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e Question T1.6is COMPULSORY.
e Attempt ONLY FIVE Questions.

T1.1 (a) Let A, B, C and D be sets. If A C C and B C D, then show that A x B C C x D. Moreover,
if A £ @ and B # 0, then the converse also holds. [3 points]

(b) Investigate whether the map f: R xR — R xR, (x,y) — (xy,x+y), is injective, surjective
respectively, bijective. [4 points]

(¢) Draw the pictures of the fibres f~!(1) and g~'(—1) of the maps f: RxR — R, (x,y) — xy
and g: RxR — R, (x,y) — |y —x|, at the points 1 and —1, respectively. [4 points]
T1.2 Let f:X =Y, g:Y — X and h:X — Y be maps. Show that:

(a) If go f is bijective, then f injective and g is surjective. Give an example to show that neither
f nor g is bijective even if go f is bijective. [4 points]

(b) If go f is bijective and if f is bijective, then g is also bijective. [3 points]
(¢) From the equalities go f =idy and ho g =idy, show that equality f = h. Further, show that
g is bijective and g~' = f = h. [4 points]
T1.3 Let X and Y be sets.

(a) Show that the map I' : Maps(X,Y) — PB(X xY) defined by f+—I'y:={(x,f(x)) | x€ X} the
graph of f is injective. [5 points]

(b) For X :=[0,1]:={tcR|0<¢<1}andY := R, find the fibres T"!(R) and T'~!(S) over the
relations R := {(x,y) € X xY |x <y} and S:={(x,1) € X xY | x € X} under the map I" given
in the part (a) above. [5 points]

T1.4 (a) On the set INT of positive natural numbers, let | denote the relation “divides”, i. e. for
m,n € N, m | n if and only if n = am for some a € IN*. Show that:

(i) | is an order on INT and that the element 1 is the least element. [2 points]
(i) The prime numbers are precisely the minimal elements in (INT\ {1}, ]). [2 points]
(iii)) Draw the Hasse-Diagrams for the set of divisors of 12 and 30. [2 points]

(iv) The subset C:= {2" |n € N} C IN* is a maximal chain in the ordered set (INT, | ). [3 points]
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(b) Give an example of an ordered set (X, <) such that there are exactly three minimal elements
and two maximal elements and neither a minimum nor a maximum. [2 points]

T1.5 (a) Let (X, <) be a conditionally complete ordered set and f : X — X be a non-decreasing

map from X to X. If there are a,b € X such that a < f(a) < f(b) < b, then there exists an element
c € X suchthat a <c¢ <b and f(c) =c. [5 points]

(b) Explain why one cannot apply the result in part (a) above to the map f: (IN,<) — (N, <),
n+ n®>+ 1, even though the map f is non-decreasing? [2 points]

(¢) Give an example of an order < on the set IN of natural numbers such that the ordered set
(N, <) is a complete ordered set. [3 points]

“T1.6 (a) Let (M,-) be a monoid with neutral element e. For an element a in a monoid M, show
that the following statements are equivalent :
(1) a isinvertible in M.
(i1) The left translation A, : M — M, x — a- x is bijective.
(111) The right translation p, : M — M, x — x - a is bijective. [4 points]

(b) Is the successor map ¢ : IN — IN, n +— n+ 1, invertible in the monoid (]N]N, 0)? [2 points]

(¢) Give at least two explicit examples of invertible elements in the monoid (NI, o). Is the set
(NN 6)* of invertible elements in the monoid (NN, o) finite? [4 points]

GOOD LUCK
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