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14.5. Let A and B be n × n-matrices over the field K .

a). If both A and B are invertible, then :

(1) Adj (AB) = Adj B · Adj A . (2) Adj A−1 = (Adj A)−1 .

(3) Det (Adj A) = (Det A)n−1 . (4) Adj (Adj A) = (Det A)n−2 A .

(Remark : All these formulas, other than (2), are also valid for not-invertible matrices (for (4) assume
n > 1) . )

b). Suppose that A is not-invertible. Then the rank of the adjoint matrix Adj A is 1 if Rank A =
n − 1 and is 0 if Rank A < n − 1 .

14.6. Let K be a field.

a). Let f1, . . . , fn functions on the set D with values in the field K . Then f1, . . . , fn are linearly
independent in KD if and only if the function

(t1, . . . , tn) �−→

∣∣∣∣∣∣∣
f1(t1) · · · f1(tn)

...
. . .

...

fn(t1) · · · fn(tn)

∣∣∣∣∣∣∣
on Dn is not the zero-function. (Remark : See T9.4 – Determinants of this form are called
a l t e r n a n t or (particularly in Physics) S l a t e r ’s D e t e r m i n a n t . For example the Vandermonde’s
determinant corresponding to fi := t i−1 , i = 1, . . . , n , D := K , see the part c) below and the Cauchy’s
double-alternants, see the part d) below. )

b). Let f1, . . . , fn be polynomial functions over K of deg < n−1 , n ∈ N∗ . For all t1, . . . , tn ∈
K , prove that ∣∣∣∣∣∣∣

f1(t1) · · · f1(tn)
...

. . .
...

fn(t1) · · · fn(tn)

∣∣∣∣∣∣∣ = 0 .

c). (V a n d e r m o n d e ’s d e t e r m i n a n t ) For elements a0, . . . , an ∈ K ,∣∣∣∣∣∣∣∣
1 1 1 · · · 1
a0 a1 a2 · · · an

...
...

...
. . .

...

an
0 an

1 an
2 · · · an

n

∣∣∣∣∣∣∣∣ =
∏

0≤i<j≤n

(aj − ai) .

(Hint : Induction on n. – See also exercise 13.2c).)

d). ( C a u c h y ’s D o u b l e - a l t e r n a n t ) Let a1, . . . , an, b1, . . . , bn ∈ K with ai + bj �= 0 for
all i, j = 1, . . . , n . Then

Det

(( 1

ai + bj

)
1≤i,j≤n

)
=
∏

1≤i<j≤n(aj − ai)
∏

1≤i<j≤n(bj − bi)∏n
i,j=1(ai + bj )

.

(Hint : Induction on n. – See also 13.2-d). )

e). For t1, . . . , tn, u1, . . . , un ∈ C , compute∣∣∣∣∣∣∣∣
sin (t1 + u1) sin (t1 + u2) · · · sin (t1 + un)

sin (t2 + u1) sin (t2 + u2) · · · sin (t2 + un)
...

...
. . .

...

sin (tn + u1) sin (tn + u2) · · · sin (tn + un)

∣∣∣∣∣∣∣∣ .
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14A.2 MA-219 Linear Algebra / August-December 2003 ; 14A. Determinants – Rules for computation

(Hint : The two cases n ≤ 2 and n > 2 seperately. See. also Aufg. 17. )

14.7. a). Let Pi = (a1i , . . . , ani) , i = 0, . . . , n be points in the affine space An(K) = Kn .
Then the Pi are affinely dependent if and only if∣∣∣∣∣∣∣∣

1 1 · · · 1
a10 a11 · · · a1n

...
...

. . .
...

an0 an1 · · · ann

∣∣∣∣∣∣∣∣ = 0 .

b). Let Pi = (a1i , . . . , ani) , i = 1, . . . , n be affinely independent points in An(K) = Kn . The
equation of the affine hyperplane H in An(K) generated by the points P1, . . . , Pn is∣∣∣∣∣∣∣∣

1 1 · · · 1
x1 a11 · · · a1n

...
...

. . .
...

xn an1 · · · ann

∣∣∣∣∣∣∣∣ = 0 ,

i.e. the point P = (x1, . . . , xn) ∈ Kn belong to H if and only if its component satisfy the above
(affine) equation. (See exercise 13.6-b).)

14.8. Let a1, . . . , an, b1, . . . , bn−1, c1, . . . , cn−1 be elements of a field K . For the determinant

Dk :=

∣∣∣∣∣∣∣∣∣∣∣∣

a1 b1 0 · · · 0 0
c1 a2 b2 · · · 0 0
0 c2 a3 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · ak−1 bk−1

0 0 0 · · · ck−1 ak

∣∣∣∣∣∣∣∣∣∣∣∣
,

prove the recursion formula D0 = 1, D1 = a1, Dk = akDk−1 − bk−1ck−1Dk−2 , for k =
2, . . . , n .

14.9. Prove the following determinant formulas for the n × n-matrices over a field K :

a). ∣∣∣∣∣∣∣∣∣∣∣∣

a b 0 · · · 0 0
b a b · · · 0 0
0 b a · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · a b

0 0 0 · · · b a

∣∣∣∣∣∣∣∣∣∣∣∣
=

[n/2]∑
k=0

(−1)k
(

n − k

k

)
an−2kb2k .

For a = 2 , b = 1 and for a = b = 1 compute the value of this determinant directly and verify
this with the given sum-formula.

b). ∣∣∣∣∣∣∣∣∣∣∣∣

a b 0 · · · 0 0
−b a b · · · 0 0

0 −b a · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · a b

0 0 0 · · · −b a

∣∣∣∣∣∣∣∣∣∣∣∣
=

[n/2]∑
k=0

(
n − k

k

)
an−2kb2k .
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For a = b = 1 , this determinant is the F i b o n a c c i - n u m b e r 1) fn+1 .

c). ∣∣∣∣∣∣∣∣∣∣

a0 + a1 a1 0 · · · 0
a1 a1 + a2 a2 · · · 0
0 a2 a2 + a3 · · · 0
...

...
...

. . .
...

0 0 0 · · · an−1 + an

∣∣∣∣∣∣∣∣∣∣
=

n∑
k=0

(∏
i �=k

ai

)
.

d). ∣∣∣∣∣∣∣∣∣∣

cos ϕ 1 0 · · · 0
1 2 cos ϕ 1 · · · 0
0 1 2 cos ϕ · · · 0
...

...
...

. . .
...

0 0 0 · · · 2 cos ϕ

∣∣∣∣∣∣∣∣∣∣
= cos nϕ , ϕ ∈ C.

(Remark : See the recursion for the modified T c h e b y c h e v P o l y n o m i a l T̃n . 2) )

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.

1) Fibonacci-numbers. The sequence (fn)n∈N of integers which is defined recursively as : f0 = 0 , f1 =
1 , fn = fn−1 +fn−2 for n ≥ 2 is called the F i b o n a c c i s e q u e n c e and its n-th term fn is called the n-th
F i b o n a c c i n u m b e r . First few terms of the Fibonacci sequence are 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, . . .

For the n-th Fibonacci number there is an explicit formula :

( B i n e t ’s f o r m u l a ) : fn := 1√
5

((
1 + √

5
2

)n

−
(

1 − √
5

2

)n)
.

2) Tchebychev Polynomials. For n ∈ N the polynomials

Tn(X) :=
[ n

2 ]∑
k=0

(
−1

4

)k
n

n − k

(
n − k

k

)
Xn−2k and Un(X) :=

[ n
2 ]∑

k=0

(
−1

4

)k (
n − k

k

)
Xn−2k

are called T c h e b y c h e v p o l y n o m i a l s o f f i r s t a n d s e c o n d k i n d respectively.

Properties of Tchebychev polynomials.

1). T0 = 2, T1 = X and Tn+2 = XTn+1 − 1
4 Tn for every n ∈ N.

2). 2n−1Tn(cos(ϕ)) = cos(nϕ) for every n ∈ N and ϕ ∈ R.

3). For n ∈ N, put T̃n(X) := 2n−1Tn(X). Then

(i) T̃0 = 1, T̃1 = X and T̃n+2 = 2XT̃n+1 − T̃n for every n ∈ N.

(ii) Let n ∈ N. Then T̃n(1) = 1, T̃n(−1) = (−1)n and T̃n(0) =
{

(−1)n/2 if n is even
0 if n is odd.

(iii) T̃n(cos(ϕ)) = cos(nϕ) for every n ∈ N and ϕ ∈ R.

4). Tn and T̃n have n-distinct real zeros in the open interval (−1, 1), namely : cos((2k + 1)π/2n) for
k = 0, . . . , n − 1 and therefore Tn(X) = ∏n−1

k=0(X − cos((2k + 1)π/2n) for every n ≥ 1.

5). U0 = 1, U1 = X and Un+2 = XUn+1 − 14Un for every n ∈ N.

6). 2n−1Un−1(cos(ϕ)) = sin(nϕ)sin(ϕ) for every n ∈ N+ and ϕ ∈ R, with ϕ �∈ Zπ.

7). Let n ∈ N. Then Un(X) = ∏n

k=1(X−cos((kπ)/(n+1)) and U2n(X) = ∏n

k=1(X
2 −cos2((kπ)/(2n+1)).

In particular, n + 1 = 2nUn(1) = 2n · ∏n

k=1(1 − cos((kπ)/(n + 1)) and 2n + 1 = 22nU2n(1) =
22n ·∏n

k=1(1 − sin2((kπ)/(2n + 1)) for every n ≥ 1.

D. P. Patil / Exercise Set 14A la03-e014A ; October 28, 2003 ; 2:39 p.m. 82
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Test-Exercises

T14.28. Determine for which a ∈ R the following system of linear equations over R have exactly one
solution and in this case find the solution by using Cramer’s rule:

ax1 + x2 + x3 = b1
x1 + ax2 + x3 = b2
x1 + x2 + ax3 = b3 ,

x1 + x2 − x2 = b1
2x1 + 3x2 + ax2 = b2
x1 + ax2 + 3x2 = b3 .

T14.29. Let A = (aij ) be a n × n-matrix over the field K . For c1, . . . , cn ∈ K× prove that Det (aij ) =
Det (cic

−1
j aij ) . In particular, Det (aij ) = Det

(
(−1)i+j aij

)
.

T14.30. Let A′ = (a′
ij ) be the n × n -matrix obtained from the n × n -matrix A = (aij ) by reflecting the

entries along the main-diagonal, i.e. a′
ij = an−j+1, n−i+1 . Then Det A′ = Det A .

T14.31. Let A and B be n × n-matrices with the columns x1, . . . , xn resp. y1, . . . , yn . For a subset
J ⊆ {1, . . . , n} , let CJ denote the n × n-matrix with columns z

(J )

1 , . . . , z(J )
n , where

z
(J )

i :=
{

xi , if i ∈ J ,
yi , if i /∈ J .

Then
Det (A + B) =

∑
J⊆{1,...,n}

Det CJ .

(Hint : Det (A + B) = �e(x1 + y1, . . . , xn + yn) = ∑
J �e(z

(J )

1 , . . . , z(J )
n ) = ∑

J Det CJ . )

T14.32. a). Suppose that a column (or a row) of the n × n-matrix A has all entries 1 . For the cofactors
(−1)i+jAij , i, j = 1, . . . , n of A , prove that

n∑
i=1

n∑
j=1

(−1)i+jAij = Det A .

b). Let A = (aij ) be a n × n-matrix over the field K with the cofaktorsn (−1)i+jAij , i, j = 1, . . . , n .
Further, let

I :=
 1 · · · 1

...
. . .

...

1 · · · 1

 ∈ Mn(K)

be the matrix with all coefficients are 1. Then

Det (A + aI) = Det A + a

n∑
i=1

n∑
j=1

(−1)i+jAij .

T14.33. Let A = (aij ) ∈ Mn(Q) be an invertible matrix with integer coefficients aij . Then all the
coefficients of the inverse matrix A−1 are integers if and only if Det A = ±1 .

T14.34. Let A ∈ Mn(K) be an upper triangular. Then Adj A is also upper triangular and if A is invertible,
then A−1 is also upper triangular.

T14.35. Let fij , i, j = 1, . . . , n be differentiable functions on D ⊆ K . Then∣∣∣∣∣∣∣∣
f11 · · · f1n

f21 · · · f2n

...
. . .

...

fn1 · · · fnn

∣∣∣∣∣∣∣∣
′

=

∣∣∣∣∣∣∣∣
f ′

11 · · · f ′
1n

f21 · · · f2n

...
. . .

...

fn1 · · · fnn

∣∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣∣
f11 · · · f1n

f ′
21 · · · f ′

2n

...
. . .

...

fn1 · · · fnn

∣∣∣∣∣∣∣∣∣+ · · · +

∣∣∣∣∣∣∣∣
f11 · · · f1n

f21 · · · f2n

...
. . .

...

f ′
n1 · · · f ′

nn

∣∣∣∣∣∣∣∣ .

T14.36. If σ ∈ S(I ) is a permutation of the finite indexed I and let

Pσ = (δiσ(j)) ∈ MI (K)
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be the p e r m u t a t i o n m a t r i x a s s o c i a t e d t o σ . This is the matrix obtained from the unit matrix
EI by permuting the columns according to σ : The j -th column of Pσ is eσ(j) , see also T13.23. Then for
σ, τ ∈ S(I ) :

a). Det Pσ = Sign σ. b). Pστ = Pσ Pτ . c). (Pσ )−1 = Pσ−1 = t (Pσ ) .

T14.37. Let A = (aij ) ∈ MI (K) be a s k e w - s y m m e t r i c matrix (I finite indexed), i.e. tA = −A . If
|I | is odd and if Char K �= 2 , i.e. 2 = 2 · 1K �= 0 in K , then Det A = 0 .

T14.38. Let A = (aij ) ∈ Mn(R) with |aii | >
∑n

j=1,j �=i |aij | . Then a11 · · · ann Det A > 0 . (Hint : By
exercise 4.2 Det A �= 0 for such a matrix. Therefore the continuous polynomial function

f (t) :=

∣∣∣∣∣∣∣∣∣∣

a11 ta12 ta13 · · · ta1n

ta21 a22 ta23 · · · ta2n

...
...

...
. . .

...

tan−1,1 tan−1,2 tan−1,3 · · · tan−1,n

tan1 tan2 tan3 · · · ann

∣∣∣∣∣∣∣∣∣∣
has no zero in the interval [0, 1] and so the values f (0) und f (1) havae the same sign. )

T14.39. Let K be a field and let A ∈ Mr (K) , B ∈ Ms (K) , C ∈ Mr,s (K) . Then

Det
(

C A

B 0

)
= (−1)rs Det A · Det B .

T14.40. Let D be a set, t1, . . . , tn ∈ D and f0, . . . , fn be linearly independent K-valued functions on
D such that the (n + 1) × n-matrix  f0(t1) · · · f0(tn)

...
. . .

...

fn(t1) · · · fn(tn)


has the maximal rank n . (because of the linear independence of f0, . . . , fn , this is the case in general, see.
Aufg. 17. In this case we say that the points t1, . . . , tn are in i n g e n e r a l p o s i t i o n with respect to the
f0, . . . , fn .) Then the function

t �−→

∣∣∣∣∣∣∣∣∣
f0(t) f0(t1) · · · f0(tn)

f1(t) f1(t1) · · · f1(tn)
...

...
. . .

...

fn(t) fn(t1) · · · fn(tn)

∣∣∣∣∣∣∣∣∣
upto a uniquely determined constant factor λ �= 0, is a non-trivial linear combination of the functions
f0, . . . , fn , which vanish on the points t1, . . . , tn .

T14.41. Let D be a set, E := {t1, . . . , tn} be a subset of D with n elements and let f1, . . . , fn K-valued
functions on D with ∣∣∣∣∣∣∣

f1(t1) · · · f1(tn)
...

. . .
...

fn(t1) · · · fn(tn)

∣∣∣∣∣∣∣ �= 0 .

The functions f1|E, . . . , fn|E form a basis of KE . For arbitrary elements b1, . . . , bn ∈ K , there exists a
unique linear combination f of f1, . . . , fn with f (ti) = bi , i = 1, . . . , n. This follows from the equation∣∣∣∣∣∣∣∣∣

f (t) b1 . . . bn

f1(t) f1(t1) · · · f1(tn)
...

...
. . .

...

fn(t) fn(t1) · · · fn(tn)

∣∣∣∣∣∣∣∣∣ = 0

by expanding in terms of the first column. (Remark : The uniquely determined function f is called
the solution of the i n t e r p o l a t i o n p r o b l e m f (ti) = bi , i = 1, . . . , n w i t h t h e f u n c t i o n s
f1, . . . , fn .)
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T14.42. Let P1 = (a11 , a21) , P2 = (a12 , a22) , P3 = (a13 , a23) be three points in R2 which do not lie on
a line. Then ∣∣∣∣∣∣∣

1 1 1 1
x1 a11 a12 a13
x2 a21 a22 a23

x2
1 + x2

2 a2
11 + a2

21 a2
12 + a2

22 a2
13 + a2

23

∣∣∣∣∣∣∣ = 0

is the equation of the circle passing through P1, P2, P3 .

T14.43. Let (aij ) and (bij ) be two n × n-matrices over the field K . Then:

n∑
i=1

∣∣∣∣∣∣∣∣∣∣∣∣

a11 · · · a1n

...
. . .

...

bi1 · · · bin

...
. . .

...

an1 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣
=

n∑
j=1

∣∣∣∣∣∣∣
a11 · · · b1j · · · a1n

...
. . .

...
. . .

...

an1 · · · bnj · · · ann

∣∣∣∣∣∣∣ .

T14.44. Compute the following n × n-determinant over Q :∣∣∣∣∣∣∣∣∣∣

1 n n · · · n

n 2 n · · · n

n n 3 · · · n
...

...
...

. . .
...

n n n · · · n

∣∣∣∣∣∣∣∣∣∣
,

∣∣∣∣∣∣∣∣∣∣

1 2 2 · · · 2
2 2 2 · · · 2
2 2 3 · · · 2
...

...
...

. . .
...

2 2 2 · · · n

∣∣∣∣∣∣∣∣∣∣
,

∣∣∣∣∣∣∣∣∣∣

1 2 3 4 · · · n

2 1 2 3 · · · n − 1
3 2 1 2 · · · n − 2
...

...
...

...
. . .

...

n n − 1 n − 2 n − 3 · · · 1

∣∣∣∣∣∣∣∣∣∣
,

∣∣∣∣∣∣∣∣∣∣

1 2 3 · · · n − 2 n − 1 n

2 3 4 · · · n − 1 n 1
3 4 5 · · · n 1 2
...

...
...

. . .
...

...
...

n 1 2 · · · n − 3 n − 2 n − 1

∣∣∣∣∣∣∣∣∣∣
.

T14.45. Verify the following determinant formulas for (n + 1) × (n + 1)-matrices with coefficients in a
field K . (At the places marked by ∗ one may take arbitrary elements of K .)

∣∣∣∣∣∣∣∣∣∣

a b b · · · b

b a b · · · b

b b a · · · b
...

...
...

. . .
...

b b b · · · a

∣∣∣∣∣∣∣∣∣∣
= (a + nb)(a − b)n ,

∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 · · · 1 1
b1 a1 a1 · · · a1 a1
∗ b2 a2 · · · a2 a2
∗ ∗ b3 · · · a3 a3
...

...
...

. . .
...

...

∗ ∗ ∗ · · · bn an

∣∣∣∣∣∣∣∣∣∣∣∣
= (a1 − b1) · · · (an − bn) ,

∣∣∣∣∣∣∣∣∣∣

1 a1 a2 · · · an

1 a1 + b1 ∗ · · · ∗
1 a1 a2 + b2 · · · ∗
...

...
...

. . .
...

1 a1 a2 · · · an + bn

∣∣∣∣∣∣∣∣∣∣
= b1 · · · bn ,

∣∣∣∣∣∣∣∣∣∣∣∣

−a1 a1 0 · · · 0 0
0 −a2 a2 · · · 0 0
0 0 −a3 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · −an an

1 1 1 · · · 1 1

∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)n(n + 1) a1 · · · an .
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T14.46. Prove the following determinant formulas by induction:

∣∣∣∣∣∣∣∣∣∣

a1 + b1 b1 b1 · · · b1
b2 a2 + b2 b2 · · · b2
b3 b3 a3 + b3 · · · b3
...

...
...

. . .
...

bn bn bn · · · an + bn

∣∣∣∣∣∣∣∣∣∣
= a1 · · · an +

n∑
k=1

(∏
i �=k

ai

)
bk ,

∣∣∣∣∣∣∣∣∣∣∣∣

x + a1 a2 a3 · · · an−1 an

−1 x 0 · · · 0 0
0 −1 x · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · x 0
0 0 0 · · · −1 x

∣∣∣∣∣∣∣∣∣∣∣∣
= xn + a1x

n−1 + · · · + an ,

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 · · · 0 0 · · · b1
...

. . .
...

... . .
. ...

0 · · · an bn · · · 0
0 · · · bn an · · · 0
... . .

. ...
...

. . .
...

b1 · · · 0 0 · · · a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

n∏
k=1

(a2
k − b2

k ) .

T14.47. Show that∣∣∣∣∣∣∣∣∣∣∣

1n 2n 3n · · · (n + 1)n

2n 3n 4n · · · (n + 2)n

3n 4n 5n · · · (n + 3)n

...
...

...
. . .

...

(n + 1)n (n + 2)n (n + 3)n · · · (2n + 1)n

∣∣∣∣∣∣∣∣∣∣∣
= (−1)(

n+1
2 ) (n!)n+1 .

(Hint : Since (i + j − 1)n = ∑n+1
k=1

(
n

k−1

)
ik−1(j − 1)n+1−k , the above matrix is the product of two matrices

and their determinants can be computed by using the Vandermonde’s determinant, see T14.6-c). )

T14.48. Suppose that the matrix A = (aij ) ∈ GLn(K) satisfy the hypothesis of eexercise 13.9 and
suppose that A = LDR′ with a diagonal matrix D = Diag (a1, . . . , an) and a normalised lower resp. upper
triangular matrix L resp. R′. Then ak = Dk/Dk−1 , k = 1, . . . , n , where Dk = Det (aij )1≤i,j≤k is the k-th
principal minor of A , k = 0, . . . , n . (Put D0 = 1 .)

T14.49. Let n ∈ N∗ and let K be a field. The canonical exact sequence

1 −→ SLn(K) −−−−−−−−−−−−−−−−−� GLn(K) −−−−−−−−Det−−−−−−−−−� K× −→ 1

is a weak-split. Further, it is strong-split if and only if the power-map x �→ xn is an automorphism of K×.
(Hint : See exercise 11.4. )

T14.50. ( T c h e b y c h e v – S y s t e m s ) Let K be a field, I be a set and let KI be the algebra the K–valued
functions on I . Further, let f1, . . . , fn ∈ KI .

a). The following statements are equivalent :

(1) f1, . . . , fn are linearly independent over K .
(2) There exist j1, . . . , jn ∈ I such that the matrix Vf (j1, . . . , jn) := (fr(js))1≤r, s≤n ∈ Mn(K) is inverti-
ble.
(3) There exist j1, . . . , jn ∈ I such that the determinant Vf (j1, . . . , jn) := Det Vf (j1, . . . , jn) �= 0 .
(Hint : See also exercise ???? — The matrices Vf (j1, . . . , jn) resp. its determinants Vf (j1, . . . , jn) cor-
responding to the system of functions f = (f1, . . . , fn) are called g e n e r a l i s e d V a n d e r m o n d ’s
m a t r i c e s resp. d e t e r m i n a n t s and are also called a l t e r n a n t s . The usual Vandermond’s matrices
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and determinants (see T14.6-c)) correspond to the system of the polynomial functions 1, x, . . . , xn−1 from
K to itself. )

b). Suppose that |I | ≥ n . The following statements are equivalent :

(1) For every subset J ⊆ I with |J | = n , f1|J, . . . , fn|J is a basis of KJ .
(2) For every function g ∈ KI and every subset J ⊆ I with |J | = n , there exists a unique n–tuple
(b1, . . . , bn) ∈ Kn such that g(j) = ∑n

r=1 brfr(j) for all j ∈ J .
(3) For b1, . . . , bn ∈ K , if the function

∑n

r=1 brfr has n distinct zeros on I , then b1 = · · · = bn = 0 .
(4) For distinct elements j1, . . . , jn ∈ I , the generalised Vandermond’s matrix Vf (j1, . . . , jn) is invertible.
(5) For distinct elements j1, . . . , jn ∈ I , the generalised Vandermond’s determinant Vf (j1, . . . , jn) �= 0 .

c). A system f = (f1, . . . , fn) of functions in KI which satisfy these equivalent conditions is called a
Tchebychev– System on I . Let (f1, . . . , fn) be a Tchebychev–system on I . Then
(1) (f1|I ′, . . . , fn|I ′) is also a Tchebychev–System on I ′ for every subset I ′ ⊆ I with |I ′| ≥ n .
(2) If g1, . . . , gn : I → K generate the same subspace as that generated by f1, . . . , fn in KI , then
(g1, . . . , gn) is also a Tchebychev–system on I .

d). Let f1, . . . , fn be a Tchebychev–system on I and let g ∈ KI . Further, let j1, . . . , jn ∈ I be distinct
elements. For the linear combination f of of the f1, . . . , fn with f (js) = g(js) for s = 1, . . . , n we have∣∣∣∣∣∣∣

f g(j1) · · · g(jn)

f1 f1(j1) · · · f1(jn)

. . . . . . . . . . . . . . . . . . . . . .

fn fn(j1) · · · fn(jn)

∣∣∣∣∣∣∣ = 0 ,

and hence f is determined by expanding this determinant in terms of the first column. (Remark : We say
that the function f is obtained from the function g by i n t e r p o l a t i o n with the system f1, . . . , fn with
( i n t e r p o l a t i o n – ) k n o t s j1, . . . , jn .)

e). Let I be a topological space and let K = R . Let �n(I) denote the set of all those tuples in I n ,
which have at least two equal components. Suppose that (j1, . . . , jn) ∈ I n ��n(I) and an odd permutation
σ ∈ Sn such that (j1, . . . , jn) and (jσ1, . . . , jσn) belong to the same connected component of I n ��n(I) .
Then there is no Tchebychev–system (f1, . . . , fn) on I , where fr : I → R, ν = 1, . . . , n are continuous
functions.

T14.51. a). Let K be a field with at least n elements, n ∈ N∗. Then the polynomial functions 1, x, . . . , xn−1

form a Tchebychev–system on K . (this follows from ???.) More generally: If I is a set and f : I → K is
injective, then the powers 1, f, . . . , f n−1 for every n ≤ |I | form a Tcheychev–system on I .

b). Let K be a field with at least 2n elements, n ∈ N∗ and a1, . . . , an distinct elements in K . Then
the rational functions f1(x) = 1/(x − a1), . . . , fn(x) = 1/(x − an) form a Tchebychev–aystem on K �

{a1, . . . , an}. (Hint : Consider ff1, . . . , ffn with f (x) = (x − a1) · · · (x − an) . )

c). The functions 1, cos t, . . . , cos(n−1)t, n ∈ N∗ form a Tchebychev–system on the real interval [0, π] .
(Remark : 1, cos t, . . . , cos(n − 1)t resp. 1, cos t , . . . , cosn−1 t generate the same function space, see
§27, Aufgabe 5c).)

d). The functions sin t, . . . , sin nt, n ∈ N∗ form a Tchebychev–system on the opne real interval (0, π) .
(Remark : sin t, . . . , sin nt resp. sin t, sin t cos t , . . ., sin t cosn−1 t generate the same function space. )

e). Let n ∈ N . The 2n + 1 functions exp(iν t), ν = −n, . . . , −1, 0, 1, . . . , n form a Tchebychv–
system on the half-open real interval [0, 2π) , similarly the functions 1, cos t, sin t, . . . , cos nt, sin nt .
(Remark : The given system is also a Tchebychev–systeme on the unit circle S1 . Does there exists a
Tchebychev–systeme with 2n + 2 continuous functions S1 → R on the unit circle? See. Aufgabe 11d).)

T14.52. The space Mm,n(R) of real (m×n) –matrices has a natural toplogy which is defined by the metric
d((aij ), (bij )) := Max{|bij − aij | : 1 ≤ i ≤ m, 1 ≤ j ≤ n} .

a). The determinant map Det : Mn(R) → R is continuous.

b). The set GLn(R) of all invertible matrices in Mn(R) is open in Mn(R) .

c). Let r ∈ N . The set of all matrices of rank ≥ r in Mm,n(R) is open in Mm,n(R) .

d). The set of all matrices of maximal rank Min{m, n} in Mm,n(R) is open in Mm,n(R) .

T14.53. Let U be an open subset in Rn and let g : U → Rm be a continuously differentiable map, i.e. the
functions gi := pig, i = 1, . . . , m , where pi : Rm → R are the canonical projections on the components,
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are partial differentiable with continuous partial derivatives ∂jgi = ∂gi/∂tj , 1 ≤ i ≤ m , 1 ≤ j ≤ n . For
t ∈ U , the matrix

I(g)(t) :=
 ∂1g1(t), · · · , ∂ng1(t)

...
. . .

...

∂1gm(t), · · · , ∂ngm(t)


is called the f u n c t i o n a l – or J a c o b i a n – m a t r i x of g in t , in the case m = n its determinant
J(g)(t) := |I(g)(t)| is called the f u n c t i o n a l – or J a c o b i a n – d e t e r m i n a n t of g in t .

a). Suppose that m = n. Then the function t �→ J(g)(t) is continuous on U .

b). Suppose that m = n. The subset {t ∈ U | J(g)(t) is invertible } is open in U .

c). Let r ∈ N . The subset {t ∈ U | rank J(g)(t) ≥ r } is open in U .

d). The subset {t ∈ U | J(g)(t) has a maximal rank Min{m, n} } is open in U . (Remark : In this case we
say that g is r e g u l a r at such a point.)

T14.54. a). The map t �→ (1/t2
1 + · · · + t2

n ) · t , t = (t1, . . . , tn) ∈ Rn � {0} , has the functional
determinant −(1/(t2

1 + · · · + t2
n )n) . (Man benutze §47, Aufgabe 12.)

b). ( P o l a r c o o r d i n a t e s ) For the map g : t �→ (g1(t), . . . , gn(t)), t = (t1, . . . , tn) ∈ Rn, n ≥ 2 , where

g1(t) = t1 cos tn · · · cos t3 cos t2

g2(t) = t1 cos tn · · · cos t3 sin t2

g3(t) = t1 cos tn · · · sin t3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

gn−1(t) = t1 cos tn sin tn−1

gn(t) = t1 sin tn

we have : J(g)(t) = tn−1
1 cosn−2 tn · · · cos t3 . (Hint : Induction on n. )
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