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2. Relations

2.1 Let R and S be relations from a set X toasetY.

(a) Show that RUS is a relation from X to Y and compute Dom(RUS) and Rng(RUS).
(b) Construct relations R and S from X to Y such that Rng(RNS) # Rng(R) NRng(S).
(¢) Express (RUS)~!and (RNS)~!in terms of R~! and S~

2.2 Let R and S, T be relations from X to Y and from Y to Z, respectively. Does the equality
(TUS)oR = (T oR)U(SoR) holds? What happens if union is replaced by intersection?

23 Let:=[0,1]:={xeR|0<x<1}beaclosedintervalin R and let R:= {(x,y) € I xI | x <y}.
Draw the pictures of I x I, R, 65, RUA; and RN A;.

2.4 Let X be a non-empty set. A non-empty subset 2( of the set of all relations Rel(X) is called an
uniformity on X if the following properties hold:

(1) If R €A, then Ay CR.
(2) fReAand S A then RNS € 2A.
(3) If R e Rel(X) and S € A with S C R, then R € 2.
(4) IfRe A, thenR™' € 2.
(5) If ReAand S € X, then SoR € 2.
For each positive real number r > 0, let R, := {(x,y) e Rx R | |[x—y| < r} and let

2A:={S € Rel(R) | R, C S for some positive real numebr r} .

Show that 2l is a uniformity on R.

Below one can see auxiliary results and (simple) Test-Exercises.
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Aucxiliary Results/Test-Exercises

Roughly speaking, a “relation” is a rule for assigning to certain sets certain other sets. For example,
to each natural number greater than 2 each natural number greater than it.

T2.1 (Relations) Let X and Y be sets. A (binary) relation EI R from X and Y is a
subset RC X x Y, i.e. anelement R € P(X x Y). For the expression “(x,y) € R” we shall write
“xRy” and say that “x is related to y with respect to R”, x € X, y € Y. The set of relations B (X xY)
from X to Y is also denoted by Rel (X,Y) and its elements are also denoted by the symbols ~,
= =,<, =< ---.Inthecase Y =X, we put Rel (X) =Rel (X,X) =B(X x X) and its elements
are called relation on X.

Let R be a relation form a set X to a set Y. The subset {x € X | there exists y € Y such that (x,y) € R}
of X of all first coordinates of R is called the d o m a i nof R and is usually denoted by Dom(R).
The subset {y € Y | there exists x € X such that (x,y) € R} of Y of all second coordinates of R is
calledthe range or image of R and is usually denoted by Rng(R) or Im(R). In particular,
R C Dom(R) x Rng(R), but this inclusion may be strict (see parts (c) and (d) below)

Let X and Y be sets.

(a) The empty set (calledthe empty relation)@isarelation from X to Y and Dom(0) =0
Rng(0). The product X x Y is also a relation from X to ¥ and if X x Y # 0, then Dom(X x Y) =
and Rng(X xY) =Y.

(b) The diagonal subset Ay := {(x,x) | x € X} is arelation on X and is called the diagonal or
identity relation on X.

(c) The subset {(x,A) € X xPB(X) | x € A} is a relation from X to P(X), calledthe element-
hood relation,its domainis X and range is 3(X) \ {0}.

(d) The subset {(A,B) € P(X) xP(X) | A C B} is arelation on P(X), called the inclusion
relation.

(e) The subset <:= {(m,n) € NxIN|m < n} isarelation, called the strict order rela-
tion onIN. Further, Dom(<) = IN and Rng(<) = N\ {0}. In particular, < C Dom(<) x Rng(<).

(f) If S are relation form X to Y and if R C S, then R is also a relation from X to ¥ and Dom(R) C
Dom(S) and Rng(R) C Rng(S). In particular, if R and S are relations from X to Y, then RN S is also
relation from X to ¥ and Dom(RNS) C Dom(R) NDom(S) and Rng(RNS) C Rng(R) NRng(S).

T2.2 (Composite and Inverse relations) Let R be arelation from X to Y. Then
the subset
RU:={(yx)eYxX|(x,y) eR}C VY xX

is a relation from Y to X, called the inverse (or opposite or reverse) of the relation R
and is usually denoted by R!.
Further, if S be a relation from Y to Z. Then the subset

SoR :={(x,z) € X x Z | there exists y € Y such that (x,y) € Rand (y,z) € S} CX xZ

is a relation from X to Z, called the composition (or composite or product)
relation and is usually denotecﬂ by SoR.

'More generally, for every positive integer 7, one can definen-ary relation asasubset of X" :=X x --- x X
(n-times). We shall rarely consider n-ary relation for n # 2 and so by relation from now on we shall mean a binary
relation unless otherwise specified.

Despite of our habit of reading/writing from left to right, the definition of So R suggests “first R, then S.” Although,
it might therefore seem natural to denote the composition of S and R by R o S, the notation adopted here is justified by
its traditional usage in the case of relations which are “functional.”
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For example, (Ax) ™! = Ax, (<)~!' = {(n,m) € Nx N | n > m} is the inverse relation of the strict order
relation on IN and (X x¥)~! =¥ x X. The inverse relation of the constant relation R.:={(x,c) |
xEX}, c€Y is R, ={(c,x) | x € X}.

(1) Let R be arelation from X to Y and let S be a relation from Y to Z. Then

(a) Dom(R~!) =Rng(R), Rng(R~!) = Dom(R) and (R"1)~! =R.

(b) Dom(SoR) =Dom(R), Rng(SoR) =Rng(S) and (SoR)™' =R 1051

(€) Apom(r) SR 'oR and Agpggy SRoR™.

(2) Let R, S and T be relations from X to Y, from Y to Z and from Z to W, respectively. Then

(@) (Associativity of composition) To(SoR)=(ToS)oR.

(b) RoAx =R=AyoR.
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