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Let K be a field and letU , V , W be vector spaces overK.

8.1. A linear operatorf on aK-vector spaceV is called ani n v o l u t i o n ofV if f 2 = idV . Let
InvKV (resp. ProjKV ) denote the set of all involutions (resp. projections) ofV . Suppose that
CharK �= 2, i.e. 2= 1K +1K �= 0. Then the mapγ : ProjKV → InvKV defined byp �→ idV −2p

is bijective. Further, forp ∈ ProjKV show that

a). im p = Ker (id + γ (p)) and Kerp = Ker (id − γ (p)) .

b). For an involutionf = γ (p) of V there is a direct sum decomposition :

V = V − ⊕ V +

whereV − := {x ∈ V | f (x) = −x} = im p andV + := {x ∈ V | f (x) = x} = Kerp .

8.2. Let p1, . . . , pn be distinct pairwise commuting projections of theK-vector spaceV . Then

a). The compositionp := p1 · · · pn is a projection ofV with im p = (im p1) ∩ · · · ∩ (im pn)

and Kerp = (Kerp1) + · · · + (Kerpn) .

b). Let q1 := idV − p1, . . . , qn := idV − pn be the complementary projections. Then the
projectionsp1, . . . , pn , q1, . . . , qn are pairwise commuting.

c). For H = {i1, . . . , ir} ⊆ {1, . . . , n} with i1 < · · · < ir , let pH := pi1 · · · pir and qH :=
qi1 · · · qir . Then idV =

∑
H∈P({1,2,...,n})

pHqH , whereH ′ denotes the complement{1, . . . , n} \ H

of H in {1, . . . , n}. (Hint : idV = (p1 + q1) · · · (pn + qn) . )

d). V is the direct sum of the subspacesUH :=
(⋂

i∈H

Bild pi

)
∩

(⋂
i �∈H

Kernpi

)
, H ∈P({1, . . . , n}) .

(Hint : ForH, L ⊆ {1, . . . , n} with H �= L, we havepH qH ′pLqL′ = 0 . )

8.3. Suppose that theK-vector spaceV is the direct sum of the subspacesU andW .

a). For every linear mapg : U → W the graph �(g) := {u + g(u) | u ∈ U} ⊆ V of g is a
complement ofW in V .

b). The map HomK(U, W) → C(W, V ) defined byg �→ �(g) is bijective, where denote the set
of all complements ofW in V .

c). Suppose that DimK U = DimK W = n . Let u1, . . . , un and w1, . . . , wn be bases ofU
andW , respectively. Thenu1 + w1 , . . . , un + wn is a basis of a complement ofU as well as a
complement ofW in V .

d). Let V ′ be anotherK-vector space and letf :V → V ′ be a linear map ofK-vector spaces such
that f |W : W → im f is bijective. Then there exists a uniqueK-linear mapg :U → W such that
Kerf = �(g) = {u + w | u ∈ U, w = g(u)} . (Remark : In this case the equationw = g(u) is called
the s o l u t i o n o f t h e e q u a t i o nf (x) = 0 , x ∈ V , f o r w ∈ W .)

8.4. Let V be a finite dimensionalK-vector space and letf : V → V be an operator onV . Then
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a). f is a projection ofV if and only if there exists a basisx1, . . . , xn of V such thatf (xi) = xi ,
i = 1, . . . , r, andf (xi) = 0, i = r + 1, . . . , n. (Remark : An analogous statement hold ifV is not
finite dimensional, formulate this and the prove! )

b). There exists an automorphismg and projectionsp, q of V such thatf = pg = gq . (Hint :

Extend a basis of Kerf to a basis ofV . – In general, such a representation does not exists for operators on
infinite dimensionalK-vector spaces. Example!)

8.5. Let E be an affine space over theK-vector spaceV and letU, W be subspaces ofV .

a). Any two affine subspacesF andF ′ of E which are parallel toU andW , respectively, intersects
if and only if V is the sum ofU andW .

b). Any two affine subspacesF andF ′ of E which are parallel toU andW , respectively, intersects
exactly in a point if and only ifV is the direct sum ofU andW .

8.6. Let f : V → V ′′ be a surjectiveK-linear map and letW be its kernel. Then the set of all
complementsU of W in V is an affine space over theK-vector space HomK(V ′′, W) with respect
to the operation(h, U) �−→ h + U := {

h
(
f (x)

) + x
∣∣ x ∈ U

}
, h ∈ HomK(V ′′, W) .

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.
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Test-Exercises

T8.1. a). TheK-vector spaceKR (resp. K
K ) of theK-valued functions onR (resp.C) is the direct sums

of theK-subspacesWeven and Wodd of all even and all odd functions, respectively. (Hint : See exercise
2.3-d). )

b). Let V be a two dimensionalK-vector space with basisx, y. The complements of the lineKx in V are
the distinct lines of the formK(ax + y) , a ∈ K.

T8.2. Let U1, . . . , Un be subspaces of theK-vector spaceV . Then

a). The sum of the subspacesU1, . . . , Un is direct if and only if (U1 + · · · + Ui) ∩ Ui+1 = 0 for all
i = 1, . . . , n − 1.

b). Assume thatK has at leastn elements,V is finite dimensional and allU1, . . . , Un have equal dimension.
Then U1, . . . , Un have a common complement inV . (Hint : use the exercise 4.4 )

c). Suppose thatU1, . . . , Un are finite dimensional. Then Dim(U1 +· · ·+Un) ≤ Dim U1 +· · ·+Dim Un .

Moreover, the above inequality is and equality if and only if the sum of theUi , i = 1, . . . , n is direct.

T8.3. Let Ui , i ∈ I be a family of subspaces of theK-vector spaceV , let Ij , j ∈ J be a partition of the
indexed setI and letWj := ∑

i∈Ij
Ui , j ∈ J . The following statements are equivalent:

(1) The sum of theUi , i ∈ I is direct.
(2) For everyj ∈ J the sum of theUi , i ∈ Ij , is direct and the sum of theWj , j ∈ J , is direct.

T8.4. Let W be a complement of the subspaceU in the vector spaceV . For every subspaceV ′ of V with
U ⊆ V ′, the subspaceW ∩ V ′ is a complement ofU in V ′.

T8.5. Suppose that the vector spaceV is the direct sum of its subspacesU andW . If V = U ′ + W ′ with
subspacesU ′ ⊆ U andW ′ ⊆ W , thenU ′ = U andW ′ = W .

T8.6. Let f : U → V andg : V → W be homomorphisms ofK-vector spaces. Ifgf is an isomorphism
of U ontoW , thenV is the direct sum of imf and Kerg.

T8.7. Let p be a projection and letf be an arbitrary operator on theK-vector spaceV .

a). p andf commute (i.e.fp = pf ) if and only if the subspaces imp and Kerp are invariant underf ,
i.e. f (im p) ⊆ im p and f (Kerp) ⊆ Kerp .

b). The subspace imp is invariant underf if and only if fp = pfp .

c). The subspace Kerp is invariant underf if and only if pf = pfp .

T8.8. In the situation of exercise 8.2, letn = 2. Then for two commuting projectionsp1 andp2 of
V (by part d))V is a direct sum of theK-subspacesU1 := im p1 ∩ im p2 , U2 := im p1 ∩ Kerp2 ,

U3 := Kerp1 ∩ im p2 , U4 := Kerp1 ∩ Kerp2 . For all 16 subsetsS ⊆ {1, 2, 3, 4} give (with the help of
p1 andp2) the projection onto

∑
i∈S Ui along

∑
i �∈S Ui .

T8.9. Let p andq be projections of theK-vector spaceV .

a). Show by an example that the compositionpq can be a projection ofV without the condition thatp and
q are commuting.

b). p andq have the same image if and only ifpq = q and qp = p .

c). Suppose that CharK �= 2, i.e. 2= 1K + 1K �= 0 in K. Then p + q is a projection ofV if and only if
pq = qp = 0. Moreover, in this case im(p+q) = im p⊕ im q , and Ker(p+q) = (Kerp)∩(Kerq) .

d). Suppose that CharK = 2. Thenp + q is a projection ofV if and only if pq = qp . Moreover, in this
case im(p + q) = (im p ∩ Kerq) ⊕ (im q ∩ Kerp) and Ker(p + q) = (im p ∩ im q) ⊕ (Kerp ∩ Kerq) .

T8.10. Suppose thatU andU ′ are two complements of the subspaceW of theK-vector spaceV and p

denote the projection ofV ontoU alongW . Then p|U ′ : U ′ → U is an isomorphism.

T8.11. Let vi , i ∈ I be a basis of the finite dimensionalK-vector spaceV and letU be a subspace ofV .
Then there exists a subsetJ of I such that the projectionpJ ontoVJ := ∑

i∈J Kvi alongVI\J = ∑
i∈I\J Kvi

induces an isomorphism ofU ontoVJ . (Remark : This assertion is true even ifI is not a finite set.)

D. P. Patil / Exercise Set 8 la03-e08 ; September 24, 2003 ; 12:28 p.m. 26



8.4 MA-219 Linear Algebra / August-December 2003 8. Direct sums and projections

T8.12. Let f : V → V ′ be a homomorphism ofK-vector spaces. ThenW ⊆ V is a direct summand of
Kerf in V if and only if f induces an isomorphismf |W :W → im f of W onto imf .

T8.13. Let V be aK-vector space.

a). Let f1 : U1 → V , f2 : U2 → V be two surjective homomorphisms ofK-vector spaces and let
f : U1 ⊕ U2 → V be the homomorphism defined byf (x1, x2) := f1(x1) + f2(x2) , x1 ∈ U1, x2 ∈ U2.
Then Kerf1 ⊕ U2 ∼= Kerf ∼= U1 ⊕ Kerf2 .

b). Let f : V → V ′′ be a surjectiveK-linear map, letU ⊆ V be aK-subspace ofV and letf |U : U → V ′′

be the restriction off to U . Then

(1) f |U is injective if and only ifU ∩ Kerf = 0.
(2) f |U is surjective if and only ifU + Kerf = V .
(3) f |U is an isomorphism if and only ifV = U ⊕ Kerf , i.e.U is a complement of Kerf in V .

T8.14. Let K be a finite field with card(K) = q (note thatq = pm for somem ∈ N
+, wherep := CharK)

and letV be ann-dimensionalK-vector space.

a). For n ∈ N , let αq(n, r) be the number of linearly independentr-tuples (x1, . . . , xr ) ∈ V r . For

1 ≤ r ≤ n , show that αq(n, r) = q(r−1)r/2
n∏

i=n−r+1

(qi − 1) . In particular,αq(n, r) depends only onq, n, r

and does not depend onK andV . (Hint : Use induction onr. )

b). card(EndK(V )) = qn2
and card(AutK(V )) = αq(n, n) .

c). For n ∈ N , let βq(n, r) be the number ofr-dimensionalK-subspaces ofV . For 1≤ r ≤ n , show that
CharK does not divideβq(n, r) and βq(n, r) = αq(n, r)αq(r, r)

−1 . In particular,βq(n, r) depends only
on q, n, r and does not depend onK andV .

d). The number of projections ofV are
∑n

r=0 βq(n, r)qr(n−r) .

e). Let H be an elementary abelianp–group1) of orderpn, wherep is a prime number. Compute the
number of endomorphisms and automorphisms ofH and the number of subgroups.

f). Let p be a prime numebr and letn ∈ N. Forr ∈ Z, let
[
n

r

]
denote the number of subgroups of orderpr

in an elementary abelainp–group of orderpn. This number is 0 forr < 0 andr > n; further,[
n

r

]
= (pn − 1)(pn−1 − 1) · · · (pn−r+1 − 1)

(p − 1)(p2 − 1) · · · (pr − 1)

for 0 ≤ r ≤ n. (Remark : One can define these numbers by the above properties without any reference to
the groups – and vector spaces. Note the similarity between these numbers and the binomial coefficients :[

n

r

] = [
n

n−r

]
, and forn ≥ 1, we have the recursion formula :

[
n

r

] = pr
[
n−1

r

] + [
n−1
r−1

]
. )

g). In the set of subspaces ofV which is ordered by the inclusion, the maximal number of elements which
are not comparable isβq(n, [n/2]) .

1) The additive groups or the vector spaces over the fieldKp = Z/Zp are called thee l e m e n t a r y
a b e l i a n p - g r o u p s .
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