Prof. D. P.Patil, Department of Mathematics, Indian Institute of Science, Bangalore August-December 2003

MA-219 Linear Algebra
9. Dual spaces
September 24, 2003 ; Submit solutions before 11:00 AM ; October 03, 2003.

Let K be afield and leV be aK-vector space.

9.1. Suppose thaV is not finite dimensional and let; , i € I be a basis o¥/. Further, letv},
i € I be the coordinate functions with respect to the basis € I andW =), _, Kv’ C V*be
the subspace df * generated by?,i € I. 1)

a). The linear form)_,_, a;v; —> ) ,.; a; on V does not belong t&. In particular,W # V*
andv;, i € I not basis ofV*.

b). °W =0andsa°W)° =V* £ W.
c). The cannonical homomorphissy : V — V** is not surjective.

iel

iel

9.2. LetV be aK-vector space and lef, ..., f, € V* be linear forms orV. Let f:V — K"
be the homomorphism defined biyx) := (f1(x), ..., fu(x)). Then DiIM(Kf1+ - -+ Kf,) =
Dim (im f). Inpatrticular,fi, ..., f, are linearly independent if and only if the homomorphigm
is surjective.

9.3. Suppose thav is a finite dimensional. Then

a). For every basisf;, i € I of V*, there exists a (unique) basis, i € I of V such that
fi=v,iel.

b). DimU = Codim(U°, V*) for every subspactl C V. (Remark: Itis enough to assume that
is finite dimensional.)

c). For subspaces;, U, C V resp. Wy, W, C V*, show that
U1+ U =U;NUy, (U1NUp)" =U; + U7,
W1+ Wo) = "WinN °W,, C(WinNWp) = "Wi+ °Ws.

9.4. Letr € N. The mapsW — °W andU +— U° are inverses of each other on the set of all
r-dimensional subspacé® of V* and the set of alt-codimensional subspac&sof V. (Remark:

A subspacd/ C V is calledr-codimensional ir if one (and hence every) of the complementof

in V is r-dimensional. — the map — U° from the set of alk--dimensional subspade of V into the set

of all r-codimensional subspacesWf is injective, see exercise 9.??. But not surjective in the case When
is not finite dimensional. )

9.5. Let f:V — W be ahomomorphism of -vector spaces.

a). The K-linear mapy is injective resp. surjective resp. bijective resp. 0 if and only if the dual
map f*: W* — V* is surjective resp. injective resp. bijective resp. 0.

b). The kernel of the dual map*: W* — V*isis the space of all linear forms: W — K onW,
which vanish on the inf and so Kernf* = (Bild f)°. The image off* is the space of all linear
formsV — K, which vanish on the Kef and so imf* = (Ker f)°.

9.6. Letxs,...,x, be all non-zero vectors in K-vector spacé&’ over a fieldK with at least:
elements. Then there exists a hyperpléha V such that the vectors ¢ H foralli =1, ..., n.
(Hint: There exist a linear fornf : V — K such thatf(x;) #0foralli =1,...,n.)

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.

1) Consider in particular, the concrete situation= K, v; :==¢; ,i e IwWithV* = K/, W = K? c K,
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Test-Exercises

T9.1. For asubspac¥ of V, the following statements are equivalent:

(1) U # V and there existsa € V such thatV = U + Kv.

(1) There existsa € V,v # 0 suchthaV = U & Kv.

(2) There exists a linear forrfi # 0 onV such thaty/ = Kern . (Remark: The subspaces with these
properties are calleiyperplanes irv.)

T9.2. a). If V*is finite dimensional, theW is finite dimensional.

b). Letwvq,...,v, be a basis ofV. Foray,...,a, € K, find a basis of the kernel of the linear form
aiv] +--- +a,v;.

T9.3. Let K be a subfield of the field.

a). Afamily f; € KP,i € I of K-valued functions orD is linearly independent ovek if and only
if the family f;, i € I as a family ofL-valued functions orD is linearly independent ovet. Further,
Dimg (Y,., Kf;) = Dim, (X, Lf;) for an arbitrary familyf; € K, i € I.

b). Let W be aK-subspace of th& -vector spac&” andL - W be theL-subspace of th&-vector space
LP generated byv. ThenK? NL-W = W. (Hint: Letf € KPNLW, butf ¢ W. Thenf can be
expressedag =c1f1+---+c. f, Withcg, ..., ¢, € L and linear independent functiorfs, ..., f, € W.
Thenf, fi1, ..., f, are linearly independent ovéf, but are linearly dependent over a contradiction! )

9.7. (Linear Independence of functions) Lbtbe an arbitrary setand I¢i, ..., f, € K?
be K -valued functions orD. Let W denote the subspace &’ generated by these functions.

a). The following statements are equivalent:

(1) The functionsfi, ..., f, are linearly independent ik ”.

() DimgW = n.

(2) The image off is a generating system &f".

(2) There exist elements, ..., 1, € D such that the images(;) = (f1(t), ..., f,(t)), i =1,...,n,is
a generating systeie. a basisof K".

(3 There exists a subsét C D with |E| = n such that the restrictiong |E, ..., f,|E are linearly
independent ik £ (and hence form a basis &ff) .
(3) There existelements, ..., 7, € D suchthatthe-tuples(f;(r1) ..., f;(t)),j = 1....,n,arelinearly

independent irk” (and hence form a basis &) .
(4) There exist functiorgy, ..., g, € W and elements, ...z, € D such thaf; (1) =§;; for1 <i, j <n.

b). Let f:D — K" be the map defined by+> f(¢) := (fl(t) s f,l(t)). Then DimW is equal to the
dimension of the subspaces&f generated by the image ishof f.

T9.4. (C-anti-linear forms) Let be aC-Vektorraum. AC-anti-linear map/’ — C is called aC-
anti-linear form onV. TheC-vector space of th€-anti-linear forms orv is denoted by *.

a). f:V — Cislinear overC if and only if f:V — C (x — f(x))is C-anti-linear. The linear forms
fi € V*,i e I form aC-basis ofV* if and only if theC-anti-linear formsf, , i € I form aC-basis ofV *.
b). If v;,i e I is a finite C-basis ofV, thenv?, i € I is aC-basis ofV *. Inparticular, DimV =
Dim¢cV* = Dim¢V * for every finite dimensional-vector space¥ .

c). Homg(V,C)=V*@V* (€ C).

T9.5. LetK C L be afield extension and I&tbe aL-vector space (and hence it is als& avector space by
the restriction of scalars). Further, tet L — K be aK-linear forms 0. (Remark: Such a function is also
calledageneralised trace function. InteaseR € C one may choose := Re. )Honk (V, K)
is L-vector space with scalar multiplicatio@ /) (x) := f(bx) forb e L,x € V andf € Homg(V, K).

a). Let [L : K] < oo. Then the map Hom(V, L) = Homg(V, K) defined by f — oo f is an
isomorphism of..-vector spacesH{nt: With the help of aL-basis ofV one can reduce to the cage= L.

In this case use a dimension-argument. In the BageC ando := Re the mag — (x > g(x) —i g(ix))
is the inverse map.)

b). If [L: K] < oo. Then evenk-subspacé& C V with Codimg (U, V) = r € Nis contain aL-subspace
U’ with Codim, (U, V) < r. (See exercise 9.4.)

c). There exists &-hyperplaneH in R? such thatd donot contain anR-hyperplane irR?2.
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