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Lecture Notes

Hand written notes which are pasted below is the subsection 2.B Finite Sets.

i

2.B Finite Sers

Let nelN. Probotyre -fiw a %m‘#e seb with n elemendfs
45 e seb 312mY = el [1sxen} of P First n
Pos-'i?v\'fz W afural numbens.

We say thak a seb X 15 a Finite set vty v elements
+Hhiere exisks o b;jw;.ve g §1,2 0,0} —>X; e,L.,.,;mlui—{.,
elemenks of X are ertuvnrabed by Hae numbacs 4,2, -,
Whare dishinct elemenks ore umbecad by isknck vrimbas,

L% X-.: ?_PC,}---/JPH} v+ C:;#Xa 'f-'.rf L#j_n'ua umber v
et 2.R.3)

#45 dAeternitnel Wﬂpﬂ.&ﬁ? ond 15 cedled Fhe Cardinal
yivern bee o Cafratn'nnﬂa‘&“ % X and rs denchred l’?’ 13} or Card .

2.8.4 Theorern Let X bea Finite sek Then wu'ijjautiv-e,
map F: X—>X 5 bijechve.

Brrop By assumplion Fhare b a bijective map {1310 X.
Since F: X —->Xm ﬁg'-f—eh&/ +he Co:"a'o:-)ii map E= $°7°°°f :

Ppmt o x I osx Is 1,21

w5 also injedhve . Farthue ¥ 3 swrjecbve R and Wﬂ}lflf'-fé
.Swjzot,f/.v, CThervefore Y‘.e,f[acfm.g X by 44, ngomd £ L;r?-,/
e mﬁqssm+w X=7{4,,n}.
No-hr/ b); u\.ﬁ‘na (ndumeh'on ™ n we shatl prove the Cuectvdy
£F. If 0 =0 then [1,m] = ond every map From [4,n] io
[1,] & bejedire omk honce wrFhic Case nothing fo [prove..
S‘Wa—#h& m>p; the asserbon S vl '-? n=1,8o
assvme m>q4 . Pubk T:=[1,0-4]:= 31, v} We consider
the Bro cases FIT) ST and AOT) $T Sepambedy.
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Cosel : F(T) S IT. Ithis cacte by induckon byporhesss

F@) =T Nmi FM )T, pince F & vyecive Thorefers

F(v)=m . This preves Hak vmf = {1,2,~,1}, Ct.f ssurjecbg

and hence F 75 b\_'-jc.cv;'\\/-a.

Cose 2 : ) $I/ Coo. There erasks o€ T ity F(r) =n.
Then F(n) Fn, Aurce $» Cnljc.auv'-e. andso b:=F(n)cT.
Deline a vew map F-’fﬂ/m,w-a}n} > {4/---/n-a,n_}by
F()=F() L]E Ce 31,3\ {aJw}/ F(n)=n omd Fla)=b.
Then clearky F 45 injeshwe ond F(x) <+  Therfore by
Coase | , F bijacy?ﬂ‘ve., NM/%M&% 3‘-/:= F I;}j: :

$1,- 3 — 34,0, 6 cnjcabv‘z and  F () = QE‘%} (m] =
EE) M) = G F)(b) = F(FM) = Fla)=n andéo g
ba‘jwlx\/'e. 17 Cated, Paw&‘owhw/ ;E o .S'wrjcoav.e_, Theepre
F o swrjectve Thi proves that F & bijechive.

2.B.2. Corollary Let m eN with m<n . Thea e,
map T 1,3

> {4/’---}?-1} S nolr :_)v'tol-'vc.

’P_,yn-_tr]e I—Q/E v {‘1}---)101} 2 %4/”'!”} hhmnonl'mﬂ

i Suprose thot thure s an imjechve map F: 34, n}—>11,43,
MC-}N‘E‘;UV) " T.)"?-QH H‘L&Cﬂmlﬂ"?&‘h vwa_f? Luj‘. : {l)/-.."h}____> i,]Jng
ro =) so L'hjcahv'-c, and hence .S‘wrj-c%'v\f_ L7 2.B.1 . Bt C-«LEW/%

i;Wl{_Lbf) < UmtL = {4)”'1 m} $ {4.}---"’1‘} o Conpradickom .

2-B.3 Cor'o”m\;L Lot m n eIN . I—f.’. Fhere 2sacke a L—‘jcob'vb-c,
map Foogl,,my — {4_,-—»-,”}/4-11‘», m=n.

—P_frc—_crf S\%@L&, that F: {1, m}—> 39, n}ao bigechive.
Then boly, F emnd -E AT L'hj-cryl-\'ve.,wn m<n omd nm

cmd fo m =n.
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2-B-4 Corollary (Pigeonhole princple) Lek X, be fimite
Seks vith, [X|> 1] and ek F: X—>Y ke any mafp.Then
F 5 ok waj‘e.a!-‘\/c..

Pooef Lok mi=)X| amd cp: {1, m} —> X beabijechive
mMap . Let no=lYland p:{4,,n3 --—->)F‘ be a bugechve map.
Then 1 >0 and \F-f. ¢ 5 not (njeckive by 2.8.2 Tharefere
R tjmjaol-f\/-e.

2.B.5 Proposihion Lek X -j:—? v h%# X A Ptz
Fhen X 5 also ke amd || £1x].
Proep Lok m o o IX] and g+ {4, mp— X b a bijeckve
mafp . We brove the asserfon by ndueher on m . If m=c,
Fhen X=¢ and So ¥ =F(X) = b . The asseckion 55 Bvial for
M =4 also. Nm«} assume Fhak Mm22 and assume Ha asssrhon
o ot Pk X'i= XLt} omd Y= 2(X') €Y T
Fi= £/x' X' Y 4 surgechve and So Y pamihe and
[ X121 by induchion bypethens. Rb de:= 17| and Lk
Wi 39,4 —5 Y keabiyechie map.
Cace)  Flolm) e’ e Y=Y & fmb and lyl=k<IXI<iX,
Casez  F(plm) ¢Y'  ce Y= Y'O4F(ptn)}. bonrhi cmse
Hhrimap -@/:{4}---»/_ J‘L—B-‘l} ——>Y defined by
W) = {\p'((}/ CAREXEY 3y
Fleptm)), 3= C=hesa,
w5 bijeckve e V] = &1 ond [ X|=m = 1401 314k =1Y1.

2.8 Coro”owy Imn%u v#a %m}-‘c&u{: rre Fimile
2:RF Ccvo”aﬁ_-j__ Lok £:X—>Y beon cnjechve map. ILY
> Bimite then X dSalse firiki and |X| <Y
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—'P-r_o_-c’g e 3“'%:';? aSs e Fhat X‘-}-‘-cfa - Sinee ;-4:; ij-r.e}'l'v-e-/
Y F ¢ ond hente thene esasks a map g ¥ —> X Such Hhat
3°F=L'afx.m-'.70w-e. ?_/6 Swrg'-u_h\fe. omd So b)’ 2.B.5 X
Frite nith, X1 <)Y].

2.B.&§ Ccﬁr'callu,-)r Lek X be a ‘f—.mr’-e_ Sekt  Then i’/v;-r;(_
Swbset ot X 65 pride and 1Y 1X). Meoreons J Y X,
Huw Y =X Fomd ondy Y Iy=/X].
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3.B-Y Examples (1) The cardinalily of the emplyselt 5 0,
Ca | p)=
(2) Let Xoand Y be sebe and Aot F: X —>Y bea bigectove
map . Then X5 Fimke if and only f Yo Pnife amd o this
case [X|=]Y].
) Lok X heasek. Suppome thok X do ddecompesed ke
%m.,b, waim X, e, X which are poirmse dicqomt,
e X:_Wx Then X w fimke and

| X| = )>< | = 1%, )4 +] Xr]

L—4
_P'TUTP- Ensu.a.ln 5 Prﬁ"/-e. (L:}; CnaLuc,HM) Fhe R.S‘..cw/hd-'n {WT:Z.
Swppoe that  F: {1, m} —> X and g:{1,- n} —XK,
Are L-Q{.c‘/b»/-b m;f&m +.}’LL W\.mia b {-1 3 m-mr} >X4L‘UX2
Acpined by h(<) ={Hf)/ TS 5 aso bijeskive.
9(‘—*”0,'*}L L>m
{’4—) L ek Xq - X be %M/&. Sebs . Then the Carkesion
procinck ‘ﬁ‘ X X X a5 albo Pamds ond

U=4

T | = ﬁ |Xcl = 1%, 1%

'P""’"’Te‘ I'\[-c. Wimsp AFEserne (J:7 c.‘naludﬂ'w) m=2., Thesct
de Xz M a An&f-jtﬁm& Vi om er_f'E +he #)w:-,—-m.f-c.. aL‘.rju-'mL-
Seks {xjxx reX, C.c, )(xx U{""}"’)(z and

®€X,

|{’°3 X, ]"]xl'f"fw—'—naf,x-ex Thecefere by (3)
} xXJ Z_JXJ }xd)'lle.

x-ex'



(5) Lt X be a Finike sek ond Lot me IN. Than
| X" = X[
The Set )(mé the sok P m-hw (x—,,J---/ ><;,,)/ x:,J-‘;xMe-X/
C.2. the St c?‘imu maps  Maps ({4/---1'—.«)/ X) Proom 49, m} mB X,

2.B160 Thesrer,; Lot T and X be fnike sahs nithwm andn
lerments Y"-&s)‘:cob'va(—j- Thew the St KIGV)?- ald vmajps Fro
T ik X > Bk ity 177 ehemenks Ga. | XT] = 1x)"

Poef We may ASSume T =14, o} The assecfoon
broved m 2.3.9 (S).
2 B.M Corollany Let T be a fonide sek with m elemenks.
Thew +he P-cv\f-ﬂ:*&d: (‘F(I) 2 T o also %‘m}& wikh -Zm-dun&nk;
e |t = 2/
Proef The map H(T)
indicaker fumckion o T €T & bijechve. Thirefwe Ly
2.8.9 (2) omd 2310 we have [T = |§oF |= 2T

=—> {O/'}I,J’}——-? E:T-—-*'h&

2.1, Lermma (Sha,amaﬂ_wde,) Lek F:X—Y kea

I¥] = > |36].

Yeimf

E NU”'& that the -F>Iv~r—&.!‘ ;"-J(y)/y € cmF o—ﬁ f- are Pw:-r—_
DI aﬂ,“%“'m'ﬂt M& >< = w ;tl(ﬂ) T}"«bﬁe»lo-vre_.. .Ly Q‘B.g (3)

Jeuvnf

IX|= 2= |5

Jeunf
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2.B.42Covollany Lok X Y be ke sohs omd ot 7: XY
I:L-.am@‘o ; S‘wHao.cz that l)(] > 5. ]Y] fwﬁnma se N . Than
thee sxisk y e with | F)] >

Provf  Suppose that | F(o)] S for aldye Y . Then

by 2814 | x| = S [#] s 2.5 < s)imp|Se]yk
Jeimf Jdelmf

)X’ , A Comtradich'om .

2-8.1:;;Conllm? Lek X, Y be Pk Subs ond Led F:X—Y

be vajlaa{-n'v-e. majp with l-f-‘f:’)f'-'-'/k far a yeY. Then
[X] =41

Proof Sinee £45 Surjechve,  im Fov. Nuw/u.ﬁ-e. 2.B.44.

2.B.15 [ hesram Let Tand X ht..%m‘/ﬂ'c, Saks with mand v
a,]-emnmb f‘-e_:fp-tczf\'vc%, _n’w'l 'H—u-r—e, are Wa.ca}‘,f\.;’

[n] = 1T (n-k) = n(n-a)- (m-m+i)
k=0

f/hj-&o?'!'ve. afus P T 1A X.

Proop Lok Toj (T, x]:= {F:T—>X:F vrjechve |,
Neti that @ m>n Hun T (LX) = ¢ by 2.B.2 and
[Y‘Ijm':‘D L:y defirFoon. TTherfore we Mmay assusrie Yhok mgn .
We shatt P—-*-E_:/&r;thnk (:E”(] (I, X)[ = [n]h‘,b)' Srduchon e m,

¥ m=o/.,M=¢ omd  Lng (qb/X) = {p} Therefure Hra

Undme e stk Ndvf, assume Hhe Thesrsmm f-u/ v and Congadar
A Set I it »1 44 &’MMJ'\T/ a Sek X hﬂ'ﬂ:, n tJ-e—mMJU o d

ASsure VI =+ . Snce m+4 = 4/+Lum&,45 an element
ael . Pt Ti=TI\{a} ond Comsidirm the mal
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& : Tj (LX) > Tog (I, X) , F— )T
T £ €Tnj (T, X) +hen Fhire are exackly, v-m elemeaks
$ €Ing(T,x) with B(F) = F|z'= 1, ce. ead, Flre
of the map P has cordina il yom Rarbhae by tnduchn,
l’)ypoi'lu-nlr ,Inj (£, X)[ = D"Jm ond ThovePuore by 2. B3
We-have : [ Lag (LX) = (v1-m) [Tj (IX)| = (=) [],

[9],,,, Tho Complebes the proof

2.B.16 Corolloy Let X;Y]::e. Finite sehrnth v efemonks.

Then there are Wac.i-xy_
n
= D—r]” = k=

k=4
b—-'j-e_al-»'v'g' mMabys Aon X ek Y. ﬁhpaw;&malm? +hore are
exacHy Nl permubabion o the sk X, ce. |[(500)]=n1.

—i’rgr_v‘ﬁ Net: "'kﬁfj’/’ 32':--'352——>Y # iwjf-aﬁn've, L ond W‘y}‘% 5
5 /{thg‘&_@’w\/—e. vavﬂ, Hhe assertion o Ummediade ..F,.g-,.... 2.BI5.

]

2.B.17 Example (P Cgeomhole principle) Let X omnd Y ke
Fimite Sehs Aty | X| > 1] . Then +there are wo mgechive
Vnwjufrm sz@—’aY C.e. ?w-eav.ew& mak £ W s X Honire.
ore elemenis # xeX ith XEx and F(x) = (') Thi
oxnefiin o wlls Yo sg (Dircchlers) pigeonhole prnciple:

j:__fé X/ Y LH. ﬁmn/ﬂ. :ﬁ.Sam-e C_M&na\,&,fj f_\_ﬂ’ flfk

f"— X —>Y +he ‘Faﬁlmﬁa Stalermsnks are fjuu“v-\l-w :

(V) + L'njc.c}-'ve, (i) +» S:ﬁtdﬂ'va Giy) F ’rfgﬂfcj-c_cb‘ve.
Tt f6 injechve, they |yl=|x]=| £(X)] andd F(x)=Y.
Conversely .,F, n,m-}- ter-L then | F(X)] <IX]| =]Y] & hence
'F()()%EY Ce. Fﬁp woJ—Su—ge.d-ve




23{9

2.B.18 Kemark (Cc—m]a—{mw*'tm'aﬂ 'Po—v’mc‘r_a) The theovem 2-B.15

/0 a S‘?ec"/fmfz Cate q&ﬂ@, Wﬂg’w& W Conbinatoxl
Pﬁma'pﬂe: :
ALAC:%» X Le a f-‘m'i'ase,f/ me”\l ond b A= X .,S%
that vy o, €N aze given il S follewing preprky ¢
G A<m and (4, %) o et porf cfa tagunce A,
Hoo thue aoa sinetly n, domels 5, © % Soch it
(34, ¥ ¥ieqa) fos first pert of o Sequemem A Then

Al = nyon,, .
'PWU‘}Q— '87 maemxcr'wn o1 M . H;Y‘ C}\oﬁauc/@l'v-t G‘E-b‘ﬁ 7‘?}1‘»'; Wi-1 -J-om/
mse A"’ = %‘_(*4)"‘/ xhw—as) € XY”M JE X‘MGX ith Cx“/"b’bm—-:wm)efq‘}'

[ Y]GIN/ ALP-'M +Hhe yvielaer n | Canlled n..'f-nofw‘aﬂ
Y"-e.ovws-v'VoLa, 1-:7 ol =1 and nl = rn((:n-q)!) . For ahwal
Vivembens w omd r bt m<h wWe have

[»] = _2°
- (V1-1m) |

2.R.19 Theoresr Lot X ]az.a%‘m‘,& sk witt, vy eleen ke
Rv-e/wﬂé Nahwal umbas m with imgn  we have
0] = (D)= Do o 292 alren) (rom)

[),, m) (n-m)| - 1-2..--vm y,

Whene "FM(X):_—.- {Y et (x) ] l\rl..—.m}'

Proof Lk T= {1, The, eving Y €', (X) o the
‘mane «f an njechve map T —> X Thecfoe e hanve
o purjechve map P Inj(T, %) >R (X) . Rubhar
T 1,9eI0j(T,X), Blt) = Flg) P oand only if Pure s
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& bermubabion € (S(T) such+hat F = .0 Thi mean
Fhat emch Fbre of 3 has Cardivalily |G (1))= =) =D
Thacefore by 2.B.4 [ = 1505 (2,%0) = D0, 1R (0], ce.

_ »:n::
X m -
1% (x)] =

The vrumbens (:,) W 2.B.19 are cadled Binomial-
Coatftrciznhs . For Mb-!-‘}'YM} (resl or complax) nus b o
%A W.’-na, i elN/ Gre Covn cr.j&o af-z-of-lvu.. :

[]_:= —FF (A-le) = &(d=t)-- (omsr)  omd

(« - Eo(Jm* oLld~4)--- (-m+s)

4-2- -0

Rurhe~ 'f—rr Vf-ﬂﬁ‘aﬁ;’& E;qb-a.ar-r m, we ]ﬂ—we (ﬁ)-""‘o-
F;Fhﬂ Fheto JA«F-mﬁw 'H‘L?_ ‘fu‘u,amnn_a rules are -e..q'sa_b V‘J'-n%'a_ 3

Q-B-QO FD‘Y M)a?/tr’arr}!}( owa ald VV‘JQ—Z/ We have @

R e

= ™4 4

A7), @ ()= (5) (),

(3) =

:2-'8.24 :PaJCa,Q-{Q Tﬂmg,]e_ M ’F-wmda i 2.B.2o (/—L)

?’;V’{. Qa w;e,HmAl %Y C—G')‘MWKZJF"GVJ w?i Fin “Blam el Co—z—)g‘f-.“c..f.zw}:f
(h ) L here vl o e IN. ;:UY Fhic e ov-rr‘a.,«_ﬁed‘ FHhe se Biromial

| £

Coehitionks e fwm EF Fhe Well- knewn Pascalls hrangle
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(v:-i) T (ﬂmﬂ) R e (H:-:a)

(4) For Natuwrald vivenlesns v) aond m wnls mé_.ﬂ/w—fr”fmﬁ 7(:‘,.‘,.,,,
Hhe dofimifion Hhak (0] = (fon) P imet P complonmt
Map M (1473) —> (10,8) T Ti=UminT
m /kn'y'.w-okve,

(2) The formuda v 2:B.20 (4) for d=n €N, Comm o be proved
.17 gf.wrna_ a Aigechve mal :

%‘7 (£ 7, m+3) € R (1,77) © § T v st i)
T >{I/ Lfln-r'l#:lf

I\{«nﬂ)/ \—]l vign €L,

2.B.a2=2 EXMFJ{.\S {4) Let X be a_'f.m/b_&/ﬂ-mﬁ; 7 elemenkr,
Farw»n&( natural numbar 1y LtE  © émé"?/ there wre Q%&CH}.
(?ﬂ) Sabschks of X of Cardinali kg ™ ce. xfbfi(x)}: (‘:ﬂ) ok fo

i

l%(X)J = }yg’jﬂ%ﬂ(X}] = Z— (:) . U%n?’ Q—B-’M/ h).o_aut—'
Q," e i (:,,)/ Which can alse be lgmd qu}z? i,a_%p_,‘n%_‘

=

cnduchon om® 2.8.20 (4).
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(2) }—'?JE' yn aen £ JQ—Q.WM Vivern bans - _ﬂ'u.mu:,mb_.{-aie
m-Laples (56, %.) € N7 with Zx" 1 aquadie (137,

B —ljﬂ.‘?, lrf\ﬂ_* (X';I/H‘zj. = X:n) — (ﬂi“l/x;-f-)k;_*-z_/- } 7:1,_...1—>£1+m)
7o /F{jd-o’“'\/z. ')tn:w. e 24'\/.:4.\ M‘#m-)&;-jal—e\: oento the s b

g, (192,77

(3) —Uu_h\&ﬂmla.uruf_ m_XZ}qu (xzj"/”mJG}Nm%m T‘Zx}____n
e, !—ajwa-ph (w—[—m—q)_ (mh, hore 10 an excapfrion (_}44J=1)

1 -1

'P",—-D_.ﬂ'e The m“’b (X‘;‘/- '}x‘m-ﬁ!”m) —_— (lej " x\"'!-l) ‘f‘vr-
M, (2 & fjakive prat B Hhe - bhopder (5 -5 0,1

M
%X‘b =¥ U’MJ‘D “P"LLQ_M# "J"‘Jﬂ_e, (m_.,)_(h‘rjﬁ (X':,J---/)C‘,,,_*) watts
mqu-c.{?n, Nev use (2) -

= A

e
(LI-J L.ej: X = X be }:mrm&i-e_ ab-“jc\ﬂq{? sets "'ﬂﬁ5‘°1,, /"'?
[ -244]"{1‘ < echv .czfnc?( Ux y-,meI—l-f‘
edem resp J; X = — . Thew +hae

u:IE f:wm“}dwsmr g€ G(X) v Tl U"CXL = ><c' f’ff ‘*’b"'z
wel o ml-om |
Lj a's ™

For on = fapteX (i, o o) c—n\l: ook = -1

(5) (Polynsrminl cosfficiats) Lok X beabomik sat witt
y7 -e-]-em{mkr A& /Q;,& m-—('md . r_) & ]Nrmﬁ'j ZWT = .,
The,, the nummb., &? maps F: X —> 11, __/‘_} W‘m

) _
o =me, iy, & (mfmnl AL
’—F J / / v71 ml' mfl. m‘_}.
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(é) (B\.normodz Ob-an "Pcfi aLQ -qum,r Fb-r Y"-LA.Q o
Ccrmiaw\'lw nwan basp 01,/ b and Wn—f?_nmhwaﬂ 1 Uy bnr 'n/we,
l’lauv-e. %

n

(a+b)"”= > (:)a”'mbm= Renabe [”)a"ii. e HALED

=g

%LM/% ve<l or &sw.jolux iwsn bans 01,,/---/01,.. ovnd,
-Q/\/vng, Natbural V?U/nql‘-‘-f'y?/ We have :

il V) !
(dgtra) = > ()
) =(""?4J---’m'_) G‘INP

Pt =n

- A
Rhire  0"= Tl = g t-a for m=(mym) €N
- |

4 Y

and (t‘w)Me_ Hae va‘[irm."aﬁ Corffrionhs al m
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T6.1 (Sylvester’s Sieve--formula@[) Let Xj,...,X, be finite sets. For J C {1,...,n}, let
X7 := ey Xi with Xp := |J'__, X;. Prove that

Y  )xl=o0, ie. x|= Y (—DVFNxg).
JeP({1,...n}) 0£IEP({1,...n})

(Proof : By induction on n. — Variant : For k = 1,...,n, let ¥} be the set of elements x € X which belong
to exactly k of the sets Xi,...,X,. Then Y}, 1 <k < n are pairwise disjoint. Using Exercise 6.2 (b) we shall

show that no
Y X[=Y2'm= Y [xl
JEB({L,...m}) k=1 JEB({1....})
/]even 7]odd

For k=1,...,n, there exists Ji := {ji1,...,jx} C{1,...,n} with #J;y =k and Y, = {x € X for j € Jy and x &
X for j & Ji}. therefore for J C {1,...,n}, x € X; if and only if J C Ji for some k € {1,...,n}. Therefore
in the sum on RHS, the element x is counted exactly #Yeven(Jx) = 2k=1 times (exactly once for each
J € PBeven(Jr))- This proves the first equality above. °)

T6.2 Let / be a finite index set with n elements and let 6; € IN fori € I, T :=[];c; 0, 0 : =) ;c; O;
and oy =) ;cy 0; for H C I. Then

Y (=) <GH) —(~1)'m and Y (-1 <n(f|1—11> _ (—21)" (6 —n)r,

HCI n HCI

(Proof : We may assume I = {1,...,n}. For J € P(I), let J' :=TI\J. Let X = {J,; X;, where X; are pairwise
disjoint subsets with |X;| = 0;. For a proof of the first formula consider the set 3,(X) and its subsets
Yi:={A €PB,(X)|ANX; =0} and use the Sieve formula in T6.1 to find | J;c; ¥;|. Note Yp = U Yi. If J C 1,
J # 0, then

Yy =Njes¥j={A€P,(X) |ANX;=0forall j€J} =PB,(HX;) andhence #Y;= (GZ) .
ieJ'
Further, B,,(X)\ Yo =B.(X)\ (UY:) = (" (Ba(X)\ ¥;) = {A € B,(X) |ANX; # 0 for all i € I} and hence
icl iel
) PBuX)\Yo={AcP,(X) | #ANX;=1foralliel} and #(P,(X)\Yp)=01---0p=1.

ie. (:) — B, (X) = #Yp 4 7.

Now, by Sieve formula T6.1, we have
/

#Yo + Z (—1)#J -#Y; =0 and hence <G> + Z (_l)nf#]" (GJ> e
JER(I),J#0 n JepT 1 n

Multiplying the last equality on both sides and noting n+n—#J' =2(n—#J') +#J’, the proof of the first
equality is immediate. For the proof of second equality, using similar arguments, first prove the equality :

%) P11 (X)\Yo={A € Po1(X) | #ANX;=1forall j€J CI,#J=n—1} and # (P,11(X)\Yp) =

1
_T_ 1> =#Pu1(X) =#Yp+ 5(6 —n) -7 and then use Sieve formula T6.1. o)

Ho—n)-7. ie
T6.3 Let Xj,...,X, be finite subsets of a finite set Q. For 0 #J C {1,...,n}, let X; := N;c; Xi
and X := Xp := UL, X;. Further, for j=1,....n, put &; := ¥yem ((1,..) [Xs] and & := [Q].
Prove that

20This formula is attributed to Joseph Sylvester. James Joseph Sylvester (1814-1897) was an English
mathematician. He made fundamental contributions to matrix theory, invariant theory, number theory, partition theory
and combinatorics. He played a leadership role in American mathematics in the later half of the 19th century as a
professor at the Johns Hopkins University and as founder of the American Journal of Mathematics. It is sometimes also
named for Abraham de Moivre, Daniel da Silva or Henri Poincaré.
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n

(a) ﬂ (Q\X))| = Z (—1)/&;. (Hint : By Sieve formula T6.1, |X| = " (—=1)771E;. Since
i=1 J=0

M (Q\X) = @\ UL, X = Q\ X, we get |2, (@\X)] = [@] - |x].)
(b) For k=1,...,n, let Y be the set of all those elements in X which belongs to exactly k of

n
the subsets Xj,...,X,. Then show that |Y,,| = Z (—l)r_m(r)ér forall 1 <m <n. (Hint: Let
m

r=m

1 <k,m <n and let m be fixed. Suppose that x € ¥; and (may) assume that x € X;,...,X; and x € X;
forall k <i<n. If k <m, then x ¢ Y,, and hence x does not contribute anything to &, for r > m. If
k =m, then x € ¥, and in the sum on the LHS it contributes only to one term, namely, to (Z) &, since
Eni=Y JERn({1,...n}) |X;| and only one of these intersections, namely, X; N---NX,, contains x. In the
remaining case k > m, x ¢ Y,, and hence x contributes nothing. On the other hand its contribution to &, is
(];) (one in each J € B, ({1,...,k}). Therefore if we let j = r —m, then the problem reduces to prove the

identity Z’J‘;g’( —1)J (™)) (mij) = 0 which is stated in Exercise 6.2-(j)-(ii).)

n

T6.4 The purpose of this Exercise is to give an alternative proof of the T6.3-(b). Let Q be a finite
0, ifxgA,

i (See also indicator
1, ifxeA.

setand let f: Q xP(Q) — R be the map defined by (x,A) —

functions Exercise Set 2, T2.26.)

Show that :

(a) Foreach A € B(Q), the map f(—,A) is the indicator function e4 of A. In particular, for any
two subsets A,B € PB(Q), we have :

(1) f(x,Q\A) = 1—f(X,A);

) f(x,ANB) = f(x.A)- f(x,B):

(3) f(x.AUB) = f(x,A)+ f(x.B) - f(x,ANB);
4) |A| = Yyeq f(x,A). (Hint : See the Exercise 1.2?.)

(b) Let I:={1,2,...,n} andlet X;,...,X, € P(Q) and for each J € B(/), let X; :=Njc;X; (and
Xp := Q). Then prove that Z 1X;| = Z ( Z f(X,X])) . (Hint : Use the part (a).)

Jep;(I) x€Q JePB;(I)
(c) If an element x € Q belongs to exactly k of the subsets Xj,...,X,, then prove that

Y fluXxp)= (l;) :

JEP,(I)
(Hint : Here we use the understanding that (8) = 1. We may assume that x € X; N---NX; and x € X; for
all k<i<n.Forevery J€B,({1,...,n}), f(x,X7) =[1jes f(x,X;) = L ifand only if J C {1,...,k}, e,
J €P.({1,...,k}). This proves that LHS is equal to the cardinality ['B,({1,...,k})| = (lﬁ) )
n

(d) For every x € Q, show that f(x,N";(Q\X;)) = Z(—l)j( Z f(x,Xy)). (Hint : For
j=0 Jep;(I)

iel:={l,...,n},put X/ :=Q\X,;. Then by (a)-(1), (2) LHS = [T, f(x, X)) = [T, (1 — f(x,X;)) =

Y5 (1) Eye, o) Tees £, X0)) = 1+ X5y (= 1)/ Lyeq, ) f(x,X)) . — Remark : Suming over the

two sides of this formula as x varies over Q and using the parts (a) and (b), we get the proof of the formula

given in T6.3.)

T6.5 Prove the following (marriage) theorem :

Marriage Theorem (P. Hall, 1935)@ Let Yy, x € X, be a finite family of finite sets. For every
subset N of X assume that the set Yy := UyenYy has at least |N| elements, i. e., |Yy| > |N| for

2I'The human interpretation which gave the folklore name (marriage-theorem) provides the solution for the
marriage problem which requires to match n girls with the set of n boys. For a complete match a (marriage)
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every N € 3(X). Then there exists an injective map f:X — Yx with f(x) € Y, for every x € X.
(Proof : Proof by induction on n = |X|. The case of n =1 is trivial. For the inductive step consider two
cases :

Case 1: |Yy| > |N| for every subset N C X, N # 0, N # X . In this case for a (fixed) x € X, choose y € ¥,
and consider the finite set X' := X\ {x} and finite family ¥, := Y, \ {y}, x’ € X’ of finite sets. Then clearly
for each N' C X', Yy, = UvenY) and Yy = Yy, U{x} and hence the marriage condition |Yy,| > [N'| still
holds for the family V), := Y, \ {y}, ¥’ € X’. Therefore by the inductive hypothesis, there is an injective map
f X' =Yy with f'(x') € Y),. Now, extend f’ tothe map f:X — Yy by f(x) =y and f(x') = f'(x').
Case 2: There exists a subset @ # N C X, with |Yy| = [N|. In this case, by the inductive hypothesis,
there exists an injective (in fact bijective) map g : N — Yy. The trick is to show that X" := X \ N and
"l :=Yw \ Yy, X" € X" satisfy the marriage condition : Let N' C X” and N := N”UN. Then NNN" =0,
Yy =Yy UYy = Y/, WYy and #N" + #N = #N < #(Yy) = #(Y}, WYy) = #Y/,, + #Yy = #Y/,, + #N by
assumptions and hence #N” < #Yy,. Therefore by the inductive hypothesis, there is an injective map
X" — Yy, with f"(x"") € Y!,. Now, define f:X — Yy by f(x) = g(x) for x € N and f(x") = f"(x") for
x// c X”. .)
(Remarks : This important theorem has many variations; these were discovered by G. Frobenius
(1849-1917) a German mathematician, Denes Konig (1884-1944) a Hungarian mathematician, Robert
Dilworth (1914-1993) an American mathematician, G. Birkhoff (1884-1944) and John von
Neumann (1903-1957) an American and a Hungarian mathematicians. Below we give number of
applications of marriage theorem.)
(a) Let p=(Xj,...,X,) and let q = (Y1,...,Y,) be partitions of the set X into r pairwise disjoint
subsets each of them with n > 1 elements. Show that p and q has a common representative system,
i.e. there exist r distinct elements xp,...,x, in X such that each x; belongs to exactly one of the
subset Xi,...,X, and exactly one of the subset Yi,...,Y,.
(Hint : Applying the Marriage-Theorem T6.5 to the family J; :=={j € {1,...,r} | X;NY; # 0}, i {1,...,r}
find a permutation ¢ € &, such that X; NY5(; # 0 for every 1 <i <r. — Remark : The assumption
that |X;| = |Y;| =n forall i =1,...,r can be replaced by some what weaker condition : for every subset
J C{1,...,r}, the subset X; := Ujc;X; contains at most |J| components Yi,...,Y, of q.)

(b) Let 2 be the n X r integral matrix

1 2 e
r+1 r+2 s 2r
A= : : S
(n—1r+1 (n—1)r+2 - nr
and let B be another n X r integeral with entries 1,2,... nr (at arbitrary positions). Show that
there exists a permutation o € G, such that for every i = 1,...,r, the i-th column of 2l and the

o (i)-th column of B contain at least one element in common. (Hint : Use the part (a).)

(¢) Let G be a finite group and let H be a subgroup of G. Let G = Hy, U---UHYy, (respectively,
G =z71HU---Uz.H) be a right-coset (respectively, left-coset) decomposition for G. Show that
there exist elements xi,...,x, € G suchthat G=Hx U---UHx, =x{HU---Ux,H. (Hint : Use
the part (a).)

(d) Let X be a finite set with n elements. For i € IN, let J3;(X) be the set of all subsets ¥ of X with
|Y| = i. Show that: If i € IN with 0 <i < n/2 (respectively, with n/2 <i < n), then there exists
an injective map f; : B;(X) — Pi1(X) such that Y C f;(Y) for all Y € PB;(X) (respectively, an

condition is necessary; the marriage condition can be formulated in several equivalent ways, for example, For each
r=1,...,n every set of r girls likes at least r boys. (or equivalently, For each r = 1,...,n every set of r boys likes at
least r girls.) The marriage condition (also called Hall-condition)and the marriage theorem are due to the
English mathematician Philip Hall (1904-1982). Hall was the main impetus behind the British school of group
theory and the growth of group theory to be one of the major mathematical topics of the 20th Century was largely due
to him. See : [P. Hall, On representatives of subsets, J. London Math. Soc. Vol. 10 (1935) 26- 30.]
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injective map g; : P;(X) — B;—1(X) such that g;(Y) C Y forall ¥ € P;(X)). (Hint : Let 0 <i < n/2.
A pair (Y,Y') € Bi(X) X Pi1(X) is called amicable if Y CY'. Let R be a subset of ;(X) with [R| =: r.
Further, let 93’ be the set of all those ¥’ € 3,11 (X) which are amicable to at least one Y € R. Put s := |R/|.
Then r(n—i) < s(i+ 1) and hence r < s. Now use the Marriage-Theorem T6.5.)

T6.6 (Stirling numbers and Bell’s numbers) Let n,r € N with 0 <r <n.

(a) (Stirling numbers of second kind@) Let S(n,r) := |Bar,(X)|, where Par,.(X) is
the set of all partitions p = (X1,...,X,) of X into r subsets. For all other pairs (n,r) € Z?, we put
S(n,r)=0.

Show that

(1) Forn>1, S(n,2) =2""1-1.
1 1 <
@ () =y MapsaX. (LoD = 5 ¥ (-0 ) -0 = ¥

k=0
" r
In particular, r! = —1)k r—=k)".
p Y1) o-n

3 Yk (r> S(nk) = 1"
k=1 k

(Hint : To prove (1) show that each fibre of the map B(X)\ {0,X} — Par,(X) definedby ¥ — (¥,X\Y)
has cardinality 2 and hence 2" —2 = |PB(X) \ {0,X}| = 2- |Bar,(X)| by Shepherd-rule 2.B.12. To prove (2)
show that each fibre of the map Mapsg,;(X,{1,...,7}) — Par.(X) defined by f (F1),....f7(r)
has cardinality r! and hence by the Shepherd-rule 2.B.12 and Exercise 6.4-(c), we have r!-|Par,.(X)| =
IMapsg,(X,{1,...,7})|. The last part follows from the equality 7(r,7) = 1. For the proof of (3), compute
the cardinality of each fibre of the map

Maps(X, {1,....,r}) = [ Be ({L,...,7}) x Pare(X)) , £ = (F(X),p(f)),

k=1

(1) r—ky
K-(r—k—11"

where p(f) := (f71(i))e #(x) and then use (2). — Remarks : The Stirling numbers appear in many other
problems. Clearly S(n,r) =0 for r>n, S(n,n) =1, S(n,1) =1; S(n,n—1) = (}) ; a less trivial result is
the formula for S(n,2) given in the part (1). For r > 2, there is no easy formula for S(n,r). For small values
of n and r one can find S(n,r) by actually considering all partitions of a set with n elements. For higher
values this becomes impracticable and also unreliable. The important recurrence relation given below in c)
which allows us to compute a Stirling numbers by first computing the lower Stirling numbers. Consider the
, n T T T(T—1)---(T—k+1) . .
polynomial F(T):=T"— Z k!-S(n,k)- <k> , where (k) = 0 are the binomial
polynomials of degre]é: 2. Then, since F(T) is a polynomial of degree < n with integer coefficients
and by (3), the integers 0, 1,...,n are n+ 1 distinct zeroes of F', we conclude that F = 0 and therefore the
n
Stirling numbers of second kind are also defined by the polynomial equation 7" = Z k!-S(n,k)- (Z) LIf
k=0

one takes this as the definition of the Stirlings numbers S(n,r) of second kind, then (1) and (3) are immediate
by putting 7 =2 and T = r respectively. This also leads to the definition of the Stirling numbers
of first kind : For r,n € IN with 0 <r <n, let s(n,r) € Z be defined by the polynomial equation :

T 1 &
( > = (=1)"""-s(n,r)-T". Put s(n,r) =0 otherwise. For the existence of the numbers s(n,r) use
n n! =

the fact that 1,7,...,7" and (g), (T) ey (5) are two bases of the Q-vector space Q[T], of polynomials
with rational coefficients of degree < n.)

(b) The Stirling numbers of second kind satisfy the recursion relations :

S(0,r) =0y, and S(n+1,r)=rS(n,r)+S(n,r—1),

22 James Stirling (1692-1770) was a Scottish mathematician whose most important work Methodus
Differentialis in 1730 is a treatise on infinite series, summation, interpolation and quadrature.
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where 0;; denote the Kronecker’s delta. (Hint : From (kil) =T-. (Z) —k- (Z) we get T =
Yi ok!-S(nk)-T-(7) =Xrtok! - [k-S(n,k) +S(n,k—1)]- (}). — Remark : The Stirling numbers of
first kind satisfy the recursion relations : s(0,7) = &, and s(n+1,r)=n-s(n,r)+s(n,r—1).)

(¢) (Bell’s numb ers@ Let X be a finite set with n elements. The number of equivalence
relations on X is called the n-Bell number f,,i.e., |€q(X)| = B,.

(i) The numbers B, satisfy the recursion relations By =1 and B,+1 = Y;_ (7)Bx forall n € IN.
(i) Let m,n € N with m <n and let By, := Y7 (") Bu—i. Then By, = Bu. Pont1 = Py and
Brns1n+1 = Bmpn + Buns1 forall m,n € IN with m <n.

(iii)) Using the above formulas we have the following table :

345 6 7 8 9 10
S5 15 52 203 877 4140 21147 115975

n‘O
B | 1

n
(iv) Prove that 3, = Z S(n,r) forevery n € IN. (Hint : See T6.7-(?) and use T6.2-(?).))
r=0

(d) Prove that S(n+1,r) = Z (Z)S(k’r_ 1) = Z kS (k,r— 1)
k=1 k=0

12
12

k
(Hint: For the first equality consider the map 4 ([ {1} xBar, (1)) — Par,(X[H{y}) defined
k=0 I€R;(X)
by (I,(I1,....Lr—1)) — (X\I)W{y},I1,...,L—1). The second equality is proved by induction and using

n—1

recursion relations (see part (b)) : S(n+1,r) =rS(n,r)+S(n,r—1) =Y K S(k,r—1)+S(n,r—1) =
k=0

Y Sk r—1))

k=0

BEric Temple Bell (1883-1960) was a Scottish mathematician and attended Bedford Modern School where
excellent mathematics teaching gave him his life-long interest in the subject. In particular, his interest in number theory
came from this time. Bell wrote several popular books on the history of mathematics. He also made contributions to
analytic number theory, Diophantine analysis and numerical functions. The American Mathematical Society awarded
him the Bocher Prize in 1924 for his memoir, Arithmetical paraphrases which had appeared in the Transactions of the
American Mathematical Society in 1921. Although he wrote 250 research papers, including the one which received the
Bocher Prize, Bell is best remembered for his books, and therefore as an historian of mathematics. Bell did not confine
his writing to mathematics and he also wrote sixteen science fiction novels under the name John Taine.
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