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MA-219 Linear Algebra
4. Dimension of vector spaces
August 29, 2003 ; Submit solutions before 11:00AM ; September 8, 2003.

Let K denote a field.

4.1. LetV be aK-vector space of dimensione N.
a). If Hy, ..., H, are hyperplanes i, then Dinx (H1N---NH,) >n—r.

b). If U C V is asubspace of codimensigjthen there exist hyperplaned,, ..., H, in V such
thatU = HyN---N H, .

c). Let V be aC-vector space of dimension € N* and letH be a real hyperplane iW (i.e.
a real subspace of dimensiom 2 1). ThenH N iH is a complex hyperplane i, where
iH :={ix | x € H}. (i.e. a complex subspace of dimension 1).

4.2. Letx;=(ay1,...,a1),...,x, = (dn1, ..., ay,) be elements akK” with
n
|aii| > Z lajil .
j=1, j#i
Show thatx, ..., x, is a basis ofk”. (Hint: It is enough to show the linear independence of
X1,...,%,. Forthis, suppose thatx; + --- + b,x, = O with |b;| < 1 for all i andb;, = 1 for someip a

contradiction.)

4.3. Letxy,...,x, € Z" be arbitrary vectors with integer components. For every Q \ Z,
the vectorsx; + Aey, ..., x, + Ae, form a basis ofQ". (Hint: Suppose that
ai1(x1+ rey) + -+ - +a,(x, + Ae,) = 0witha; € Z, gcdas, ..., a,) = 1 a contradiction.)

4.4. Let K be afield with at least elementgn € N*) and letV be a finite dimensiona -vector
space. LeU,, ..., U, be subspaces &f od equal dimensionand letuy;, .. ., u;, be a basis ob/;
fori =1,...,r. Showthatthere exists Dig¥V —r vectors inV such that which simultaneously
extend the given bases bf to a basis oV. (Hint: Use exercise 2.2.)

45. Let vy, ..., v, be a basis of the-dimensionalK -vector space/, n > 1, and letH be a
hyperplane inV. Show that there exist an indéx 1 < ip < n, and elements; € K,i # ip such
that v; — a;v;, , i # ip iS a basis of.

4.6. Letw € R}. Fora e Randy € R, let f, , : R — R be defined by — asin(wt + ¢) . Let
Wi={fsola ¢cR}

a). Find aR-basis of théR-subspacéV of theR-vector spac®~. What is the dimension DigW ?
(Remark: Elements of are called hamonic oscillationswiththe circular frequency)

b). Show that non-zerg € W has a unique representation
f(t) =asin(wt + ¢), a>0 0<¢<2r.

(Remark: This uniqueu is called theamplitude andp is called thephase angle of. The zero
function has the amplitude 0 and an arbitrary phase angle. )

c). If f, g € W, then compute the amplitude and the phase angle of the funcfigng.

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.
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Test-Exercises
T4.1. LetK be afield. For whicha, b) € K2, the vectorga, b), (b, a) form a basis ok 2 ?

T4.2. Let K be afinite field withy elements.
a). The multiplesn - 1x, m € Z of 1 form a subfieldK’ of K.

b). There exists a smallest positive nautral numbeiith p - 1, = 0. This is a prime number and is called
the characteristic ok. ThefieldK’ C K contains exactly distinct elements Qlx , ..., (p — 11k .

c). ¢ = p",wheren := Dimg K . (Remark: The number of elementsin a finite field is therefore a
power of a prime number. Conversely, for every power of a prime number there exists a field (which is
essentially unique) with elements. We shall prove this assertion later. )

d). If V is aK-vector space of dimensione N, thenV has exactly” elements.

T4.3. Letx;,i € I, be afamily of vectors in & -vector spacé and letU be the subspace &f generated
by x;,i € I. ThenU is finite dimensional if and only if there exists a natural number N such that
everyn + 1 vectors fromy; , i € I are linearly dependent. Moreover, if this condition is fullfilled then the
dimension Dimx U is the minimum of: € N which satisfy the above condition.

T4.4. LetV be a finite dimensionak -vector space and léf be a subspace df. Suppose that the basis
ui,...,u, of Uisextendedtoabasis, ..., u,, u,s1,...,u, of V. Then

X =au1~+ -+ auy +bpittyi1+ - +bu, €V

is an element ot if and only if the coordinates,, 1 = u,; ,(x), ..., b, = u;(x) of x with respect to the
basisui, ..., u, of V are zero. Remark: This is the most easiest method to determine elements of a
subspace. )

T4.5. Letn € N* and letag, .. ., a, be real numbers withg < a1 < --- < a, .

a). LetU be theR-vector space of continuous piecewise linbaeal valued functions os the closed interval
[ao0, a,] in R with partition pointsay, ...a, 1. Show that the functiong — aq|, ..., |t — a,| is aR-basis
of U. Inparticular, DimkU =n + 1.

b). LetV be theR-vector space of the continuous piecewise linear functivrs R with partition points
aop, ..., a,. Show that the functiongag — t),, |t —aol,..., |t — a,|, (t — a,), IS a basis ofv, where
f+ = Max(f, 0) denote the positive part of a real valued functjonin particular, DimyV = n + 3.

c). Let W be theR-vector space of the continuous piecewise linear functiegsd,] — R with partitions
pointsay, ..., a,_1, and which vanish at both the end poiatsanda,. Show that there exist functions
f1,..., fn1 € W and the functiongs, ..., g,_1 € W which form bases oW such that the graphs of
andg; are:

d). Letk,m € N with k < m. The set ofk-times continuously differentiabl&-valued functions on the
closed intervaldo, a,], which are polynomial functions of degreem on every subintervakly , a;,1], is a
R-vector space of dimensiam — k)n + k + 1 with basis

1, (¢t —ag),...,(t —ap)™,

((t - al)Jr LR ((t - al)+)m9 cee ((t - an71)+) s ((t - an71)+)m :

(Remark: The elements of this vector space are calgddine functions ofype(m, k) on [ag, a,] with
partition pointsay, ..., a,-1. )

)k+1 k+1

1y Letn € N* and letag, ..., a, be real numbers withg < a1 < --- < a,. A continuous real valued
function f : [ap,a,] — Riscalledpiecewise linear with partition pointsg,...,a, if
f|[a,-, a;+1] — Ris linear (see below) for evety=1,...,n — 1.

A real valued functionyf : [a, b)] — R defined on the closed interval,[b] C Ris calledlinear ifthere
existi, u € R such thatf (¢) = At for everyr € [a, b].
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