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Let K be a field and letV be aK-vector space.

9.1. Suppose thatV is not finite dimensional and letvi , i ∈ I be a basis ofV . Further, letv∗
i ,

i ∈ I be the coordinate functions with respect to the basisvi i ∈ I andW := ∑
i∈I Kv∗

i ⊆ V ∗ be
the subspace ofV ∗ generated byv∗

i , i ∈ I . 1)

a). The linear form
∑

i∈I aivi �−→ ∑
i∈I ai on V does not belong toW . In particular,W �= V ∗

andv∗
i , i ∈ I not basis ofV ∗.

b). ◦W = 0 and so(◦W)◦ = V ∗ �= W .

c). The cannonical homomorphismσV :V → V ∗∗ is not surjective.

9.2. Let V be aK-vector space and letf1, . . . , fn ∈ V ∗ be linear forms onV . Let f : V → Kn

be the homomorphism defined byf (x) := (
f1(x) , . . . , fn(x)

)
. Then Dim(Kf1 + · · · + Kfn) =

Dim (im f ) . In particular,f1, . . . , fn are linearly independent if and only if the homomorphismf

is surjective.

9.3. Suppose thatV is a finite dimensional. Then

a). For every basisfi , i ∈ I of V ∗, there exists a (unique) basisvi , i ∈ I of V such that
fi = v∗

i , i ∈ I .

b). Dim U = Codim(U ◦, V ∗) for every subspaceU ⊆ V . (Remark : It is enough to assume thatU

is finite dimensional.)

c). For subspacesU1, U2 ⊆ V resp. W1, W2 ⊆ V ∗, show that

(U1 + U2)
◦ = U ◦

1 ∩ U ◦
2 , (U1 ∩ U2)

◦ = U ◦
1 + U ◦

2 ,
◦(W1 + W2) = ◦W1 ∩ ◦W2 , ◦(W1 ∩ W2) = ◦W1 + ◦W2 .

9.4. Let r ∈ N. The mapsW �→ ◦W andU �→ U ◦ are inverses of each other on the set of all
r-dimensional subspacesW of V ∗ and the set of allr-codimensional subspacesU of V . (Remark :

A subspaceU ⊆ V is calledr- c o d i m e n s i o n a l inV if one (and hence every) of the complement ofU

in V is r-dimensional. – the mapU �→ U ◦ from the set of allr-dimensional subspaceU of V into the set
of all r-codimensional subspaces ofV ∗ is injective, see exercise 9.??. But not surjective in the case whenV

is not finite dimensional. )

9.5. Let f : V → W be a homomorphism ofK-vector spaces.

a). TheK-linear mapf is injective resp. surjective resp. bijective resp. 0 if and only if the dual
mapf ∗ :W ∗ → V ∗ is surjective resp. injective resp. bijective resp. 0.

b). The kernel of the dual mapf ∗ : W ∗ → V ∗ is is the space of all linear formsg : W → K onW ,
which vanish on the imf and so Kernf ∗ = (Bild f )◦. The image off ∗ is the space of all linear
formsV → K, which vanish on the Kerf and so imf ∗ = (Kerf )◦.

9.6. Let x1, . . . , xn be all non-zero vectors in aK-vector spaceV over a fieldK with at leastn
elements. Then there exists a hyperplaneH in V such that the vectorsxi �∈ H for all i = 1, . . . , n.
(Hint : There exist a linear formf : V → K such thatf (xi) �= 0 for all i = 1, . . . , n.)

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.

1) Consider in particular, the concrete situationV := K(I), vi := ei , i ∈ I with V ∗ ∼= KI , W ∼= K(I) ⊂ KI .
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Test-Exercises

T9.1. For a subspaceU of V , the following statements are equivalent:

(1) U �= V and there exists av ∈ V such thatV = U + Kv.
(1′) There exists av ∈ V , v �= 0 such thatV = U ⊕ Kv.
(2) There exists a linear formf �= 0 onV such thatU = Kernf . (Remark : The subspacesU with these
properties are calledh y p e r p l a n e s inV .)

T9.2. a). If V ∗ is finite dimensional, thenV is finite dimensional.

b). Let v1, . . . , vn be a basis ofV . For a1, . . . , an ∈ K, find a basis of the kernel of the linear form
a1v

∗
1 + · · · + anv

∗
n.

T9.3. Let K be a subfield of the fieldL.

a). A family fi ∈ KD, i ∈ I of K-valued functions onD is linearly independent overK if and only
if the family fi , i ∈ I as a family ofL-valued functions onD is linearly independent overL. Further,
DimK

( ∑
i∈I Kfi

) = DimL

( ∑
i∈I Lfi

)
for an arbitrary familyfi ∈ KD, i ∈ I .

b). Let W be aK-subspace of theK-vector spaceKD andL · W be theL-subspace of theL-vector space
LD generated byW . ThenKD ∩ L · W = W . (Hint : Let f ∈ KD ∩ LW , butf �∈ W . Thenf can be
expressed asf = c1f1 + · · · + crfr with c1, . . . , cr ∈ L and linear independent functionsf1, . . . , fr ∈ W .
Thenf, f1, . . . , fr are linearly independent overK, but are linearly dependent overL, a contradiction! )

9.7. ( L i n e a r I n d e p e n d e n c e o f f u n c t i o n s ) LetD be an arbitrary set and letf1, . . . , fn ∈ KD

beK-valued functions onD. Let W denote the subspace ofKD generated by these functions.

a). The following statements are equivalent :

(1) The functionsf1, . . . , fn are linearly independent inKD.
(1′) DimKW = n.
(2) The image off is a generating system ofKn.
(2′) There exist elementst1, . . . , tn ∈ D such that the imagesf (ti) = (

f1(ti) , . . . , fn(ti)
)

, i = 1, . . . , n, is
a generating system(i.e. a basis) of Kn.
(3) There exists a subsetE ⊆ D with |E| = n such that the restrictionsf1|E, . . . , fn|E are linearly
independent inKE (and hence form a basis ofKE) .
(3′) There exist elementst1, . . . , tn ∈ D such that then-tuples

(
fj (t1) , . . . , fj (tn)

)
, j = 1, . . . , n, are linearly

independent inKn (and hence form a basis ofKn) .
(4) There exist functiong1, . . . , gn ∈ W and elementst1, . . . tn ∈ D such thatgj (ti) = δij for 1 ≤ i, j ≤ n.

b). Let f : D → Kn be the map defined byt �→ f (t) := (
f1(t) , . . . , fn(t)

)
. Then DimW is equal to the

dimension of the subspaces ofKn generated by the image imf of f .

T9.4. (C- a n t i - l i n e a r f o r m s ) LetV be aC-Vektorraum. AC-anti-linear mapV → C is called aC-
a n t i - l i n e a r f o r m onV . TheC-vector space of theC-anti-linear forms onV is denoted byV ∗.

a). f : V → C is linear overC if and only if f : V → C (x �→ f (x) ) is C-anti-linear. The linear forms
fi ∈ V ∗, i ∈ I form aC-basis ofV ∗ if and only if theC-anti-linear formsf i , i ∈ I form aC-basis ofV ∗.

b). If vi , i ∈ I is a finiteC-basis ofV , thenv∗
i , i ∈ I is a C-basis ofV ∗. In particular, DimCV =

DimCV ∗ = DimCV ∗ for every finite dimensionalC-vector spacesV .

c). HomR(V , C) = V ∗ ⊕ V ∗ (⊆ CV ) .

T9.5. LetK ⊆ L be a field extension and letV be aL-vector space (and hence it is also aK-vector space by
the restriction of scalars). Further, letσ : L → K be aK-linear form�= 0. (Remark : Such a function is also
called ag e n e r a l i s e d t r a c e f u n c t i o n . In thecaseR ⊆ C one may chooseσ := Re . )HomK(V, K)

is L-vector space with scalar multiplication(bf )(x) := f (bx) for b ∈ L, x ∈ V andf ∈ HomK(V, K) .

a). Let [L : K] < ∞ . Then the map HomL(V, L) −−−−∼−−−−−� HomK(V, K) defined byf �→ σ ◦f is an
isomorphism ofL-vector spaces. (Hint : With the help of aL-basis ofV one can reduce to the caseV = L.
In this case use a dimension-argument. In the caseR ⊆ C andσ := Re the mapg �−→ (

x �→ g(x)− i g(ix)
)

is the inverse map.)

b). If [ L : K] < ∞ . Then everyK-subspaceU ⊆ V with CodimK(U, V ) = r ∈ N is contain aL-subspace
U ′ with CodimL(U ′, V ) ≤ r. (See exercise 9.4.)

c). There exists aQ-hyperplaneH in R2 such thatH donot contain anyR-hyperplane inR2.
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