5.D Linear Maps and Bases

T +His subsestom e ){,me_ 5 EPrrdain
o +the extstence ifamﬁ Praps. We
begim with o Lemmata.

5D Lermma [ el Vanf W L.

Kevech Spaces, X: T, ben forriy
""—-—'-:- Ve r—\L~J — 7/
Sfelemente n Y omd Lk F:V—2 1
b& a K.lviear thf:r kn :

(1) If FCx;), ceT, 4 a gerieralig $ys-

(2) B $0) ce L, 05 Linenchy indepen -

Hent than Xo CeT i Lineach indapen
Soed et e xaskiiin; 5} £ v
Sw e U:z= D Kx. bed L, X
f““"“-’*:f %:t —~ ﬁ"ﬁ"w Y
Ced I/ o Cn Q_Cf:f-t\\(f_z; - Ly
( ),:5{\@‘5% 02 & Gensrating Sys Bugfre
Shrid 8 SPEehivE Thies T4, C0B fi
also dgerrating Spclin P VY.
" g £ : ) j ‘{ &
(4) T Ao, ST o5 Mimeadly tndepepdint
oo F5 engachve, s 30u) fek,

% <lso th.-e.-w’& U1 a@qﬂ&ﬂaﬂ{mfé,




| | 5Dz
?ﬁ‘ () Lty G.-I’\/ and Yy =z-aé‘)£_{xg)/
(000 g€ K7 Thew g f(Sar)ednp.

)< e =
cexr 7

(2) Swppwme that D aX;=9, (ch)FH,)
, - Vel

Than b= P (D axs) = Zacfls) ams

Cer Cel
hence G.=o Fr el CeT . S-uM—;’;;
NN j: (_ch-x}):o y (&) €< [ Thea
cer

= Q¢ (\ = G;}C(Ft‘ -ﬂ'u/-n -
@ = FZaenc) o Zac ) Then o
R- =0 -fw eI eI and po ZQJ"E:U.

t JeL

e g ap— the
The elss prrver +the ngecshi “+
Y'LP&::C;—I'M DD }Z}(;(‘: :
Lk m
(3) Let yeW ana y=Fx) mib X=
ZR;X‘C GV/ {Q{) S K(I) _,_l’],hq j EF(X)::
CeI
)C(Z."‘c”a') = Zﬂlg‘F’("}.’) 5 o Kirnear
vel c el _ s

Combinabon of F(5¢), ¢ el .

(1) Swpppose +hat S a fos)=o fvr Fome
(Q‘C)GK(I),_ Then o= >acfb)=F (%;éxl')

eI



5D/3
and l'wnce 2 G ; X-=0 L:), +he LWJQ&"""’E
’IE)C bk ‘H'u-ﬂ Ar=o j:-c;vral,? 'te-I'#cm.e.
X eI/wﬂ»nWb maPefu«nc{snt

Ey

9-D-2 “erpmi, Lok N, W e Ke-yzoler

Spaces amet let £ 9. V5 be K-
Wa '7wq+h.e sef xeV mib

..—.._.-—»—-—-Vz‘\,.--

F) = 5(x) forem o K-Sobspace PV
Snpacking £ ankmb g
For) = gle:) Prradl Hue elemsabs oF
(_\é‘ff':”"'f@f:':‘j/\_’gjzfam X5 ce—I _gﬁ\/
’EY_LDE -{K‘GVJ'F(X“) g(r)} K-u- _9)

o K- S-ml—as-j?ﬁc_e. ef-EH-ua Konedor 9,9@&\/

A cvm}ﬂltb; over iew v Hae K lnear
maps F:V— W P +Hhe valnes
(vz) cel, are 3”‘“‘0 o7 a bagsk CeI
J

v J
5.D.3 Theorerm Let V W be K-vecks
ﬁﬁ‘iﬁi—’ Le:(: - n GI' )2& a fs’as:a: ivmf

,---..--/f.—..__. e et ST

Ak ol AEE, ;"ﬁr’z arbitromy frrmily
fEiLm"”"‘:r Ll -n‘u..,-. 'f")'vr'e_ Qms}c‘ o

— T T T




“ 5D/}

vrigie K-Rirenr mae sush thab
Floug) = P frr S 6T and e ong
PO = D acot for £ RAEV,

cer Cer () €.
cFL

(1) P o> supeckve P and ol Hf wr ]

e —

(3) o h%f&z/ c-e. am AoV GY"K""?cﬁ'n
3 R = mbqhkiw.
—_— I SR

7 S22 %) o Pou_.g-e._ sD/1o.
5.D-1 EXME]Q N»‘/b}"—. Fhe reotnbon

)and en

Frorn Theeoem 5.D.3 J—Frﬂm Umnine -
GQ/?&E% +'.l"}au+_":

e T e e’



5D|s

——

cond onby . Hhiey hevve eqnal dirmensions.

&M% ey, K wesher Bones,
dimomsior €N 1o Eromerphic +o 1K
_”"‘& PISSM% S A4 o a 5'-1924:4?&&4{_
vﬁ S.D3: Ry an ov-rb-:—]rmj "FDY?T'H,%
4 5oy fl‘e-I/ m @ K-veckor SPpace \//'H"LL

/

f?"r?q]o
K(I}-—*—-'“? Vo (a;) > Z""‘zi"’::
4 WG lex
el K(I)-———>\/ mit - > cel.
/

CeT, Sabass E V. QnFML;‘cM lovr, e
n%-orrw}.-,;;;m; * LA -Fzrr am a1-darne-
A sri=b Ko \s 2ctTr 3’?{(&2, V Are PI’?QZ%
e (q”/”} a"") > a0+ +% 7V,

il > R Lasss v{l\/ The O varse

LO}"I—L('{.. "Uzj":/
Kﬂ are Fha ')"Y)ibf/.f’

e g sms Y —
o> (YT, %),
Where ‘V'* /U.:-Mz HuCa-rnSFmab/y

1 F A



5D|t
(Lr’l&n’r) CoordirnaTe -Pwncwf—-:rng V—>K .
We,”;‘ ?Wf ehernen ks R -
vechr Space V G ke Lo(’.m‘EJF-UfP w1
T-bapls (a.) € K once ore choose

QR atx%nﬁvu.sh&pt bac-,.s- v nel ?‘3 V.
The cho'ce af{’ a bass v.F \/w also Ca ol
o g:vu_g,l- o—.F
K-vechsr ce.: bu‘w’? Do‘ﬂdb oo
“rjechve” (resp. -9"‘17<J"""-) Ave tnowh
+o \/J-w.& -FuY' v mm»r"}’l-n&rn -

5.6 Thesreem Let Vans 1/ befinte
abnrruﬂs.um& K-vedr spacs cr%f::;v_
&arru-ns-:w Hf‘f Kf/mnfmaf
Fiv—s N Mum stntermats
GT= wva(«,

(4),£_,w£"‘ cc/f'n/e_ o mnmrg:r_ﬁww

(2) ;Eﬂzigfe“%-
(2’)% 2avshs @ K—L%@v@i&'

—

--)V E‘ndq 'H'Jcaﬁ J_"J: __cap

M.S\m c‘j'l\fe
M\’Ls-":f A K-ﬂmw nr g h: W=V

— — T T




5D/F

S‘Mcb -};}:)_f—tm 01'; = (:c!

FETEE A’VMB +he c»l/m‘wa-(wce_:
(1) = (2') = (2)=> (1) and
(1) = (3') => &) => (1), the ek,
(2) = (1) amd (3) = (1) are not bvi<l .
(2‘)-—% (4_)'- SVVP’PQ.S-{ '}'}'75'& F{L; L:hyh-:c-h\v&
amd A -, 5 05 e Lasy =2 V. st.m(!
. & A
Lnﬂe«faznapnn{: ond Plernce & ov baa® i e
QT:I"!CL DL‘V’?KW - -DCI’T’JK:V = _TPV—n_?Q—,ﬂ
F 05 e mro T e !.-9)« 5.D.3(3).
(3) =) Swppese th=t R Supechive
ok Vp 7y Ve, (2 Lass o2 V. By 5.1 (2)
+he vechrs f—(’%‘) = -I‘-(rv;n) o xR m‘t’v‘g
S | é::} a‘;_l’\{/

-~

Nete +hat S5-D.b & ajefplzll +o
a binear /)a—trxJ*n' JD‘ e & 7’:1%»;1(.‘: Arrnen -
@Gonal K- Yechr 9?41(:.@ VY.

5.D.F ExXavmple et F: V> ke




5Dlg
A k~/€/!FL£ﬂ»rrrﬂm,k o‘}E Fw-wfm_.
Lirmens'enaQ K-vechr Spaces . E
‘Fn_; Qngc cJ-n‘w:,/ le : The Mm
Fix) =y _hasa pelubem xe’\/ forsvey
e bof T el onls £ i Hrpms gome sy

i (e g has enly brivint
%»:q. Ne note e Potlomimg

h/VD p——f:mffcc a:iﬂ’}l/elb;"‘m =
1) 3 Syt of Minnes 2amsbive:

Cver IK
PgaZq+ - - —l—ﬁgjmxh = ko,
a;ndxa g T O nXn :bn




5D|g

(9—) e P’rﬁ‘ve e theoren o The
HMW'/G,-—L'H '&bf’? B

Lek @, -~ o €< be powrimse dhst—
crnct 0?1:,1&’/;@2,‘& n"J'}n“‘ be ’[ao.sj'%-fwa e .
tural nwre bees tE i =ryF 0
“Thaw +he IK-LAinear omal

s BDET bt B o 508
Wwhaeh Mm}a\s‘mwv/g 'Po%h sl F/rnab’m
q ==7'3 Gﬂufru. < to the mumbe Bple
c‘# Hae Repvatives
(1-1)

(m -4) B

3&5“4)1‘"/ g 1 (“4)/'“/ ﬂ( %61,.)"" 9
= 19—;‘9‘.& ch've . +Hhe o:bc:n/‘e, s fes
M e A ’f'J.'D.G/F /&ijﬁ‘}ﬂb; - Hoe
+has frnae}:p(é? L‘r:?jr;“.t.oyl—fvp_/ c.e. 7@ 3 g AR
Pc%narm"a_ﬁ cr# < Swueh +hat
20 Fhe dessvatives e?j‘ ?/;YM albsve
VW}:‘VBIO/ +hen =0. I’-f ot Fhe Nerva-
Bovas 3/1?4” albsve v‘mutfla/HmLﬂ 51 has
m%i/v‘ﬁ A );.ma/ g, T
Then ? - 5]/[-{:_9(4).:1,_ ('b—"!rjﬂrvm'ﬂ:,
n }:v&nm*mﬂ Prnebon o € K [E] .

Buk they, m2 af? = o;fj 14—’”,,-&----{-”\-\
= degq yam L Ato, 1hd broves that 9,=0

HMr




513/40

TheaePore. Hie waiqnerass —assashisn
d¢m§ vrnplies Fhe 2xdsbente- A sSarhen
led 'f_h-—?. thM")’B/V;’I ) '{_}’Le, H.!..{“{ntﬁtz_ L 6&4-—
plabion, Tho +hecem Con «lss ke fir-
i wlda fed -Fm’mm M]a:f-rwy _ £ Pedd
K/ See Exartse 14 Q'F- SubsechHon 40.A .
5 D.8 Rermork . Ap anale
Q‘\..S.S'ﬂ-f%"n to 5.D.6 does rofr nold
Por nfimite divmensional K-vecksr

é?ﬁCeJ/ See Exera'se 10.

o Pa\g,z. 5D /4 -
?rm-aﬁ The W‘jmn.z&s c}E - Pt lorrs
—ﬁ*vaE‘.:D-ﬂ..T]’Lﬂ- Ve me\.P—Fria‘ c:—f-e_.w(‘&

K Liviaar withs (rv;;) = ce L.

(1) Fotlons from S-D.1 (1) ernd S-D.1(3).
(2) Fortlorvs frem S-D.4 (2) and S.D.1(4).

(3) A QA Com b ab'sn crfl (1} and (‘2);



