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Let K denote a field.

3.1. a). Let K be a field of characteristic�= 2, i.e. 1+ 1 �= 0 K and leta ∈ K. Compute the
solution set of the following system of linear equations overK.

ax1 + x2 + x3 = 1 x1 + x2 − x3 = 1
x1 + ax2 + x3 = 1 2x1 + 3x2 + ax3 = 3
x1 + x2 + ax3 = 1 ; x1 + ax2 + 3x3 = 2 ;

For whicha these systems have exactly one solution ?

b). The set ofm-tuples(b1, . . . , bm) ∈ Km for which a linear system of equations
∑n

j=1 aij xj = bi ,
i = 1, . . . , m, over a fieldK has a solution is aK-subspace ofKm.

c). Let K be a subfield of the fieldL and let
∑n

j=1 aij xj = bi , i = 1, . . . , m be a system of linear
equations overK. If this system has a solution(x1, . . . , xn) ∈ Ln, then it also has a solution inKn.

3.2. a). Let x1, . . . , xn ∈ V be linearly independent (overK) in a K-vector spaceV and let
x := ∑n

i=1 aixi ∈ V with ai ∈ K . Show thatx1 − x, . . . , xn − x are linearly independent overK

if and only if a1 + · · · + an �= 1.

b). Let x1, . . . , xn be a basis of theK-vector spaceV and letaij ∈ K, 1 ≤ i ≤ j ≤ n. Show that

y1 = a11x1 , y2 = a12x1 + a22x2 , . . . , yn = a1nx1 + a2nx2 + · · · + annxn

is a basis ofV if and only if a11 · · · ann �= 0 ist.

c). The family {ln p | p prime number} of real numbers is linearly independent overQ.

3.3. Let K be an infinite field and letK[t ] resp. K[t ]m , m ∈ N be theK-vector space of all
polynomial functions onK. resp. of all polynomial functions of deg< m.

a). For everyn ∈ N, let fn : K → K be a polynomial function of degree≤ n on K. Show that
fn , n ∈ N, is a basis of theK-vector spaceK[t ] if and only if degfn = n for all n ∈ N . (Hint :
It is enough to prove that : for everym ∈ N, f0, . . . , fm−1 is aK-basis of the subspaceK[t ]m if and only if
degfn = n for n = 0, . . . , m − 1 .)

b). Let an, n ∈ N∗ be a sequence of elements inK. Show that : for everym ∈ N , the polynomial
functions 1, t − a1, . . . , (t − a1) · · · (t − am−1) form a K-basis ofK[t ]m . Deduce that : the
polynomial functions(t − a1) · · · (t − an) , n ∈ N form aK-basis ofK[t ] .

3.4. a). Let f : I → K be aK-valued function withf (I) infinite image. Then the sequence
f n, n ∈ N of powers off is linearly independent (overK) in theK-vector spaceKI .

b). The sequences(1, λ, λ2, . . . , λn, . . .) ∈ KN, λ ∈ K, are linearly independent overK.

3.5. a). The vector space of all sequencesKN has no countable generating system overK. (Hint :
Consider the casesK countable and uncountable seperately to show thatKN is never countable and use
exercises T3.2-c), d) and 3.5-b) )

b). Let I be an infinite set. Then theK-vector spaceKI of K-valued functions onI has no
countable generating system overK.

c). TheK-subspace ofKN generated by the characteristic functionseA , A ⊆ N has no countable
generating system.(Hint : If K is a totally ordered subset of P(N) \ {∅} , then the family eA , A ∈ K is
linearly independent. Now, use the fact that there are uncountable totally ordered subsets in the ordered set
P(N), ⊆). )

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.
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Test-Exercises

T3.1. Let x1, . . . , xn, x be elements of a vector space over a fieldK. Then

a). The family x1, . . . , xn , x1 + · · · + xn is linearly dependent overK, but everyn of these vectors are
linearly independent overK.

b). Show thatx1, . . . , xn, x are linearly independent overK if and only ifx1, . . . , xn are linearly independent
andx /∈ Kx1 + · · · + Kxn.

c). Show thatx1, . . . , xn is a generating system ofV if and only if x1, . . . , xn , x is a generating system of
V andx ∈ Kx1 + · · · + Kxn.

T3.2. Let V be a vector space over a fieldK.

a). Suppose thatV has a finite (resp. a countable) generating system. Then every generating system ofV

has a finite (resp. a countable) generating system.

b). Suppose thatV has a countable infinite basis. Then every basis ofV is countable infinite.

c). Suppose that there is an uncountable linearly independent system inV . Then no generating system of
V is countable.

d). Suppose thatK is counable andV has a countable generating system. ThenV is countable. In particular,
everyQ-basis ofR is uncountable.

e). Let vi , i ∈ I , be a generating system forV . Then every maximal linearly independent subsystem ofvi ,
i ∈ I , is a basis ofV .

T3.3. Let K be a field.

a). Which of the following systems of functions are linearly independent overR in theR-vector spaceRR

of all functions.
1) 1, sint, cost . 2) sint, cost, sin(α + t) (α ∈ R fixed) .
3) t, |t | , Signt . 4) et , sint , cost .

b). Let fi , i ∈ I , andgj , j ∈ J , be linearly independentK-valued functions on the setsX resp.Y . Then
the functionsfi ⊗ gj : (x, y) 	−→ fi(x) gj (y) , (i, j) ∈ I × J , are linearly independent inKX×Y .

T3.4. Let λ1, . . . , λn be pairwise distinct elements in a fieldK. Then the elements

x1 := (1, λ1 , λ2
1 , . . . , λn−1

1 ) , . . . , xn := (1, λn , λ2
n , . . . , λn−1

n ) ∈ Kn

are linearly independent overK.(Hint : Induction onn. Assume the result forn−1 anda1x1+· · ·+anxn = 0.
Then we have the equations:a1λnx

′
1 + · · · + anλnx

′
n = 0 and a1λ1x

′
1 + · · · + anλnx

′
n = 0 , and so

a1(λn − λ1) x ′
1 + · · · + an−1(λn − λn−1) x ′

n−1 = 0 , wherex ′
i := (1, λi , . . . , λ

n−2
i ) , i = 1, . . . , n . )

T3.5. a). Let I ⊆ R be an interval which contain more than one point. Then none of theK-vector space
Cα

K
(I ) , α ∈ N ∪ {∞ , ω} , has a countable generating system.

b). The K-vector space of all convergent power series
∑∞

n=0 anx
n with coefficientsan from K has no

countable generating system overK.

T3.6. Let K ⊆ L be a field extension and letbi , i ∈ I , be aK-basis ofL. If V is aL-vector space with
L-basisyj , j ∈ J , thenbiyj , (i, j) ∈ I × J , is aK-basis ofV .
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