Prof. D. P.Patil, Department of Mathematics, Indian Institute of Science, Bangalore August-December 2003
MA-219 Linear Algebra
10. Quotient spaces — Exact sequences
September 24, 2003 ; Submit solutions before 11:00 AM ; October 03, 2003.

Let K denote a field and l&t denote ak -vector space.

10.1. Letn € N. A subspacd/ of the K-vector spacé/ has codimension if and only there
existsn linearly independent linear forms, . .., f, on'V such thatV = ('_, Kerny; .

10.2. LetUs,..., U, be finite codimensional subspacesioand letU := (}_, U;. Further, let
Ui, = ﬂj;éi Uj,l =1,...,n.

a). U is finite codimensional and Coditt/, V) < >"" , Codim(U;, V).

b). The following statements are equivalent :

(1) The inequality in the part a) is an equality.

(2) The canonical homomorphisky U — &7_, V/U; is an isomorphism.

BVU;+U =Vforali=1,...,n.

(4)EsistU; +---+ U, =V.

(5) The sum of the subspacts ,i = 1,...,n,in V*is direct.

c). Let f:V — W be alinear map of finite dimension&l-vector spaces. Then

Dimker f — Dim Cokerf = DimV —Dim W .

10.3. Let f be an operator of. Then the following statements are equivalent:

(1) f induces an automorphism of iyh.

(2) f induces an automorphism &f/ ker f .

B)V =im feKernf.

(4) ker f has af-invariant complemenW such thatf|W is an automorphismus &¥. (Remark:
The subspac# in (4) must be imf .)

10.4. (Euler-Poincae-Characteristic) Let
Vo: 0—V, — V,_1 o Vi Vo 0

be a complex of finite dimension&l-vector spaces and léfy, H,, ..., H,_1, H, be the corre-
sponding homology spaces. Then

> (=1)) Dimg H; = ) " (—1)' DimgV; .
i=0 i=0

(Remark: The alternating sum on the left hand side is called beler-Poincaré-Characteristic
of the complexV, and is usually denoted by(V,). This can be defined if the homology spadés
i =0,...,n are finite dimensional .)

10.5. (Index of a linear map) Ifthedrnel and the cokernel of&-linear mapf:V — W
are finite dimensional, thenwe say thfdtasa index and Ind := Dimg Ker f —Dimg Coker f
is calledtheindex of f . (Remark: In this case Indf is also the Euler-Poincaré-Characteristic of

0
th complex 0— VO 5 v — 0, whereVO:= v, vi:=w, fO:=f.)
a). If V.andW are finite dimensional, then Infl= DimgV — Dimg W.

b). Let
0 -V, - —— Vo 0
fnl fol
0 - W, - i —— Wy —— 0
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be a commutative diagramm @&f-vector spaces anff -linear maps with exact rows. Then all
but at most of the linear map®, ..., f, have an index, then all these maps have an index and
Z:’:o Ind f; = 0. (Hint: Prove the assertion by induction anin the case: = 2, use the snake-lemma
from exercise T10.4.)

c). If f:V — Wandg:W — X have index, then the compositg: V — X also has an index

and Indgf =Indg +Ind f. (Hint: Consider the following commutative diagramm:
;
0 — Kerf -V - W » Cokerf —— 0
| of d
f
0 —— Kergf v 2 L x » Cokergf —— 0 .)

d). If f:V — Whasanindexand i:V — W has a finite rank, theif + ¢ has an index and
Ind(f +g) = Indf. (Hint: LetU :=img and(f, g)(x) := (f(x), g(x)) and consider the
commutative diagramms:

id id

0 - 0 -V -V - 0 0 - 0 -V -V - 0
l (f.8) l f+g l (f.8) l f l
0O — U —WoUu - W 0 and 0 — U —-Wo U - W -0 .)

e). The mapf:V — W has an index if and only if the dual mafy : W* — V* has an index and in this
case Indf* = —Ind f.

10.6. LetV' — V — V” be a complex oK -vector spaces with the homology spaé¢eand let
X be an anothek -vector space. Then the homology spaces of the complexes

Homg (V”, X) — Homg (V, X) — Homg (V/, X),
Homg (X, V') — Homg (X, V) — Homg (X, V")

are canonically isomorphic to HogtH, X) resp. to Homx (X, H) . Inparticular, ifX # 0, then
from the exactness of one the Hom-Sequence, the exactness of the other follows.

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.
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Test-Exercises

T10.1. LetU, W be subspaces of thé-vector space with U € W. If W is a complement o in V,
then(U + W')/U is a complement oW /U in V/U, which is isomorphic tav’

T10.2. a). Letp:V — V’'beahomomorphism & -vector spaces and Ietresp.U’ be subspaces dfresp.
V' with ¢(U) € U’. Theng induces a homomorphisg. V/U — V’/U’ suchthapp(x + U) = ¢(x) + U’,
i.e. the following diagram is commutative.

14 14
V/IU ————— - VU

b). (Noether’s isomorphism theorem) LetandW be subspaces & -vector spacé’. The
natural injective map : U — U + W induces an isomorphism: U/(U N W) = (U + W)/W . The
following diagram is commutative.

L

U L
U/UNW) ——te—v (U + W)W

c). LetU andW be subspaces of the-vector spac& with W C U. Then the indentity map df induces a
homomaorphisnvV/W — V/U and futher induces anisomorphigsm/ W)/(U/W) = V/U. The following

diagram is commutative. idy
|14 —_— 14
l o !
V/W e - V/U
g -
V/W)/(U/W)

T10.3. Let H andF be subgroups of the abelain groGp Then the sequences

0—HNF-L HeF - H+F—0
with f(x) = (x, —x) undg(y,z) = y + z and

0— G/(HNF) -5 (G/H)® (G/F) - G/(H + F) — 0
with 2 (x) = (x, —x) undk(y,7) = y + z are exact.

T10.4. (Snake-lemma)Suppose that the diagram

¢ — 66— .6 —+0
AT
1 f
0 —+ F - F . F"

of abelain groups and group homomorphisms is commutative and its rows are exact. Then the complexes

Kerh' -5 Kerh —*> Kerh” and Coket’ --> Cokerh —.> Cokerh” |

are exact. Further (more important), there is a canonical homomorphigmrnz” — Kokerna’ which
connects both the exact sequences to a long exact seqeunce catledithe Ker-Coker-sequence.

! 8 — p—
Kerh' %5 Kerh -5 Kerh/ ————— ~ Cokerh' -1> Cokerh —> Cokerh”

1) This exact sequence explains the name “Snake-lemma”.
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The homomorphismiis calledtheconnecting homomorphismuProof Defines as follows: Let

x" € Kernh”. Sinceg is surjective, there exisise G with g(x) = x”. Thenfh(x) = h"g(x) = h"(x") =0,

and soi(x) € Ker f =im f" andh(x) = f'(y') with (unique)y’ € F’. Defines(x”) := y’ € Kokernh' =

F’/Bild #’. The images(x”) does not depend on the choice of the inverse imagiex”. For, if g(x) = x”,

thenx —x e Kerg =img/,i.e.x —x = g/(x") and fory’ e F' with h(x) = f/) gilt y =3 = h'(x),
thereforey’ =3 in F'/im i’

It can be easily checked thats a homomorphism. Further, the exactness of the above long segeunce at the
places Ket” and Coker:’ can be easily verified bgiagram chasindsimilar to the above proof of
independence and the proof of exactness at the other places.)

If ¢’ is injective resp. f is surjective, then Kei’ — Ker# is injective resp. Cokegr —> Cokern” is
surjective.

T10.5. (Five-Lemma)Suppose thatthe following diagram of abelian groups and group homomorphisms

Gs - Gy - G3 - Go - G
hg l hg l h3 l hp l hq l
Fsg - Iy - F3 i) - I

has exact rows. Then :

a). If ho andh4 are injective ands is surjective, therks injective.

b). If ho andhy are surjective ands is injective, ther s is surjective.
c). If ha, ho, ha, hs are bijective, therks is bijektive.

T10.6. Let0 — G, — --- —> Go —> 0 be a complex of finite abelian groups with the homology
groupsHo, ..., H,. Then[[_o |H:|“Y =[To |G|V . (Hint: Use the exercise 10.4.)

T10.7. (Herbrand-Quotients) Ifthesknel and cokernel of a homomorphigmG — F of abelian
groups are finite, then we say thiahas a Herbrand-Quotients addfine this by

g(h) := |Kerh|/|Kokerh| .

a). If G andF are finite then ¢h) = |G|/|F] .

b). Let
0] - G, - . » Go » 0
ha l hol
0 - F, - ~ Fo - 0
be a commutative diagramm of abelian groups and group homomorphisms. If all but at most one of
homomorphism&s, ..., h, have a Herbrand-Quotients, then all have Herbrand-Quotients and
1_[ qh) Y =1,
i=0

c). fh:G — Fandj:F — E have a Herbrand-Quotients then the composite homomorphismus
jh:G — E also have Herbrand-Quotient and;jf) = q(;) q(h) .

d). If h:G — F has a Herbrand-Quotient andjif G — F is a homomorphism with a finite image, then
h + j has a Herbrand-Quotient andhtt- j) = q(h) .
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