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o Attempt any FOUR Questions.

T1.1 (a). For two elements a,b € K in a field K, determine the conditions on a,b so that
(a,b),(b,a) € K? form a basis of the K-vector space K2. [2 points]

(b). Let py, p2, p3 be three distinct prime numbers. Show that the square-roots /p1,+/p2,+/P3 are
linearly independent over Q. [3 points]

T1.2 Let U be the R-subspace (of the R-vector space R® of all real-valued functions on R)

generated by the functions cos"t,ne€ N,i.e. U = Z RRcos"¢. Further, let W be the R-subspace (of
nelN

the R-vector space R of all real-valued functions on R) generated by the functions cosnt ,n € IN,

.e. W= Z Rcosnt. Show that U =W. [5 points]

nelN
(Hint : Use the addition formula cos(x+y) = cosx-cosy —sinx-siny for all x,y € R.)

T1.3 Letn € IN* and let IK[t],, (respectively, KK[t],,) denote the IK-vector space of all polynomials
(over K) of degree < 2n (respectively, < n). Further, let

R k k) -
o (t—1)%,where f\" denote the k-th derivative of f,

n—1
T:K[tlon = Kt]n , f=T(f):=),
k=0

be the map which maps every polynomial f € K[t|, to its Taylor-polynomial of degree < n of f
at 1. Show that T is IK-linear. Determine Ker 7 and Im 7. What are Dim Ker 7 and DimIm 77
Justify your answers. [5 points]

T1.4 Let V be a K-vector space of dimension n € IN and let U C V be a subspace of codimension
r(=DimgV — DimgU) in V. Show that there exist r hyper-planes (subspaces of codimension 1)
Hy,...,H, in V suchthat U =H|N---NH,. [5 points]

T1.5 Let f:V — V be an operator on the finite dimensional K-vector space V. Show that the
following statements are equivalent :

(i) Kerf=Imf. (i1) f2 =0 and DimgV =2-Rank f. [5 points]

GOOD LUCK
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