Prof. D. P.Patil, Department of Mathematics, Indian Institute of Science, Bangalore August-December 2003

MA-219 Linear Algebra
7. Rank Theorem
September 19, 2003 ; Submit solutions before 11:00AM ; September 29, 2003.

Let K be afield and let/, V, W be vector spaces ové. .

7.1. a). (Inequality ofSylvester) Letf:U — V andletg:V — W be linear maps. 1t/ and
V are finite dimensional, then Rarftk- Rankg —Dim V < Rank(gf) < Min (Rankf, Rankg) .
(Hint: Rank(gf) = Rankf — Dim (im f NKerg). )

b). (Inequality ofFrobenius) Letf:U — V, g:V — Wandleth: W — X beK-linear maps.
If U,V andW are finite dimensional, then Raukg) + Rank(gf) < Rankg + Rank(hgf) .
(Hint: We may assume thatis surjective and apply the part a). )

7.2. Let f:V — W be a homomorphism ok -vector spaces. Show that Kgris finite dimen-
sional if and only if there exists a homomorphismibivector spacez : W — V and an operator
h:V — V onV suchthat Rank is finiteandgf = h +idy .

7.3. Let f1,..., f, € Homg(V, W) be K-vector space homomorphisms of finite rank. For
arbitraryas, ..., a, € K,therank ofa, f1 + - - - + a, f, is finite and

Rank(aif1+---+a,f,) < Rankfi + --- 4+ Rankf, .

7.4. LetV andW be finite dimensionak -vector space and lét’, W’ be subspaces df resp.
W. Show that there exists E-homomorphismf :V — W with Ker f = V' and imf = W' if
and only if DimV’ 4+ Dim W' = Dim V.

75. a). Letag;;eK,i=1,...,m,j=1---,n Thenthe linear system of equations

aiix1 +- -+ anux, =by

Ap1X1+ - -+ QGupXp = bm

over K has a solution irk” for every(by, ..., b,,) € K™ if and only if its rank ism. Moreover, in
this case the solution space is an affine subspace of dimension.

b). Lets,n € N, s < n. Then every affine subspace &f of dimensions is a solution space of a
linear system of equations of rank— s in n unknowns ana — s equations.

c). Letfi:V;, - Vii1,i =1,---,r, be surjectivek -vector space homomorphism with finite
dimensional kernels. Then the compositibni= f, o --- o f; from V; to V, ., also has finite
dimensional kernel and DigKer f = Zle DimgKer f;. (Remark: For example: LetP(x) =

(x — A1) - -+ (x — A,) be a polynomial inC[x] with (not necessarily distinct) zeras, ..., A, € C. Then
the differential operatorP(D) = (D — A1) ---(D — &,) on G(I), where/ C R is an interval has
n-dimensional kernel, sinc — 1 is surjective for every. € C with a finite dimensional kernele*, .)

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.
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Test-Exercises

T7.1. Let f andg be endomorphisms of the finite dimensioalvector space/ with go f = 0. Then
Rankf + Rankg < Dim V. Inparticular, if f2 (= f o f) = 0, then Rankf < % Dim V.

T7.2. Letg:V — W beK-linear and letV’ be a subspace of. If V is finite dimensional, then
Dim vV — Dim V' > Rankg — Rank(g|V") .

T7.3. Let f be an operator on the finite dimensio#&lvector space/ of odd dimension. Then inf #
Ker f.

T7.4. Let f be an operator on the finite dimensioialvector spacée’ .

a). The following statements are equivalent:

(L Kerf =imf. (2) f2 = 0and DimV = 2. Rankf .

b). The following statements are equivalent:

(1) Rankf = Rankf2. (1) im f =im f2. (2) DimKer f = DimKer f2. (2) Ker f = Ker f2.

B)imfNnKerf=0. (4)imf+Kerf=1V.
(Remark: (3) and (4) together mean thttis the direct sum of iny and Kerf.)

T75. Let f:U — V and letg:V — W be homomorphisms ok -vector spaces. If one of these
homomaorphism have a finite rank, then the composigiory also has a finite rank. If is surjective (resp.
g is injective) , then Rankg o f) = Rankg (resp. RanKg o /) = Rankf).

T7.6. Let f:V — W be ahomomorphism df -vector spaces and Iet,i € I, be a basis of Kef. Then
for a familyv; , j € J, of vectors ofV, the family f(v;), j € J, of the image vectors is a basis of jf
and only if the families; ,i € I; v;, j € J, together form a basis of.
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