Ln"'.ul /ln—hu"

in M, (K) are inverses of each other. Compute the elements g;; explicitly. (Hint : For the
calculation of the coefficients a;;, we shall use the method of calculation of the coefficient of 1/(r 4 ;) in
the partial fraction decomposition of fj(r) and rewrite the result by using the substitutions of the polynomial
h(t) == (t+2A1) - (t+An):
sy Cmd) 1 gy (1 hw) 1 g(Ay)  h(w)

= = = .

T g esj(A=20) (it Ay) &/ (=) (1) TH (=2;)  (witAy) ' (—p) W (=A))
Now, by the choice of the a;j, the (k, j)-th coefficient of the matrix-product (1/(Ac+ 7)) (a;;) is

Y D S _g(kj) [Tizj(Ac—Ai)
i; At i =11 = 8(A) [irj (A — i)

:5kj7

since numerator and denominator of the fractions are equal for k= j and if kK j the product in the numerator

is zero. — Matrices of the type < > , with with distinct elements A;,...,4,, € K and distinct
1<i<m,

A’i + l’l“j 1<j<n
elements (g, ..., U, € K, are called Cauchy-matrices. The Hilbert-matrix is a special case of
the Cauchy matrix, where A; + i; = i+ j — 1. Every submatrix of a Cauchy matrix is itself a Cauchy matrix.)

“8.5 Compute the inverse of the matrix (called the Heisenberg-matrix[) of the form

1 a ap -+ a, c

o1 0 --- 0 b

o0 1 -+ 0 by

B = S € My (K).

0O 0 0 --- 1 by

o o0 o0 --- 0 1
(Hint: Let wo,...,w,,1 be a basis of the n+ 2-dimensional vector space V over K. Then vy :=wy, v; :=
wi+awg, j=1,....n and v, 1 := w1 +b,w, +---+bywy +cwy is also a basis (see Exercise 3.2) of V
over K. Further, the Heisenberg-matrix 8 = 9} is the transition matrix of the basis vy, ...,v,+| onto the

SNamed after Baron Augustin-Louis Cauchy (1789-1857) a French mathematician who was an
early pioneer of analysis. He started the project of formulating and proving the theorems of infinitesimal calculus in a
rigorous manner, rejecting the heuristic principle of the generality of algebra exploited by earlier authors. He defined
continuity in terms of infinitesimals and gave several important theorems in complex analysis and initiated the study
of permutation groups in abstract algebra. A profound mathematician, Cauchy exercised a great influence over his
contemporaries and successors. His writings cover the entire range of mathematics and mathematical physics.

%These matrices were first investigated by Werner Heisenberg (1901-1976) a a German theoretical
physicist who made foundational contributions to quantum mechanics and is best known for asserting the uncertainty
principle of quantum theory. Matrix mechanics is a formulation of quantum mechanics created by Werner Heisenberg,
Max Born, and Pascual Jordan in 1925. Matrix mechanics was the first complete and correct definition of quantum
mechanics. It extended the Bohr Model by interpreting the physical properties of particles as matrices that evolve in
time. It is equivalent to the Schrodinger wave formulation of quantum mechanics, and is the basis of Dirac’s bra-ket
notation for the wave function.
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basis wo,...,wn1. Therefore the inverse B! is the transition matrix of the basis wy,...,w,| onto the
basis vg,...,v,+1. Then the inverse Bl = My, is the transition matrix of the basis vp,...,v,+1 onto the
basis wo,...,Wny1. Since wo =vo, wj =v;—avg, j=1,....,n and wy1 = vpp1 — (bpvy —ayvo) — - —
by(vi —a1vo) —cvo = Va1 — byvy — -+ —byvi + (byay + - - - + bra; — ¢)vp, it follows that
1 —ay —dpy -+ —dp bnan+-"+b1a1 —C
1 o - 0 —b
4 . 0 O 1 - 0 —by
0 O o - 1 —b,
0 O o -+ 0 1

8.6 Let I, J be finite sets. Two matrices 2,21’ € My ;(K) have the same rank if and only if there
exist invertible matrices 6 € GL;(K) and € € GL;(K) such that 2" = B¢,

(Hint: Let f,g: K/ — K! be linear maps defined by f(r) := 2Ar and f'(r) := 2U't, ¥ is column-vector in K7,
and let 2A respectively 2l be the matrices with respect to the standard bases. Let Rank2( = Rank®2l’ = r, and
so Rank f = Rank f’ = r. By the proof of the Rank-Theoremthere exist a basis v1,...,v, of K/ and a basis
Vi, ...,V of K such that wy := f(v1),...,w, := f(v,) is a basis of Im f and w} := f(}),...,w. = f(V.) is
a basis of Im f’ and that v, ,...,v, and v, ,...,v) are bases of Ker f respectively Ker f". We also extend
Wi,...,wy and Wi, ..., W/ to bases wy,...,wy, respectively w}, ..., w!, of KI. Now, we define isomorphisms
h: K = K’ and g: K' =K' by h(v;) :=V,i=1,...,n, and g(w;) :=w/, i = 1,...,m. By construction, we
have g(f(vi)) = g(wi) =wi=f'(vi) = f'(h(vi)) fori=1,....rand g(f(vi)) = g(0) = 0= f'(vj) = f"(h(vi))
fori =r+1,...,n. Therefore, altogether gof = f’o h, where the matrices €' := 9¢(h) and B := M(g) are
invertible. It follows that BA = M (g) ME(f) = ME(gof) = ME(f oh) = ME(f') M (h) = 2A'¢’ and hence
A = BAC mit € := (¢/) L.

For the converse the isomorphisms g and /4 defined above by 9B respectively ¢!, naturally Rank2 =
DimIm f = DimImgo f = DimIm f' o A = DimIm f’ = Rank2l’. - Remark: In this case we say that 2 and
A" are (rank)-equivalent. The corresponding equivalence classes are precisely the set of all matrices of
same rank. Therefore the rank is the only invariant of such equivalence classes. See also Test-Exercise T8.6.)

8.7 Let m,n € IN*, s :=Min{m,n}. Forevery r with 0 <r <s,let {{, ;=)' | €; € M, ,(K). If
2A € M,,,(K), then A (rank)-equivalent to §(,, where r := Rank®2. The matrices $l,...,4l; form
a full representative system in M, ,(K) with respect to the relation of equivalence of matrices given
in the Exercise 8.6 above. (Remark : Multiplying by elementary matrices ‘B;;(a), i < j from right and
Bjj(a), i > j from left, we can even find an invertible upper triangular matrix 2, and an invertible lower
triangular matrix 2; such that from the matrix 2;22(, one can obtain 4(, by multiplying columns and rows
by suitable scalars and permuting them.)

*8.8 Let K be an arbitrary field and let a := (ay,...,a,) € K", n€ NT. Let U C K" be a K-
subspace of the K-vector space K" generated by the n! vectors a5 := (acm, . ,aa(n)) ,0€ G,
obtained by permuting the coordinates of (ay,...,a,). Compute the dimension DimgU of U.
(Hint : Let 2 := (aq(;)) ocsy. € M,1x»(K) and let 'f : K" — K™ be the K-linear map defined by 'f(¢;) :=

¢ = Yoes, Ag(i)€o, | = 1,...,m, where eq,...,e, € K" and eg € K™ = K&, 6 € &, are the standard bases of
K" and K™, respectively and ¢; denote the i-th column of 2/. Then Dim U = Rank2l = Rank'Q( = Rankf.
Now compute the kernel Ker'f and use the Rank-Theorem to compute Rank'f.)

0, ifaqg=---=a,=0,
1 if aj=---= 0

Ans: DimxU =< ' 1 i an -0,
n—1, if ay#ax and Y} ,a;=0,
n, if aj#ay and Y} a; #0,

On the other side one can see auxiliary results and (simple) Test-Exercises.
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Aucxiliary Results/Test-Exercises

To understand and appreciate the Test-Exercises which are marked with the symbol { one may pos-
sibly require more mathematical maturity than one has! These are steps towards applications to var-

ious other branches of mathematics, especially to analysis, number theory and Affine and Projective
Geometry.

T8.1 Matrix multiplicatio Iﬂ) The following (classical) example may help you to understand
why multiplication of matrices is defined the way it is. One can also see the (boring) numerical exampleﬂ
Let

ayixy +apxy + -+ apx, = by

aixy +anxy + -+ ayx, = by

A1 X1 + A X2 + -+ An Xy = by,

be a system of m linear equations in n unknowns xy,...,x, over a field K. If we make the linear (ho -
mogeneous) change of variables, (i. e. substitute the following expressions for xy,...,x,)

x1 =buyr+biayr+---+biye
X2 =bo1y1 +bypyr+ -+ byys

Xp = bmlyl +bm2y2 4 +bn€yﬂ

"Matrix multiplication is very different from matrix addition and subtraction. we do not multiply corresponding
entries; in particular, (2 3)-(4 5)# (2:-4=8 3-5=15)! Indeed, we know that these matrices are not even
“compatible” for matrix multiplication. At first glance, the definition of matrix multiplication may seem strange and
complicated. However, it is defined in a way that makes it perfect for working with systems of equations.

8The students in a large high school (grades 9 through 12) get there in a variety of ways: by bike, by bus, and by car.
The percentage of students using different modes of transportation is summarized on the left below. The total number
of male and female students in each grade is summarized in the table on the top right.

Gender Male Female
ol 110 105
10M 100 95
11M 95 90
120 85 80
Modes of o 10® | 1™ | 12t
Transportation
Bike 25% | 20% | 15% | 10% 0.25 x 110--0.20 x 100 g.fjx;gszﬂiozgi o
40.15%95+0.10x85 =70 | TOxFH0A0xs0=
Bus 55% | 65% | 55% | 40% 0.55 x 1104-0.65 x 100 0.55 x 1054 0.65 x 95
+0.55%x95+0.40%x85 =212 | +0.55%x90+0.40 x 80 = 201
Car 20% | 15% | 30% | 50% 0.20 x 1104-0.15 x 100 0.20 x 10540.15 x 95
+0.15%x95+0.30 x 85 = 108 +0.15%x90+0.30 x 80 = 102

Now strip away the labels, record the percentages as decimals, and suppress the computations. Put the “Modes" matrix
in blue and the “Gender" matrix in purple. The product of these two matrices is shown in white and is displayed in the
most conventional way as:

0.25 0.20 0.15 0.10 1(1)8 19055 70 67
0.55 0.65 0.55 0.40 |- 95 90 | = 212 201
0.20 0.15 0.30 0.50 35 30 108 102
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in the above system of linear equations, then we obtain the following new system of m linear equations in ¢
unknowns yp,...,ye:
cyr+eny2+-+cuye=b

c1y1+cenyr+ -t ewyi=by

CmiY1+Cmay2 + -+ -+ Cmnye = b

where the matrix of coefficients € = (¢;,) 1<in € M, ¢(K) is obtained by multiplying the m x n-matrix
of coefficients A = (a;;) . € M, ,(K) with the n x (-matrix of coefficients of the change of variables
B = (b)) 1sjzn € M, (K),i.e. €=2-B, or equivalently,

b1y

cir = (ajty...,aim)- | + | =

bu) 77!
T8.2 For the following K- linear maps find the matrix 9 (f) e My v(IK) of f with respect to the basis
v:={t'|i € IN} of the polynomial algebra IK[t].
1) f:K[t] - K[t], x(¢) — %(¢) (the derivative of x(r) with respect to 7).
2) f:K[t] = K[t], x(¢) — y(¢) -x(t), where y(t) :=ag+ - - -+ a,t" is a fixed polynomial in K[t].

3) K[ = K[, x(t) = x(r+1).

aijbjr = ainbjr+ -+ ainbn -

n

T8.3 Let A€ M;,;(K)and i €1, j € J. Compute ¢;2 and 2le;, where e; € K is the standard row-vector
in K and e; € K) is the standard column-vector in K).

T8.4 Compute the matrix product
ai
(byy...,by),
am
where ay,...,ay,b1,...,b, are elements in a field.

T8.5 Let /,J be finite sets. For a matrix 2 € M;;(K), compute the products &;;2 respectively, A&,
where &;; € M;(K) and €&, € M;(K) are the elements in the standard basis of My ;(K).

T8.6 Let f:V — W be a K-linear map from the n-dimensional vector space into the m-dimensional vector
space W. There exist bases v = {vy,...,v,} of V and tv = {wy,...,w,,} of W such that the matrix m, (f)
of f with respect to v and tv is a matrix of the form

1 --- 00 --- 0
0O --- 10 --- 0
eEM,, (K
0O --- 00 0 man(K)
0O --- 00 --- 0
The number of 1’s in this matrix is the rank of f and hence is uniquely determined. (Hint : As in the proof
of Rank-Theorem show that there exists a basis uy,...,u,,v,...,vs of V such that uj,...,u, is a basis of Ker f and
wi = f(v1),...,ws 1= f(v,) is a basis of Im f. Put vy, j :=u; for j=1,...,r and a basis v := (vi,...,v,), n:=r+sof

V. Moreover, extend wi, ..., w; to a basis to := (wy,...,w,,) of W. Then f(v;) =w; for j=1,...,rand f(v;) := 0 for
j=r+1,...,n,i e MY (f) has the required form. — On the other hand if 9}, () has the given form with respect to
some bases v of V and to of W, then the image Im f has the basis wy,...,w,, where s is the number of 1’s and hence
Rank f = Dim Im f = s.)

T8.7 Let V be a finite dimensional K-vector space and let g € Endg(V) with Rank(g) = 1. Show that
there exist y € V and e € V* such that g(x) = e(x) -y for every x € V. Further, show that
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(a) The elements y, e are unique up to scalar multiples in K* and the element e(y) € K is unique and we
will denote it by A = A(g). Further, show that A(g) = 0 if and only if g> = 0.

(b) There exists a basis v = {vy,...,v,} of V such that the matrix 21} (g) of g with respect to v is of the

form A0 - 0 0 0 0
00 - 0 10 0

0 0 o o |0 0 0

0 0 00 - 0

accordingas A #0 or A =0.

T8.8 (Pseudo-reflections and reflections) LetV be a finite dimensional K-vector space. An
automorphism f € Autg(V) is called a pseudo-reflection of V if Rank(f —idy) = 1. A pseudo-
reflection f of V is called a dilatation (respectively transvection or shearing)if A(f—idy) #0
(respectively A(f —idy) = 0), see Test-Exercise T8.7.

(a) For f € Autg(V), show that the following conditions are equivalent :

(i) f is a pseudo-reflection of V. (ii) The set Fix(f) := {x € V| f(x) = x} of fixed points of f is a
hyperplane in V.

(iii) There exist a vector y € V, y # 0 and a linear form e € V*, e # 0 on V such that f(x) =x+e(x)-y
forevery x e V.

Moreover, if these equivalent conditions are satisfied then f is a dilatation (respectively transvection)
according as e(y) # 0 (respectively e(y) =0).

(b) Show that the inverse of a dilatation (respectively transvection) is a dilatation (respectively transvection).
(Hint : If f € Autg(V) is a pseudo-reflection then write f~! in the form idy +/.)

(c) Show that every f € Autg(V) is a product of transvections and at most one dilatation. (Hint : Prove by
induction on m := Rank (f —idy). If m > 2 and z ¢ U := Ker(f —idy), then show that there exists f; € Autg(V)
which is a transvection or a product of two transvections such that f)(z) = f(z) and fi(x) =x for every x € U. Now
consider f;” Lf)

(d) A pseudo-reflection f € Autg(V) of Viscalled a reflection of V if f2 =1idy . If CharK =2, then
f € Autg (V) is a reflection of V if and only if f is a transvection of V. Suppose that CharK # 2. For
f € Autg(V), show that the following conditions are equivalent :

(i) f is areflection of V.

(ii) There exist a vector y € V,y # 0 and a linear form e € V* e # 0 on V such that e(y) = —2 and
f(x)=x+e(x)-yforevery x€V.

(iii) There exists a basis v = {vy,...,v,} of V such that the matrix 9%} (f) of f with respect to v is of the

form 10 --- 0
01 --- 0
00 --- 1

In particular, if f is a reflection then it is a dilatation.

T8.9 LetV be n-dimensional K-vector space and let f € Endg (V). Show that (in all matrices given below,
entries at the non-marked places are 0)

(a) fisaprojection,i.e. f2>= f if and only if there exists a basis v = {v{,...,v,} of V such that the matrix
My (f) of f with respect to v is of the form
1
1
0 €M, (K).
0
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(Hint : By Test-Exercise T7.21 f is a projection if and only if there exists a basis ¥ = (xi,...,x,) of V such that
f(xi)=xi,i=1,...,r,and f(x;) =0,i=r~+1,...,n, or equivalently, the matrix 90 (f) has the required form.)

(b) Suppose that CharK # 2. Then f is an involution, i.e. f? = idy if and only if there exists a basis
v ={vi,...,vs} of V such that the matrix 9] (f) of f with respect to v is of the form

1

eEM,(K).

-1

(Hint : Note that f is an involution of V if and only if g := %(idv — f) is a projection, since g> = %(idv— f)?=
1(idy —2f+ %) = L(2idy — 2f) + 3(f>—idy) = g+ J(f>—idy), we have g* = g if and only if 2 =idy. By

the above part (a) g is a projection if and only if there exists a basis ¥ = (xq,...,x,) of V such that g(x;) = x;,
i=1,...,r,and g(x;) =0,i =r+1,...,n, and hence (since f =id —2g) f(x;)) =x;—2x; = —x;, i=1,...,r, and
f(x;)=xi—0=x;,i=r+1,...,n, or equivalently, the matrix of f with respect to the basis x,, . ..,x; has the required
form.)
(c) Show that f is a transvection (see Test-Exercise T8.8) if and only if there exists a basis v = {vy,...,v,}
of V such that the matrix 2t} (f) of f with respect to v is of the form

1 0

1 1

1 eM, (K).
1

(Hint : By definition f is a transvection if the fixed-point space of f is the hyperplane Fix(f) :=H := {xeV | f(x) =x}
and if for one (and hence for every) xe€ V \ H the direction of the reflection f(x)—x belongs to H. In this case choose
av) €V — H and extend v; := f(x)—x # 0 by adding v3...,v, to a basis vp,...,v, of H. Then v = (v1,...,v,) is a
basis of V, and we have f(vi)=vi+ (f(vi)—vi) =vi+wv and f(v;) =v; for j=2,...,n. M (f) has the required
form. Conversely, if f has such a matrix representation with respect to a basis vi,...,v,, then (f(v;) = v; for all
j=2,...,n,and f(vi) =v; +vy, and hence H := {x€V | f(x) =x} (n—1)-dimensional and for x := v, ¢ H we have
f(x)=x=v, € H,i.e. fis atransvection.)

(d) Show that f is a dilatation (see Test-Exercise T8.8) if and only if there exists a basis v = {vy,...,v,} of
V such that the matrix 2t} (f) of f with respect to v is of the form

A
€M, (K)

1

where A € K,A #0,1. (Hint : By definition an automorphism f is a dilatation, if the fixed-point space of f is
the hyperplane Fix(f) := H := {x€V | f(x) =x} is a hyperplane in V and if for one (and hence for every) xe V\ H
the direction of the reflection f(x)—x does not lie in H. In this case we put v; := f(x)—x and extend v to a basis
vi,v2,...,vy of H. Then f1 H =idy, and f(x) = Ax+h with h€ H, and so A # 0, since otherwise Imf C H a
contradiction to the bijectivity of f, and further A # 1, since otherwise f(x)—x € H. Moreover, f(v) = f(f(x)—x) =
FAx+h)—f(x)=Af(x)+h—(Ax+h) = A(f(x)—x) = Av; and f(v;) =v; for i=2,...,n. Therefore MY (f) has a
required form. The converse is trivial.)

T8.10 Let V be an n-dimensional K-vector space and let f:V — V be a linear operator. Then the matrices
My (f) and Dﬁg:( f) of f with respect to bases v and v’ of V, respectively, are equal if and only if f is a
homothecy aidy, a € K.

T8.11 From the above Test-Exercise T8.8 deduce that : for a finite dimensional K-vector space V:
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(a) The center Z(EndgV) of the K-algebra EndkV , i.e. the subalgebra of f € EndxV which commute with
all elements of EndgV is equal to the subalgebra {aidy | a € K} of homothecies of V.

(b) The center Z(AutgV) of the automorphism group AutgV of V is the subgroup {aidy |a € K*} of
homothecies of V.

(c) What is the center of the matrix algebra M;(K) resp. the group GL;(K)? where [ is a finite set.
T8.12 Let V be K-vector space of dimensions n, v = {uy,...,u,wi,...,ws} be a K-basis of V , U :=
Kuy+---+Ku,, W :=Kw; +---Kw; and let f € Endg(V). Then

(a) The subspace U of V is invariant under f,i.e. f(U) CU if and only if the matrix 9t (f) of f with
respect to v is of the form

a - air €11 ot Cis

arl c Qpr Crl ccc Gy
eM, (K).
0 -+ 0 by -+ by )

o --- 0 bsl bss

In this case
ap - ap by -+ by
€M,(K) and ot EM(K)

a1 - Ay bsl bss

is the matrix of f|U with respect to the basis u = {u...,u,} of U resp. the matrix of the K-linear map
f:V /U —V/U induced by f with respect to the (residue class-)basis o =
overlinewy,..., w5} of V.=V /U.

(b) Both the subspaces U and W of V are invariant under f,i.e. f(U) CU and f(W) C W if and only if
cij=0forall 1 <i<r,1<j<s inthe matrix 9 (f) of the part a).

T8.13 The matrix I (f) of the part a) is usually written as the block matrix <%l ;) , where 2 €
M, (K),B € Ms(K),€ € M,(K). Show that such a block matrix is invertible if and only if 2 and B are

invertible. Further, show that
A e\ /At —g-len!
0 B L0 B! '

) € M(K) is invertible if and only if ad —bc # 0. Its inverse is then

1 d —c
ad—bc \-b a )’

T8.15 Find the matrix of the linear map f:R? — R* defined by

c

a
T8.14 Th tri
e matrix (b J

flay,a2) := (3a; +3ay, 2a; —ay, —5a; + 3ay , 4a; — 3az)

with respect to the standard bases of R? respectively R*; also find it with respect to the bases (1,1), (1,2)
of R? respectively (1,0,0,1), (0,1,1,0), (0,0,1,1), (0,0,1,0) of R*.

T8.16 Suppose that the endomorphism f of Q? have the matrix

011
1 01
1 10

with respect to the standard basis ey, e>, e3 of Q3. Show that the vectors e; — ey —e3, 2e3 —e3, €] +ep form
a basis of Q. Moreover, find the matrix of f with respect to this basis of Q°.
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T8.17 Let/ be a finite set. The map f: GL;(K) — GL;(K) defined by 2~ 'A~!, (which maps every matrix
to its contra-gredient matrix) is an automorphism of the group GL;(K). Moreover, its inverse is itself. (Hint :
FAB) ="AB) I =1(BI1A) =qAB 7 = f(A) £(B). Further, f£(f(A)) ="("A"") "= A")"' =Aand
hence f* =id.)

T8.18 In M, (K), for all a € K* and all m € Z, prove that

a 1 0 o\" am (’1") ant ... (n’ilz) g"nnt2 (nrjl)am—nﬂ
0 a 00 0 am ... (nlfs)am—nﬁ (nTZ) gmn+2
0 0 a 1 0 0 e am (r;z) am,1
00 0 a 0 0 .. 0 a"

(Hint : We denote by ©,,1 1= (8iy1,j)1<ij<n = (8i,j—1)1<i,j<n € My(K) the (nxn)-matrix, in which the first next-
diagonal above the main-diagonal has 1 everywhere and all other coefficients are 0. More generally, we put D, ; :=
(8ik,j)1<i,j<n € My(K) the (nxn)-matrix, in which k-th next-diagonal above the main-diagonal has 1 everywhere and
all other coefficients are 0 everywhere. Then ©, o = €, the identity matrix, and for k € IN, we have (CD,,J)" =Dk
From this the inductive -step from k to k+1 follows, since the element in the i-th row and the ¢-th column of
D1 ) = (D,1)F D1 =D, D1 is equal to )n:l Oitk,j 0j.0—1 = Oppkt—1 = Oirk+1,¢, Which is also the corresponding
element of ®,, ;1. In particular, it follows tha]t @Z,l = 9,, =0. Now, the m-th power of the matrix a&,+9,

n n

is: (a€,+9,1)" = Z (’Z) amfk(én)mfk (CDml)k = Z (7{1) a'"ikCDn’k. This is precisely the given matrix on the
k=1 k=1

right-hand side.)
T8.19 In M, (K) withn— 1 € K*, prove that

—_
—
(e}
. =
[\
|
S
—

10 - 11 I 2-n
0 1

(Hint : It is enough to show that the product (1—8,—i11,;) is the identity matrix. This

1
1<i,j<n (ﬂ - 6/»"*({+1>1§j,é§n
follows from the fact that in the i-th row and /-th column of the product of these matrices is the following element:

n 1 n 1 1 &
(1_5117i+1,j) (m - 5j,n7[+1) = Z n—1_ n—1 Z 3n7i+1,j -
=1 1 j=1

Jj=

=L 1468 =6)

n n
Ojn—t+1+ Y On—it1,jOjn—r+1
=1 =1

Jj=

J

J

T8.20 Let v = (v;)ics and v’ = (v;)ies be bases of the finite dimensional K-vector space V and let v* resp.
v'" be the corresponding dual bases of V*. If 2 = 9?,(idy) is the transition matrix from the basis v to the
basis v’, then show that the contra-gradient matrix ‘! is the transition matrix 902, (idy-) from the basis
p* to the basis v'".

"T8.21 (Classical space-time-world) Perhaps the greatest obstacle to understand the theories of
special and general relativity |E| arises from the difficulty in realising that a number of previously held basic
assumptions about the nature of space and time are wrong. We therefore spell-out some key assumptions

9The general theory of relativity is one of the greatest intellectual achievements of all time. Its originality and
unorthodox approach exceed that of special relativity. And for so more than special relativity, it was almost completely
the work of a single man, Albert Einstein (1879-1955). The philosophic impact of relativity theory on the
thinking of man has been profound and the vistas of science opened by it are literally endless.
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about space and time. We can consider space and time (= Space—timerﬂ) to be a continuum composed of
events, where each event can be thought as a point of space at an instant of time.

Up to now we have only considered the universe S over the vector space Vg of translations, and time was
ignored. Classically, time is a real affine line 7. The corresponding vector space is denoted by Vr; for
the measurement of time, we choose a basis 7 of Vr, pointing into the “future”, i.e. for given moments ¢,
and 1, in T, we say that “¢; comes before #,” if the vector #1#, has a representation at with a positive real
number a (arrow in the direction of time) . The motion of a free particle on a line in the universe
gives an isomorphism of this line onto 7. The most naive description of the space-time-world as a whole is
done through the four-dimensional product space S x T which is, in a natural way, an affine space over the
R-vector space Vs x V. Both the projections of S x T onto S and T are affine maps. They associate to every
world-point in § x T its position resp. its time. The fibres of these projections are the points with the
same position resp. time.

It has been known from early times — at least from the time of Aristotle — that it does not make sense to talk
about two events taking place at different times at the same place. Description of position is only possible
relative to a frame of reference; one cannot distinguish any one of these frames of reference as a fixed frame
of reference. On the other hand, in the area of classical physics one has the concept of simultaneousness:
Two distinct world-points are not simultaneous if and only if (at least in the mental experiment) the
same mass-point can occupy both these world-points.

Therefore one describes the classical space-time-world as a four dimensional real affine space E with an
affine (non-constant) map z: E — T from E onto the time 7. For an event P € E, we call z(P) the time
at which the event P takes place. The fibres of the affine map z define the space-directions. Our universe,
which we have handled so far, was always such a fibre. All these fibres are parallel to the three-dimensional
subspace Vs of the vector space Vi corresponding to E.

Two world-points P and Q in E differ from each other by the vector @ P and Q are simultaneous if
and only if PQ € Vs. Therefore the vectors in Vs are called space-like vectors. Every vector in Vg,
which is not a space-like vector, is called time-like. The world-points representing the motion of a free
particle m; (which is not subject to any outer forces), form an affine line gy = Rv; + P in E, the so called
world-line of these mass-points. It is parallel to the line Rv; in Vg generated by some time-like vector vy
(Galilean law of inertia). Then the line g; representing the time and the affine subspace Vs + P,
give a decomposition of £ into space and time (as above) . After normalising the vector v; by the condition
20(v1) = T, where zg is the linear part of z, this vector vy is called the absolute or four-velocity of the
mass-point under consideration.

If m, is another mass-point with the absolute velocity vo» (moving freely without being subject to outer
forces) , then v, —v| € Vy is a space-like vector. It is called the relative velocity of my, with
respect to my.

82

>T
8 Ni=z@y=z) =B =2(B)

The simultanousness

as defined above requires arbitrary large relative velocities. Since observations suggest that arbitrary large
velocities cannot occur, one tries to abandon the notion of simultanousness. A first step in this direction is the
special theory of relativity.

As automorphisms of the classical space-time-world E described above we shall consider the affinities f of E,

"Hermann Minkowski (1864-1909) referred to space-time as the world, hence events are world-
points and a collection of events giving history of a particle isa world-line. Physical laws on the interaction of
particles can be thought of as the geometric relation between the world-lines. In this sense Minkowski maty be said to
have geometrized physics.
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which are compatible with the time map z: £ — T. By this we mean that there exists an affinity fr:T — T
(which is necessarily uniquely determined) such that zo f = froz:

f
E E
zl lz
fr
T T

These automorphisms f of E form a subgroup G of the affine group A(E) of E. This subgroup G is called
the affine Galilean group. An affinity f in A(E) belongs to G if and only if its linear part maps the
vector space Vg of the space-like vectors into itself. By Gy we denote the subgroup of automorphisms 4 of
Vg with h(Vs) C V. Then the map G — Gy defined by f +— fj is a surjective group homomorphism, and its
kernel is the group T(E) of all translations of E. In particular, G/T(E) = Gy .

Sometimes the subgroup of all f € G such that the time-part fr is the identity, is also called the affine Galilean
group.

T8.22 With the notations and concepts as in the above Test-Exercise T8.21, let v| a time-like vector and
let v2,v3,v4 be a basis of the space Vg the space-like vectors. Then show that the affinity f of the space-
time-world E belongs to the affine Galilei-group G if and only if its linear part f with respect to the basis
Vi,...,v4 of Vg is a block-matrix of the form

(ccZ ‘%>> a€R*, B €GCLs(R), c€ R’ =Mz(R),

Further, it preserves the time-orientation if and only if a > 0.

T8.23 LetA,B € GL,(R) be inverses of each other with all coefficients are > 0. Then show that every row
and every column of 2( and *B has only one non-zero coefficient. (Remark : Geometrically the hypothesis mean:
A and ! maps the cone R, C R” into itself.)

T8.24 (a) Compute the rank of the following matrices over Q:

1 1 1 1 2 2 -1 1 3 1 -2 -3
-2 -1 0 2 4 6 —4 1 4 3 -1 -4
0o -1 =2’ 510 10 =5 2 3 -4 -7 3
3 4 5 3 6 6 3 38 1 -7 =8

(b) Let K be an arbitrary field. Compute the rank of the 4 x 4 matrix (magic-square) given in the Exercise 6.6
depending on the characteristic Char K of K. Further, compute the rank of the following n x n-matrix:

1 2 ... n
n+1 n+2 .. 2n
(mn—Dn+1 (n—Dn+2 ... n?

T8.25 Compute the rank of the matrices 2, B, 2AB, B2 over Q for

2 0 -5 0 1 6 2 2 b

0 3 -2 1 2

-1 2 2 2 2 0 i 1 4 1 o
A=| 4 2 2 1 1 0], B:=

3 -1 4 3

2 0 4 -2 5 3 s I

0 3 6 -2 5 4 0 1 1 o

T8.26 Prove the assertion on the ranks of matrices corresponding to the assertions on the ranks of linear maps
given in Test-Exercises T6.16 and T6.17: For matrices 2 € M,,»,(K), B € M,,.¢(K) and € € My, ,(K),
show that
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(@) (Sylvester’s inequality) Rank2+Rank®B —n < Rank2B < min{Rank®2(,RankB}.
(b) (Frobenius inequality) Rank2B + Rank®B¢ < Rank®B 4+ RankB¢.

T8.27 Determine which of the following matrices are invertible over () and in the appropriate cases compute
the inverse matrix:

1 -1 112 13 2
1 o 1], 12 1], 2 2 2],
11 111 31 2

1 2 3 4 52 3 -4 2 5 -3 -2

0123 8 35 7 2 -3 2 -5

0012 |[724 6| 1 3 2 2

000 1 6 23 5 1 6 —4 -3

T8.28 Determine which of the following matrices are invertible over C and in the appropriate cases compute
the inverse matrix:

1 0 1+1 2 0 1 1 1 —1
0 1 1 , 1 -3 —i], 2i—1 2+1 i
1—1 —i 1 i 1 1 1 141 0

T8.29 Let I, J be finite sets and let 2 € M; ;(K).
(a) For every sub-matrix §{ of 2, Rank §{ < Rank%l.

(b) The rank of 2 is the maximum of the ranks of the invertible square sub-matrices of 2. In partic-
ular, if 2 = (a;;), r := Rank®, then there is an injective maps o, 7 from [1,r] into I resp. J such that
(as(iye(j))1<i<ri1<j<r is invertible.
(¢) Let K be a subfield of the field L. Then show that Rankx 2l = Rank; (. (Hint : see Test-Exercise T7.36 (a))
Further, show that 2 is invertible over K if and only if 2 is invertible over L. (Remark : Naturally, then the
inverses over K and over L are same.)

T8.30 Prove the Theorem 8.B.3 by using the Test-Exercise T8.6 : Let I and J be finite sets and let
A = (a;j) € My (K) be an I x J-matrix. Then Rank2 = Rank ', i. e. the column-rank of U is equal to
the row-rank of 2. Proof: Let f: K/ — K! be the linear map defined by f(r) = Az. Then 2l is the matrix of f
with respect to the standard bases of K’ respectively K’. By Test-Exercise T8.6 there exist bases v of K’ and tv of
K! such that the matrix D with respect to these bases have all zero coefficients except 1’s on the first r places on the
main-diagonal, where r = Rank f = Rank 2. If B respectively € are the corresponding transition matrices (with v
as columns of 28 and tv as columns of €), then ® = ¢ 1B by 8.A.14 and it follows from 8.A.18 and 8.A.19 that
D =19 ="B"A'¢"!, i.e. D and ' describes the same linear map K’ — K”, (only with respect to different bases).
Once again it follows from the Test-Exercise T8.6 that r= Rank’%l.

T8.31 Let 2 € M, ,(K). Show that Rank2( < r if and only if there exist an m X r-matrix 8 and an r x n-
matrix € over K such that 2{ = ‘B€. Further, show that the following statements are equivalent:

(1) Rank®l = r, 1. e. A =B is a rank-factorisation of (. (ii) Rank®3 = Rank € = r. (ii1) Columns of 5B
form a basis of the column-space of 2. (iv) Rows of € form a basis of the row-space of 2.

Formulate the case r = 1 explicitly.

(Remark: For a matrix 20 € M,,, ,(K) of rank r > 1, (8, ¢) issaidtobea rank-factorisation of 2Aif A=B¢
and B € M,, (K) and € € M,.,(K). This exercise show that every non-zero matrix has a rank-factorisation. But it is
not unique in general, for instance if (B, €) is a rank-factorisation of 2, then for every & € GL,(K), (B&,61¢) is
also a rank-factorisation of 2. However, if (28, ¢) and (B, ¢') are rank-factorisations of 2, then € = ¢’ and similarly, if
(°B,€) and (', €) are rank-factorisations of 2, then B = B'.)

T8.32 Let ay,...,a, € K" be column-vectors. Show that the n x n-matrices a;'a; € M,(K), 1 <i,j <n,
form a K-basis of M,,(K), if and only if ay,...,a,, is a K-basis of K".
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"T8.33 Let P; = (aij,.-,amj), j=1,...,n, be points in the affine space A" (K) = K™. The dimension of
the affine subspace of A™ (K) generated by the points Py, ..., P, is 1 less than the rank of the matrix

ayl dri2 - dip
S Mm+1,n (K) .

aml Adm2 °  Amn

T8.34 Suppose that the solution spaces of the system of linear equations 2t = b and 't = b’ with
2 € My, ,(K), A" € My ,(K) and column-vectors b € K™, b’ € K™, m,m',n € IN, are non-empty affine

A
spaces of K. Show that these subspaces are parallel if and only if the block-matrix ( Ql’) €My p (K) is
of rank Max (Rank2(, Rank 2").

T8.35 Letr € IN*, s € N and let B € M(K). Show that for every matrix 20 € M, ,(K) and every column-
vector ¢ € K" there exists a column-vector §) € K*® with At +5 19 = 0, if and only if ®8 is invertible. Moreover,
in this case, one can choose H = —B 1.

T8.36 Let r,s € N with 1 <r,s<m and r # s. For all a,b in the field K, show that B,s(a + b) =
B,s(a)B,s(b) in M,,(K), i.e. the map (K,+) — GL,,(K), a — B,(a) is an (injective) homomorphism of
the additive group of K in the group GL,,(K) of the invertible matrices. (Hint : (&, +a@,)(&, +b&,) =
E,+bC+aC,+abl Cg = €, + (a+ D)€y, since € Epg = 6,5E,,=0.)

T8.37 Let 1 < j<m and let aj,1,...,a, € K. Show that the elementary matrices B, j(ajt1),...,
Bn,j(am) € M;y(K) are pairwise commutative and their product B,y j(ajr1)--- By j(am) is the nor-
malized upper triangular matrix B ;(aj;1,...,a,) which is obtained from the identity matrix by replac-
ing j-th column by adding the elements a;1,...,a, under the main-diagonal, i.e. B;(aji1,...,am) =
¢, +ZZ’:_1j aj1k€jk, j. The map (aji1,...,am) — Bj(ajs1,...,a,) is a homomorphism of from the
additive group K™/ into the group GL,,(K). In particular, B;(aji1,...,am) "' =B ;(—aji1,...,—am).
(Remark : In the concrete situation it is practical for the row-operations to pre-multiply by the matrices of the type
Bj(ajs1,...,an). Similarly for column-operations.)

T8.38 The normalised lower (respectively, upper) triangular matrices

LT,(K) := {(a;j) € My(K) | a;;j =0forall i < jand q; = 1 forall i = 1,...,n} (respectively, UT,(K) :=
{(aij) e My(K) | ajj=0foralli > jand a;; = 1 foralli=1,...,n} in M,(K) form a subgroup of GL,(K).
T8.39 The center of the group GL,(K) is the subgroup K* €&, = {a€, | a € K*}, where &, is the unit
matrix. (Hint : Use AB,;(1)—B,5(1)A=AE,— &, A for 1 <r,s <n with r # 5. See also Test-Exercise T8.11-(c).)

T8.40 Let r,s,i be pairwise distinct indices in {1,...,n} and let a € K. Then in GL,(K) show that
Brs Bis (a) = %ir(a) PBrss Prs %rs(a) = %sr(a) Brs -
T8.41 Let A € My, ,(K) be a m x n-matrix of rank m.

(a) Show that there exists elementary matrices €,...,¢, € M,(K) and a diagonal matrix ® = Diag(d, 1,...,1) €
M, »(K) such that A< ---¢, =9.

(b) Show that there exists a normalised lower triangular matrix € € M,,(K), a normalised upper triangular
matrix 98’ € M,,,(K), a diagonal matrix ® = Diag(di,...,dn) € GL,,(K) and a permutation matrix P, €
M, (K) such that AP, = £D9R'. (Hint : Analogous to 8.C.8 respectively, 8.C.9.)

T8.42 Let A= (a;;) € GL,(K). For k=1,...,n,let
ai - Ak
Qlkiz

gl v Akk

Show that there exist a lower triangular matrix ¢ and an upper triangular matrix 9% in GL,(K) such that
A = 29 if and only if A, € GLi(K) for k=1,...,n. (Remark : Therefore we have a criterion : In the case of
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invertible matrices in Theorem 8.C.9 and Test-Exercise T8.41-(b), when exactly we do not need the permutation matrix.
In particular, in the case of a positive or negative definite real-symmetric or complex-hermitian matrices 2, there exist
£ and 9R. Moreover, if we choose £ normalized, then £ and $R are uniquely determined.)

T8.43 Compute the product representation corresponding to Theorem 8.C.8, Theorem 8.C.9 and Test-
Exercise T8.41 for the matrices

1 2 4 01 1
A= 1 3 5| respectively ;=1 0 1
-2 -1 2 1 10

and therefore determine 21! in GL3(RR).

T8.44 Let
2 -1 0 0 0
-1 2 -1 0 0
A= 0 -1 2 -1 0 |eMsR)
0 0 -1 2 -1

0o o o0 -1 2
Compute a normalized lower triangular matrix £ and an upper triangular matrix 93 such that 2l = £R.

T8.45 Suppose that the well-known tri-diagonal matrix

a ¢ 0 -~ 0 0
b2 a) Ccp - 0 0
0 b3 a3 --- O 0
A= : € M, (K)
o o0 o - an—1 Cp—1
0o 0 0 - b, ay
satisfy the equivalent conditions of the Test-Exercise T8.42, i. e. all principal minors Det2(; # 0 for all
k=1,...,n. Show that (by induction on n), there exists a normalised lower triangular matrix £ of the form
1 0 - 0 O
B 1 -~ 0 0
£=21(B2)B3(B3) - Bun1(Bn) = | : :
0O 0 -~ 1 0
0 0 -+ B, 1
and an upper triangular matrix $R of the form
a ¢ - 0 0
0 o --- 0 0
ne| : . : .
0 0 -1 Cp—1
0 0 0 Qa,

in M,,(K) such that 2 = ¢9R.
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