Prof. D. P.Patil, Department of Mathematics, Indian Institute of Science, Bangalore August-December 2003

MA-219 Linear Algebra

8. Direct sums and projections
September 24, 2003 ; Submit solutions before 11:00 AM ; October 03, 2003.

Let K be afield and let/, V, W be vector spaces ovéf.

8.1. Alinear operatorf on ak-vector spacé is called aninvolution of V if 2 =idy. Let
Invg V' (resp. Proj V') denote the set of all involutions (resp. projections)of Suppose that
CharK # 2,i.e.2= 1 +1x # 0. Thenthe map : Proj, V — Invg V defined by +— idy —2p
is bijective. Further, forp € Proj, V show that

a). mp=Ker(id+y(p)) and Kerp=Ker(id—y(p)).

b). For an involutionf = y(p) of V there is a direct sum decomposition :
V=V_ V"

whereV- i={x eV | f(x)=—x}=impandVt ={x eV | f(x) =x} =Kerp.

8.2. Letp,..., p, be distinct pairwise commuting projections of tkievector spacé’. Then

a). The compositionp := p1--- p, is a projection ofV with imp = (im py) N --- N (im p,)
and Kerp = (Kerpy) + --- + (Ker p,) .

b). Let ¢1 := idy — p1,...,9, = idy — p, be the complementary projections. Then the

projectionsps, ..., p., q1, ..., q, are pairwise commuting.
c). ForH = {i1,...,i;} € {1,....,n}withiy < --- < i, let py = p;i---pi, and gy =
gi,---q; . Then id, = > puqu , WhereH' denotes the complement, ..., n} \ H

_ HeB({L12....n})
of Hin{l,...,n}. (Hint: idy =(p1+q1) - Pp+gn).)

d). Visthedirectsumofthe subspadég = (ﬂ Bild p,~>ﬂ<ﬂ Kernpi) , HeP{L, ..., n}).
ieH i¢H

(Hint: ForH,L C{1,...,n} with H # L, we havepygy prgr =0.)

8.3. Suppose that th& -vector spacé’ is the direct sum of the subspadésandW.

a). Foreverylinearmag : U — WthegraphT'(g) :={u+gu) |u e U} CV ofgisa
complement oV in V.

W, re)
g(u) u+g(u)
0 u U

b). The map Hom (U, W) — C(W, V) defined byg — I'(g) is bijective, where denote the set
of all complements oV in V.

c). Suppose that DipU = Dimg W = n. Let uq,...,u, and wy, ..., w, be bases ot/
andW, respectively. Theniy + wq, ..., u, + w, is a basis of a complement éf as well as a
complement oV in V.

d). LetV’be anotheK -vector space andlef:V — V' be alinear map oK -vector spaces such
that f|W: W — im f is bijective. Then there exists a unigkelinear mapg :U — W such that
Kerf=T(g)={u+w|ueU,w=g(u)}.(Remark: Inthis case the equatiom = g(u) is called
the solution of the equatiorf(x) =0,x eV, forwe W.)

8.4. LetV be afinite dimensionat -vector space and lef : V — V be an operator ol. Then
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a). f is a projection ofV if and only if there exists a basis, ..., x, of V such thatf (x;) = x;,
i=1...,randf(x;)=0,i =r+1,...,n. (Remark: An analogous statement hold¥fis not
finite dimensional, formulate this and the prove! )

b). There exists an automorphisgrand projectiong, ¢ of V such thatf = pg = gg. (Hint:
Extend a basis of Kef to a basis ol. —In general, such a representation does not exists for operators on
infinite dimensionak -vector spaces. Example!)

8.5. Let E be an affine space over tli&-vector spacé’ and letU, W be subspaces df.

a). Any two affine subspaceas andF’ of E which are parallel té&/ andW, respectively, intersects
if and only if V is the sum otU andW.

b). Any two affine subspaces andF’ of E which are parallel té&/ andW, respectively, intersects
exactly in a point if and only iV is the direct sum ot/ andW.

F=W+P

D=U+P

8.6. Let f:V — V” be a surjectivk -linear map and leW be its kernel. Then the set of all
complementd/ of W in V is an affine space over thé-vector space Hop(V”, W) with respect
to the operation(h, U) —> h + U = {h(f(x)) + x | x € U}, h € Homg (V", W).

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.
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Test-Exercises

T8.1. a). TheK-vector spacek® (resp. K¥) of theK-valued functions ofR (resp.C) is the direct sums
of the K-subspaceWeven and Wyqq Of all even and all odd functions, respectively.Hirnt: See exercise
2.3-d).)

b). LetV be atwo dimensionat -vector space with basis y. The complements of the lin€x in V are
the distinct lines of the fornK (ax + y), a € K.

T8.2. LetUs,..., U, be subspaces of thie-vector spacé’. Then

a). The sum of the subspacd$, ..., U, is direct if and only if (Uy + --- + U;) N U;41 = 0 for all
i=1...,n—1.

b). Assume thak has at least elementsy is finite dimensionaland all/4, . . ., U, have equal dimension.
Then U4, ..., U, have a common complementin (Hint: use the exercise 4.4)

c). Suppose that, ..., U, are finite dimensional. Then Digy/y +---+U,) < DimUy+---+Dim U, .
Moreover, the above inequality is and equality if and only if the sum otthe = 1, ..., n is direct.

T8.3. LetU;,i € I be afamily of subspaces of the-vector space/, let;, j € J be a partition of the
indexed set and letW; := ., U;, j € J. The following statements are equivalent:

(1) The sum of thed/; , i € I is direct.
(2) For everyj € J the sum oftheJ; , i € I;, is direct and the sum of th&; , j € J, is direct.

T8.4. Let W be a complement of the subspdgen the vector spac&. For every subspace’ of vV with
U C V/, the subspac® N V' is a complement of/ in V',

T8.5. Suppose that the vector spakas the direct sum of its subspacEsandW. If V = U’ + W’ with
subspacet’’ C U andW’' C W, thenU’' = U andW’ = W.

T8.6. Letf:U — V andg : V — W be homomorphisms of -vector spaces. I f is an isomorphism
of U onto W, thenV is the direct sum of iny and Kerg.

T8.7. Let p be a projection and lef be an arbitrary operator on thi&-vector space’ .

a). p andf commute (i.e.fp = pf) if and only if the subspaces imand Kerp are invariant undey,
i.e. f(imp) Cimp and f(Kerp) C Kerp.

b). The subspace im is invariant underf if and only if fp = pfp.

c). The subspace Kaer is invariant underf if and only if pf = pfp.

T8.8. In the situation of exercise 8.2, let = 2. Then for two commuting projections; and p» of
V (by part d))V is a direct sum of th&k-subspacesU; ;= impy Nimp2, Uz = imp1 NKerpy,
Uz :=Kerpinimpa, Uy :=KerpinKerpy. Forall 16 subsets C {1, 2, 3, 4} give (with the help of
p1 andpy) the projection ontd _,_; U; alongy_, s U;.

ieS

T8.9. Let p andg be projections of th& -vector space’.

a). Show by an example that the compositiapncan be a projection df without the condition thap and
g are commuting.

b). p andg have the same image if and onlyply = ¢ andgp = p.

C). Suppose that Chaf £ 2,i.e. 2= 1x + 1x #0in K. Then p + ¢ is a projection ofv if and only if

pq = gp = 0. Moreover, inthiscase itp+¢) =imp®imqg, and Ker(p+gq) = (Kerp)n(Kerg).

d). Suppose that Chaf = 2. Thenp + ¢ is a projection ofV if and only if pg = gp . Moreover, in this
case imp+gq) = (impnKerq) ® (img NKerp) and Ker(p +¢q) = (im pNimgqg) & (KerpNKergq) .

T8.10. Suppose thaU andU’ are two complements of the subspageof the K -vector space’ and p
denote the projection df ontoU alongW. Then p|U’ : U’ — U is an isomorphism.

T8.11. Let v;,i € I be a basis of the finite dimensionglvector spacé’ and letU be a subspace df.
Then there exists a subsebf I such that the projectiop, ontoV, :=3,_; Kv; alongVy; =3, , Kvi
induces an isomorphism @f ontoV,. (Remark: This assertion is true evenifis not a finite set.)
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T8.12. Let f:V — V'’ be a homomorphism of -vector spaces. Thew C V is a direct summand of
Ker f in V ifand only if f induces anisomorphisnf|W:W — im f of W onto imf .

T8.13. LetV be aK-vector space.

a). Let f1: U1 — V, fo: Uy — V be two surjective homomorphisms &f-vector spaces and let
f Uy ® Uz — V be the homomorphism defined b§(x1, x2) := fi(x1) + falx2), x1 € Uz, x2 € Us.
Then Kerfy @ Uy = Ker f = Uy @ Ker f>.

b). Let f:V — V” be a surjectivk -linear map, letU C V be aK-subspace o¥ and letf|U:U — V”
be the restriction of to U. Then

(1) f|U isinjective if and only ifU NnKer f = 0.

(2) f|U is surjective if and only ifU + Ker f = V.

(3) fIU is anisomorphismifand only i¥ = U & Ker f, i.e.U is a complement of Kef in V.

T8.14. LetK be afinite field with car@k) = ¢ (note thaly = p™ for somem € N*, wherep := Chark)
and letV be anz-dimensionalk -vector space.

a). Forn € N, let «,(n,r) be the number of linearly independentuples(xi,...,x,) € V". For

1<r<n,showthate,(n.r) =¢"P"? ] (¢'—1). Inparticular,a,(n, ) depends only o, n,
i=n—r+1

and does not depend éghandV. (Hint: Use induction omnr. )

b). cardEndg(V)) = q”2 and cardAutg (V)) = o, (n, n).

c). Forn e N,let g,(n, r) be the number of-dimensionalk -subspaces df . For 1< r < n, show that

Chark does not divideg, (n, r) and B,(n,r) = a,(n, r)a,(r, »H7LIn particular, 8, (n, r) depends only

on g, n, r and does not depend éghandV.

d). The number of projections df are Y_"_ B,(n, r)g"" ™" .

e). Let H be an elementary abelign-group?) of order p", wherep is a prime number. Compute the
number of endomorphisms and automorphism& and the number of subgroups.

f). Let p be a prime numebr and lete N. Forr € Z, let [ ] denote the number of subgroups of orgér
in an elementary abelaip—group of ordep”. This number is O for < 0 andr > n; further,

[n] _ @ =)t =Dt -
rl (p-DP*-D---(p -1

for0 <r <n. (Remark: One can define these numbers by the above properties without any reference to
the groups — and vector spaces. Note the similarity between these numbers and the binomial coefficients :
["] =[] andforn > 1, we have the recursion formulaf’] = p'["*] +['71] )

g). Inthe set of subspaces Bfwhich is ordered by the inclusion, the maximal number of elements which
are not comparable ig, (n, [n/2]) .

1) The additive groups or the vector spaces over the fieJd= Z/Zp are called theelementary
abelian p- groups.
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