Prof. D. P.Patil, Department of Mathematics, Indian Institute of Science, Bangalore August-December 2003

MA-219 Linear Algebra
14 A. Determinants — Rules for computation
October 28, 2003 ; Submit solutions before 11:00 AM ; November 10, 2003.
14.5. Let A and B be n x n-matrices over thefield K.
a). If both 2 and B areinvertible, then:
() AdjAB)=AdB-AdiA. (2 AdiA1=(Ad220) L.
(3) Det(Adj2) = (Det2)"t.  (4) Adj(Adj2) = (Det2)" 2.
(Remark: All these formulas, other than (2), are also valid for not-invertible matrices (for (4) assume
n>1).)
b). Supposethat 2 isnot-invertible. Then therank of the adjoint matrix Adj 2l is 1 if Rank 2 =
n—1andisO if Rank2A <n —1.

14.6. Let K beafidd.

a). Let f1,..., f, functionsontheset D withvaluesinthefield K. Then f1, ..., f, arelinearly
independent in K if and only if the function

fit) -+ fi(tn)
(oo t)— |0
fn(tl) fn(tn)

on D" is not the zero-function. (Remark: See T9.4 — Determinants of this form are called
alternant or (particularly in Physics) Slater’s Determinant. For example the Vandermonde's
determinant correspondingto f; :=+1,i =1,...,n, D := K , see the part ¢) below and the Cauchy’s
double-alternants, see the part d) below. )

b). Let fi,..., f, bepolynomial functionsover K of deg <n—1,n e N*. Fordl 11,...,1, €
K , prove that

fi(t) - fa(tn)

: .. : :0
fn(ll) fn(tn)
c). (Vandermonde’s determinant) For elements ag,...,a, € K,
1 1 1 ... 1
ap ay dz --- dy
= 1_[ (aj —a;).

' : O<i<j<n
ag ai a3 - a

(Hint: Induction on n. — See also exercise 13.2c).)

d). (Cauchy’s Double-alternant) Letas,...,a,, b1,...,b, € K with a; +b; # 0O for
ali,j=1...,n. Then

Det (( 1 ) ) _ [licicj<n(@ —a) [licicj<,(bj — bi) .
1<i,j<n

a; + b; [T:.j=1(ai + b))
(Hint: Inductiononn. —See aso 13.2-d). )
e). Fort,....t,, us,...,u, € C,compute
sin(ii+u1) sSn(ta+uz) -+ SIN(L+ uy)
SIN(ta +u1) SIN(t+uz) --- SIN(ty+uy,)
sn(t, +uy) Sn(t, +up) --- Sn(t, +uy,)
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14A.2 MA-219 Linear Algebra/August-December 2003 ; 14A. Determinants — Rules for computation

(Hint: Thetwocases n < 2 and n > 2 seperately. See. also Aufg. 17. )

14.7. a). Let P, = (ay;,...,ay), i = 0,...,n bepointsin the affine space A"(K) = K".
Thenthe P; are affinely dependent if and only if

ayp aixr -+ Qi
=0.
ano dp1  ccc Qun

b). Let P, = (ay,...,a,), i =1,...,n beaffinely independent pointsin A"(K) = K". The
equation of the affine hyperplane H in A"(K) generated by the points P, ..., P, is

X1 dix - 4y
. =0,
Xn  Qpl -+ dpp

i.e.thepoint P = (x1,...,x,) € K" belongto H if and only if its component satisfy the above
(affine) equation. (See exercise 13.6-b).)

14.8. Letay,...,a,, b1,...,b,_1, c1,...,c,—1 beelementsof afield K. For the determinant

al bl 0 s 0 0
c1 dz bz s 0 0
0 c2 az --- 0 0
D, =] . . . . . ,
0 0 0 s Agp—1 bk—l
0 0 0 s Ck—1 Ay

prove the recursion formula Do = 1, D; = a3, Dy = ayDy_1 — by_1¢ck_1Di_2, for k =
2,...,1n.

14.9. Provethe following determinant formulas for the n x n-matrices over afield K :

a).
a b 0 --- 0 O0
b a b --- 0 0
[n/2)

0 ba 90 Z(—l)k<n_k)a”_2kb2k.
. . . . . . P, k

O 00 --- a b

O 00 --- b a

For a =2, b =1 andfor a« = b = 1 compute the value of this determinant directly and verify
this with the given sum-formula.

b).
a b 0 0 0
—b a b 0 0
_ [n/2]
A T
: : : . : : pre k
0 0 0 a b
0 0 0 oo =b a
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For a = b = 1, thisdeterminant isthe Fibonacci-number 1) f,.1.

).
ao+ar  ar o .- 0
a ay + ar az 0 n
0 a  ax+az - 0 :ZHa-
: : : : k=0<i7ék )
0 0 0 an—lﬁ_an
d).
cos ¢ 1 0 0
1  2cosg 1 0
0 1 2cos g .- 0 = cosng, ¢eC.
0 0 0 ... 2cosg

(Remark: See the recursion for the modified Tchebychev Polynomial 7,.2))

On the other side one can see (simple) test-exercises; their solutions need not be submitted.

1) Fibonacci-numbers. The sequence ( f,),ex Of integers which is defined recursively as: fo =0, f1 =
1, f, = fi1+ fu2forn > 2iscaledthe Fibonacci sequence anditsn-thterm f, iscalled the n-th
Fibonacci number. First few terms of the Fibonacci sequenceare0, 1, 1, 2, 3,5, 8, 13,21, 34,55, . ..
For the n-th Fibonacci number thereis an explicit formula:

N 1 ({1+vB) [(1-BY
(Blnetsformula).fn._fls(( > )—( > ))

2) Tchebychev Polynomials. For n € N the polynomials
[%] k [%] k
1 n n—k o 1 n—=k o
T,(X) = —— )& X) = _ - X"
=2 (=) (e v =2 (-5) ()
arecadled Tchebychev polynomials of first and second kind respectively.

Properties of Tchebychev polynomials.
1. To=2T1=XadT,.o = XT,.1 — 37T, foreveryn e N.
2). 2717, (cos(p)) = cos(ny) for every n e Nand ¢ € R.
3). Forn e N, put 7, (X) = 217, (X). Then
VTo=1Tv=XandT, o =2XT,,1— T, forevery n € N.
(i) Letn e N. Then T, (1) = 1, T, (1) = (~1)" and T, (0) = { (—1"2 if niseven
0 if nisodd.
(iii) 7, (cos(g)) = cos(ng) for every n € Nand ¢ € R.
4. T, and T, have n-distinct rea zeros in the open interval (—1, 1), namely: cos((2k + 1)z/2n) for
k=0,...,n—1andtherefore T, (X) = [[/_g(X — cOS((2k + 1)7r/2n) for everyn > 1.
5. Uy=1, Uy =Xand U,;2 = XU,.1 — 144, forevery n € N.
6). 2"~1U,_1(cos(p)) = sin(ng)sin(y) for every n € N* and ¢ € R, with ¢ ¢ Zn.
7). Letn € N.Then U, (X) = [T_y (X —cos((k)/(n+1)) and U, (X) = [T} _y (X2 —cos*((kn)/(2n+1)).
Inpaticular, n + 1 = 2'U,(1) = 2" - [[_1(1 — cos(km)/(n + 1)) and 2n + 1 = 22'Up,(1) =
22 [Ti_1(1 — sin®((km)/(2n + 1)) for every n > 1.
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Test-Exercises

T14.28. Determine for which a € R the following system of linear equations over R have exactly one
solution and in this case find the solution by using Cramer’s rule:

ax1+ xo+ x3=b1 X1+ xo— xo=b1
x14+ax2+ x3=by 2x1 + 3x2 +axo =by
X1+ x2+4+axz=b3, X1+axp+3x2=b3.

T14.29. Let A = (a;;) bean x n-matrix over thefield K. For c1,...,c, € K* provethat Det (a;;) =
Det (c;c; 'a;;) . Inparticular, Det (a;;) = Det ((—1)*/a;;) .

T14.30. Let A" = (a;;) bethe n x n-matrix obtained from the n x n -matrix 2 = (a;;) by reflecting the
entries along the main-diagondl, i.e. aj; = Gp—j41 n—i+1 - Then Det’ = Det 2.

T14.31. Let %A and B be n x n-matrices with the columns x1,...,x, resp. yi,..., y,. For asubset

J C{l,...,n},let ¢; denotethe n x n-matrix with columns z{", ..., z{", where
o . )x, ifield,
STy, ifigl.

Then

Det (A + B) = Z Det¢; .
Jc(l,....n}

(Hint: Det (@ +B) = Ac(x1 + y1, - X0 +30) = 3, A2y, ..., 2 =Y, Det e, .)

T14.32. a). Supposethat acolumn (or arow) of the n x n-matrix A hasall entries 1. For the cofactors
(=D A;,i,j=1,...,n of A, provethat

Xn: Xn:(—l)”fA,,- = Det2A.
i=1 j=1

b). Let 2 = (a;;) bea n x n-matrix over the field K with the cofaktorsn (=1)'*/A;;, i,j =1,...,n.

Further, let
1 ... 1
j::(} f)eMn(K)
1 ... 1

be the matrix with all coefficientsare 1. Then

Det(A+ad) =DetA+ay > (-1 A;.
i=1 j=1

T14.33. Let A = (a;;) € M,(Q) be an invertible matrix with integer coefficients a;; . Then all the
coefficients of the inverse matrix -1 areintegersif and only if Det = +1.

T14.34. Let A € M, (K) beanupper triangular. Then Adj 2l isalso upper triangular and if 2 isinvertible,
then A1 isalso upper triangular.

T14.35. Let fi;,i,j =1,...,n bedifferentiable functionson D € K. Then

fu - fuw o fi, fir oo fu fir o fu
for o fa fa o fa for 0 S fa - fa
VRN el IR ORI AR INC SR URNER
fnl fnn fnl fm’l fnl fnn fy:l fn/n

T14.36. If 0 € &(I) isapermutation of thefiniteindexed I and let
PBo = Gis(jy) € M (K)
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bethe permutation matrix associated to o. Thisisthe matrix obtained from the unit matrix
&, by permuting the columns according to o : The j-th column of B, is e,(;, , seealso T13.23. Then for
o, Te&):

a). Det$3, = Signo. b). Bor = By B ) (P 1=P,1="P,).

T14.37. Let A = (a;;) € M;(K) bea skew-symmetric matrix (/ finiteindexed), i.e. "2 = —A. If
|I| isoddandif Char K #2,i.e.2=2-1¢x #0inK,then Det2 = 0.

T14.38. Let A = (a;;) € M, (R) with |g;;| > Z;:l,j;éi la;j|. Then a1y ---a,, DetA > 0.  (Hint: By
exercise 4.2 Det 2 # 0 for such amatrix. Therefore the continuous polynomial function

all taip taiz ---  tay,
taz1 azz tazz -+ tapy
f@ = : . :
ta,-11 ta,-12 ta,-13 --- tay_1,
tanl ta,2 ta,z - Ann

has no zerointheinterval [0, 1] and sothevalues f(0) und f(1) havaethe samesign. )

T14.39. Let K beafieldandlet 2 € M, (K), B € My (K), € € M, (K). Then

cA
Det = (—1)" DetA - Det‘B.
(*BO) =D

T14.40. Let D beaset, r1,...,4, € D and fo, ..., f, belinearly independent K-valued functions on
D suchthat the (n + 1) x n-matrix
fo(tr) -+ fo(tn)

fn(tl) fn(tn)
has the maximal rank » . (because of the linear independenceof fo, ..., f,.,thisisthecasein general, see.
Aufg. 17. In this case we say that the points 71, ..., 1, arein in general position with respect tothe
fo, ..., fn.) Then the function

fo®)  fo(tr) ---  fo(t)
i Al - fat)

t—>

fn(t) fn(tl) fn(tn)
upto a uniquely determined constant factor A # 0, is a non-trivia linear combination of the functions
fo, ..., fn,whichvanish onthepoints ¢4, ...,¢,.

T14.41. Let D beaset, E :={r1,...,t,} beasubset of D withn elementsandlet f1,..., f, K-valued
functionson D with
fi(t) - fa(t)

: . . | #0.
fn(tl) e fn([n)
Thefunctions fi|E, ..., f,|E formabasisof K% . For arbitrary elements by, ..., b, € K , thereexistsa
unigue linear combination f of fi1,..., f, with f(#;) =b;,i =1, ..., n. Thisfollowsfrom the equation

f@) b1 b,
fi)  fit) - f1(6) 0

fn(t) fn(tl) fn(tn)

by expanding in terms of the first column. (Remark: The uniquely determined function f iscaled
the solution of the interpolation problem f() =56;,i=1,...,n with the functions

fl’---’fn-)
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T14.42. Let Py = (a11,a21), Po = (a12, a»»), P3 = (a13, az3) bethreepointsin R? which do not lie on

aline. Then
1 1 1 1
X1 ail a2 ais _0
X2 an ax ax -
xf+xs afy+a5 af,+a5, afz+asy
isthe equation of the circle passing through Py, Py, P3.
T14.43. Let (a;;) and (b;;) betwo n x n-matrices over thefield K . Then:
all PEEEEY aln
" : . : . al - blj ceeoay,
Yok e b | = :
=1 : N : i=t apl bnj Ann
apl - Qpp
T14.44. Computethefollowing n x n-determinant over Q:
1 n n -+ n 1 2 2 . 2
n 2 n -+ n 2 2 2 . 2
n n 3 -+ n 2 2 3 2
n n n n 2 2 2 n
1 2 3 4 n 1 2 3 n—2 n-—1 n
2 1 2 3 n—1 2 3 4 n—1 n 1
3 2 1 2 n—2 3 45 n 1 2
n n—1 n—-2 n-3 ... 1 n 1l 2 .- n—3 n—-2 n-1

T14.45. Verify the following determinant formulas for (n + 1) x (n + 1)-matrices with coefficientsin a
field K. (At the places marked by = one may take arbitrary elements of K'.)

b b b bl 1 1 .- 1 1
1 a a1 --- d4di1 aa
b a b b b
b b a - b o0z g2 422
. . . — ((1 +nb)(a - b)n s * * b3 cce a3z az| = (Cl]_ - bl) e (an - bn) s
bbb 4 k ok ok b, a,
1 al ar a,
1 a1+b * *
1 ai a+by - * — byb, .
1 al ao an+bn
—ai ai o .- 0 0
0 —a ap - 0 0
0 0 —az --- 0 0
. . . . ==D"n+Dar---a,.
0 0 0O -+ =—a, a,
1 1 1 - 1 1
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T14.46. Prove the following determinant formulas by induction:

ar+ b1 b1 by e b1
by az + by by e b2 ,
b? b'3 a34'—b3 b'3 = a1--'an+2(nai>bk,
: : : : k=1 ik
bn bn bn te ap + bn
x+a1 a2 az --- a1 4y
-1 x 0 0 0
0 -1 =x 0 0
: =xn+a1xn—l+”_+an’
0 0O O X 0
0 0O O -1 «x
ag - 0 0 - by
0O -~ a, b, --- 0 "
0 b oa oo =TlE@-0.
-n -n k:1
by - 0 0 - a
T14.47. Show that
1’1 2}’! 3}1 e (n + 1)"[
on 3 &y 2
3 o ¥ AT O gy
mn+1" m+2" m+3" --- (2n+1)
(Hint: Since (i + j — 1" = Y141 ()i 1(j — 11, the above matrix is the product of two matrices

and their determinants can be computed by using the Vandermonde's determinant, see T14.6-c). )

T14.48. Suppose that the matrix 2 = (a;;) € GL,(K) satisfy the hypothesis of eexercise 13.9 and
supposethat 2( = £DR" with adiagonal matrix © = Diag(az, ..., a,) and anormalised lower resp. upper
triangular matrix £ resp. . Then a, = Dy/Dy_1, k=1,...,n,where D, = Dét (a;;)1<; j< iSthek-th
principal minorof 2(, k =0,...,n. (Put Dg=1.)

T14.49. Let n € N* andlet K beafield. The canonical exact sequence
Det
1—9S.,(K)—GL,(K) —K* —1

isaweak-split. Further, itis strong-split if and only if the power-map x — x" isan automorphism of K*.
(Hint: Seeexercise11.4.)

T14.50. (Tchebychev—-Systems)Let K beafield, 7 beasetandlet K’ bethealgebrathe K—valued
functionson 7. Further, let f1,..., f, € K.

a). Thefollowing statements are equivalent :

D fi,..., f, arelinearly independent over K .

(2) Thereexist j1,..., j, € I suchthat the matrix Us(j1, ..., ju) = (fr(Js)1<rs<n € M, (K) isinverti-
ble.

(3) Thereexist ji,..., j, € I suchthat thedeterminant V¢ (j1,..., j.) = Det Vi (j1, ..., j.) # 0.

(Hint: See also exercise ?7??? — The matrices Ui (j1, ..., j,) resp. itsdeterminants V¢ (j1,..., j,) cor-
responding to the system of functions f = (f1,..., f,) arecaled generalised Vandermond’s
matrices resp. determinants and arealso called alternants. The usual Vandermond's matrices
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and determinants (see T14.6-c)) correspond to the system of the polynomial functions 1, x, ..., x"~1 from
K toitself.)

b). Supposethat |I| > n. Thefollowing statements are equivalent :

(1) Forevery subset J < I with |J|=n, fi|J,..., f,|J isabasisof K’ .

(2) For every function ¢ € K’ and every subset J C I with |J| = n, there exists a unique n—tuple
(b1,...,b,) € K" suchthat g(j) =>"_4 b, f.(j) foradl jeJ.

(3) For b1,...,b, € K ,if thefunction }_"'_; b, f, has n distinct zeroson 7, then by =--- =b, =0.
(4) For distinct elements j1, ..., j, € I ,thegeneralised Vandermond'smatrix Uz (j1, ..., j.) isinvertible.
(5) For distinct lements j1, ..., j, € I, the generalised Vandermond's determinant Vs (j1, ..., j,) # 0.

c). Asystem f = (f1,..., f,) of functionsin K’ which satisfy these equivalent conditions is called a
Tchebychev— Systemon 7. Let (f1,..., f,) beaTchebychev—systemon 7. Then

Q) (AL, ..., full) isdsoaTchebychev—System on [’ for every subset I’ € I with |[I'| > n.

(2 If g1,...,8, : I — K generate the same subspace as that generated by fi1,..., f, in K!, then
(g1, ..., &) isasoaTchebychev—systemon 1.

d). Let f1,..., f, beaTchebychev—systemon I andlet g € K. Further, let ji, ..., j, € I bedistinct
elements. For thelinear combination f of of the 71, ..., f, with f(j,) = g(j,) fors =1,...,n wehave

gy - gGn)
A Al - AGD| Z o,

fn fn(]l) fn(.]n)

and hence f isdetermined by expanding this determinant in terms of the first column. (Remark: We say
that thefunction f isobtained from the function g by interpolation withthesystem f1,..., f, with
(interpolation-)knots ji,..., j..)

e). Let I beatopological spaceand let K = R. Let A,(/) denote the set of al those tuplesin 71",
which have at | east two equal components. Supposethat (ji, ..., j.) € I" ~ A, () and an odd permutation
o € &, suchthat (j1,..., j,) and (jo1,-.., jon) belongto the same connected component of 7"~ A, (1) .
Then thereis no Tchebychev—system (f1,..., f,) on I ,where f, : I — R, v=1,...,n arecontinuous
functions.

T14.51. a). Let K beafieldwithat|eastn elements, n € N*. Thenthepolynomial functions 1, x, ..., x" 1
form a Tchebychev—system on K . (thisfollowsfrom ???.) More generdly: If I isasetand f : I — K is
injective, then the powers 1, f, ..., f*~! for every n < |I| form a Tcheychev—systemon 1.

b). Let K be afield with at least 2n elements, n € N* and aq, ..., a, distinct ementsin K. Then
therational functions f1(x) = 1/(x — a1), ..., f,(x) = 1/(x — a,) form a Tchebychev—aystem on K ~
{a1, ..., a,). (Hint: Consider ffi,..., ff, with f(x) =(x —a1)---(x —a,).)

c). Thefunctions 1, coss, ..., cos(n—1)¢, n € N* formaTchebychev—systemontherea interval [0, ] .
(Remark: 1, cost, ..., cos(n — 1)t resp. 1, cost, ..., cos' 1 generate the same function space, see
827, Aufgabe 5¢).)

d). Thefunctions sint,...,sin nr, n € N* form a Tchebychev—system on the opne real interva (0, ).
(Remark: sint, ..., Sinnt resp. sint, sint cost, ..., sint cos' 1t generate the same function space. )
e). Let n € N. The 2n + 1 functions exp(ivt), v = —n, ..., =1, 0, 1, ..., n form a Tchebychv—
system on the half-open real interval [0, 27), similarly the functions 1, cos ¢, sins, ..., oS nt, SN nt .

(Remark: The given system is also a Tchebychev—systeme on the unit circle S1. Does there exists a
Tchebychev—systeme with 2n + 2 continuous functions ST — R on the unit circle? See. Aufgabe 11d).)

T14.52. Thespace M,, ,(R) of real (m x n) —matriceshasanatural toplogy which isdefined by the metric
d((a;j), (b)) '=Max{|bjj —a;j| :1<i<m,1<j<nj}.

a). Thedeterminant map Det : M, (R) — R iscontinuous.

b). Theset GL,(R) of al invertible matricesin M, (R) isopenin M, (R) .

c). Let r € N. Theset of al matricesof rank > r in M, ,(R) isopenin M,, ,(R) .

d). Theset of all matrices of maximal rank Min{m, n} in M, ,(R) isopenin M,,.,(R).

T14.53. LetU beanopensubsetinR” andlet g : U — R™ beacontinuously differentiable map, i.e. the
functions g; := p;g, i = 1,...,m,where p; : R" — R arethe canonical projections on the components,
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are partial differentiable with continuous partial derivatives 9;g; = dg;/dt;, 1 <i <m, 1 < j <n. For
t € U, the matrix
01g1(t), -+, 0,81()

Jon = L
318m(f)’ ) angm(t)

is caled the functional—or Jacobian—matrix of g in¢, inthe case m = n its determinant
J@)@®) :=13(g)(®)| iscalledthe functional—-or Jacobian—determinant of ginz.

a). Supposethat m = n. Then the function ¢ — J(g)(¢z) iscontinuouson U.

b). Supposethat m = n. Thesubset {r € U | J(g)(¢) isinvertible }isopenin U.

c). Let r e N. Thesubset { € U | rank J(g)(¢) > r }isopeninU.

d). Thesubset {r € U | J(g)(t) hasamaximal rank Min{m, n} } isopenin U. (Remark: Inthiscasewe
say that g is regul ar at such apoint.)

T14.54. a). Themap ¢ — (/2 +---+1t>)-t, t = (1,...,1,) € R*" < {0}, has the functional
determinant —(1/(t2 + - - - + t2)") . (Man benutze 847, Aufgabe 12.)

b). (Polar coordinates) Forthemap g : ¢ +— (g1(¢), ..., g.(®)), t = (t1,..., %) € R*, n > 2, where

g1(f) =1 COS 1, - - - COS t3 COS f2

g2(t) =11 COSt,---COSt3SiN 2

g3(t) =11C0St,---SNt3
gn-1(t) =11C0St, SN, 1

gn(t) =n 8Sint,

wehave: J(g)(t) = t{‘l coS'~?t, ---cos t3. (Hint: Inductiononn.)
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