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Let K denote a field.

4.1. Let V be aK-vector space of dimensionn ∈ N.

a). If H1, . . . , Hr are hyperplanes inV , then DimK(H1 ∩ · · · ∩ Hr) ≥ n − r .

b). If U ⊆ V is a subspace of codimensionr, then there existr hyperplanesH1, . . . , Hr in V such
thatU = H1 ∩ · · · ∩ Hr .

c). Let V be aC-vector space of dimensionn ∈ N∗ and letH be a real hyperplane inV (i.e.
a real subspace of dimension 2n − 1) . ThenH ∩ iH is a complex hyperplane inV , where
iH := {ix | x ∈ H }. (i.e. a complex subspace of dimensionn − 1) .

4.2. Let x1 = (a11 , . . . , a1n) , . . . , xn = (an1 , . . . , ann) be elements ofKn with

|aii | >

n∑

j=1, j �=i

|aji | .

Show thatx1, . . . , xn is a basis ofKn. (Hint : It is enough to show the linear independence of
x1, . . . , xn. For this, suppose thatb1x1 + · · · + bnxn = 0 with |bi | ≤ 1 for all i andbi0 = 1 for somei0 a
contradiction.)

4.3. Let x1, . . . , xn ∈ Zn be arbitrary vectors with integer components. For everyλ ∈ Q \ Z,
the vectorsx1 + λe1 , . . . , xn + λen form a basis ofQn. (Hint : Suppose that
a1(x1 + λe1) + · · · + an(xn + λen) = 0 with ai ∈ Z, gcd(a1, . . . , an) = 1 a contradiction.)

4.4. Let K be a field with at leastn elements(n ∈ N∗) and letV be a finite dimensionalK-vector
space. LetU1 , . . . , Un be subspaces ofV od equal dimensionr and letu1i , . . . , uir be a basis ofUi

for i = 1, . . . , r . Show that there exists DimKV − r vectors inV such that which simultaneously
extend the given bases ofUi to a basis ofV . (Hint : Use exercise 2.2.)

4.5. Let v1, . . . , vn be a basis of then-dimensionalK-vector spaceV , n ≥ 1, and letH be a
hyperplane inV . Show that there exist an indexi0, 1 ≤ i0 ≤ n, and elementsai ∈ K, i �= i0 such
that vi − aivi0 , i �= i0 is a basis ofH .

4.6. Let ω ∈ R×
+. Fora ∈ R andϕ ∈ R, letfa , ϕ : R → R be defined byt 	→ a sin(ωt + ϕ) . Let

W := {fa , ϕ | a, ϕ ∈ R}.
a). Find aR-basis of theR-subspaceW of theR-vector spaceRR. What is the dimension DimRW ?
(Remark : Elements ofW are called h a rm o n i c o s c i l l a t i o n swith the c i rc u l a r f r e q u e n c y )

b). Show that non-zerof ∈ W has a unique representation

f (t) = a sin(ωt + ϕ) , a > 0, 0 ≤ ϕ < 2π .

(Remark : This uniquea is called thea m p l i t u d e andϕ is called thep h a s e a n g l e off . The zero
function has the amplitude 0 and an arbitrary phase angle. )

c). If f, g ∈ W , then compute the amplitude and the phase angle of the functionsf ± g.

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.
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Test-Exercises

T4.1. Let K be a field. For which(a, b) ∈ K2, the vectors(a, b) , (b, a) form a basis ofK2 ?

T4.2. Let K be a finite field withq elements.
a). The multiplesm · 1K, m ∈ Z of 1K form a subfieldK ′ of K.
b). There exists a smallest positive nautral numberp with p · 1K = 0. This is a prime number and is called
the c h a r a c t e r i s t i c ofK. The fieldK ′ ⊆ K contains exactlyp distinct elements 0, 1K , . . . , (p − 1)1K .
c). q = pn, wheren := DimK ′K . (Remark : The number of elements in a finite field is therefore a
power of a prime number. Conversely, for every powerq of a prime number there exists a field (which is
essentially unique) withq elements. We shall prove this assertion later. )
d). If V is aK-vector space of dimensionn ∈ N, thenV has exactlyqn elements.

T4.3. Let xi , i ∈ I , be a family of vectors in aK-vector spaceV and letU be the subspace ofV generated
by xi , i ∈ I . ThenU is finite dimensional if and only if there exists a natural numbern ∈ N such that
everyn + 1 vectors fromxi , i ∈ I are linearly dependent. Moreover, if this condition is fullfilled then the
dimension DimKU is the minimum ofn ∈ N which satisfy the above condition.

T4.4. Let V be a finite dimensionalK-vector space and letU be a subspace ofV . Suppose that the basis
u1, . . . , um of U is extended to a basisu1, . . . , um, um+1, . . . , un of V . Then

x = a1u1 + · · · + amum + bm+1um+1 + · · · + bnun ∈ V

is an element ofU if and only if the coordinatesbm+1 = u ∗
m+1(x) , . . . , bn = u∗

n(x) of x with respect to the
basisu1, . . . , un of V are zero. (Remark : This is the most easiest method to determine elements of a
subspace. )

T4.5. Let n ∈ N∗ and leta0, . . . , an be real numbers witha0 < a1 < · · · < an .
a). LetU be theR-vector space of continuous piecewise linear1) real valued functions os the closed interval
[a0 , an] in R with partition pointsa1, . . . an−1. Show that the functions|t − a0| , . . . , |t − an| is aR-basis
of U . In particular, DimKU = n + 1.
b). Let V be theR-vector space of the continuous piecewise linear functionsR → R with partition points
a0, . . . , an. Show that the functions(a0 − t)+ , |t − a0| , . . . , |t − an| , (t − an)+ is a basis ofV , where
f+ := Max (f, 0) denote the positive part of a real valued functionf . In particular, DimKV = n + 3.
c). Let W be theR-vector space of the continuous piecewise linear functions [a0 , an] → R with partitions
pointsa1, . . . , an−1 , and which vanish at both the end pointsa0 andan. Show that there exist functions
f1, . . . , fn−1 ∈ W and the functionsg1, . . . , gn−1 ∈ W which form bases ofW such that the graphs offi

andgi are :

d). Let k, m ∈ N with k < m. The set ofk-times continuously differentiableR-valued functions on the
closed interval [a0 , an] , which are polynomial functions of degree≤ m on every subinterval [ai , ai+1], is a
R-vector space of dimension(m − k)n + k + 1 with basis

1, (t − a0) , . . . , (t − a0)
m ,

(
(t − a1)+

)k+1
, . . . ,

(
(t − a1)+

)m
, . . . ,

(
(t − an−1)+

)k+1
, . . . ,

(
(t − an−1)+

)m
.

(Remark : The elements of this vector space are calleds p l i n e f u n c t i o n s oftype(m, k) on [a0 , an] with
partition pointsa1, . . . , an−1. )

1) Let n ∈ N∗ and leta0, . . . , an be real numbers witha0 < a1 < · · · < an . A continuous real valued
functionf : [a0, an] → R is called p i e c e w i s e l i n e a r w i t h p a r t i t i o n p o i n t sa0, . . . , an if
f
∣∣[ai, ai+1] → R is linear (see below) for everyi = 1, . . . , n − 1.

A real valued functionf : [a, b] → R defined on the closed interval [a, b] ⊆ R is called l i n e a r if there
existλ, µ ∈ R such thatf (t) = λtµ for everyt ∈ [a, b].
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