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MA-219 Linear Algebra

14 B. Determinants — Orientation; Volume computation
November 03, 2003 ; Submit solutions before 11:00 AM ; November 17, 2003.

14.10. (Norm) Let A beafinitedimensional K-algebra. For x € A,let 1,:A — A denote
the left multiplication y — xy by x in A. Then A, is K-linear operator on A . Its determinant
iscalledthe norm of x (over K) andisdenoted by N# (x) = N(x).

a). Foral x,y e A andforal a € K, show that

() N(xy) = Nx)N(y). (2) N(a):=N(a-1y) =a", n:=DimgA.
(3) Anelement z € A isaunitin Aifandonly if N(x) #0 in K.

b). For al elements z of the R-algebra C, show that N (z) = [z|2. (Vgl. Aufg. 4.)

c). Let A =M,(K) betheagebrathe n x n-matrices over thefield K. Foral A € A, prove
that N4 () = (Det 21)"

14.11. Determinewhich of the following affinities of n-dimensional orientated real affine spaces
preserve the orientation:

a). Point-reflections. b). Reflections of a hyperplane along a line resp. product of such r
reflections, r € N. c). Shearings. d). Dilatations. e). Magnifications.

2 2
14.12. Show that the volume of the ellipsoid {(x1, ..., x,) € R" | x—é 44 x—’; <1} cR*,
(11 a

a € RY,1<i <n,is wyar---a,, where w, isthe volume of the unit-sphere S(0, 1) :=
{1, ..., %) €R" |xf+---+x2<1}. (Remark: The w, canbecomputed by using integration
anditis w, = 1"2/(n/2)!.)

14.13. Let f1,..., f, beabasisof the spaceof linear formson R” . Let A := (a;;) € GL,(R)
be the transition matrix corresponding to the dual basis ej, ..., e} of the standard basis. Then
fi = > jaijer and fi, ..., f, isthe dual basis corresponding to the basis v; = > " | b;je; ,
j=1,....,n,where B = (b;) = 'A~ ! isthe contra-gradient matrix of A (see 8.A, Aufg.24).
Let d := |Det].

a). Forcy,...,c, >0, thevolumeof {x eR" | |fi(x)| <¢;, i=1....n}is21 - c,/d.
b). For ¢ >0, thevolumeof {x e R" | Y0, |fi(x)| < c} is 2"¢"/nld.

c). For ¢ > 0, thevolumeof theellipsoid {x € R" | Y"7_; | fi(x)|? < ¢?} is w,c"/d , where w,
issame asthat in 14.12.

d). For cg,c1,...,¢c, € R With ¢cg < ¢34+ ---+ ¢, , the volume of the simplex
[xeR'| fix) <ci,i=1....,n, ilx)+ -+ fulx) = co}
isb"/n!d,where b :=c1+---+c¢, —co.

14.14. Let n € N*. Thegroup GL,(R) isthedirect product of the group I,(R) of the volume
preserving (or unimodul ar) matrices 8 € GL,(R) with |DetB| = 1 and the group R} ¢, =
R of the scalar matrices a€,, a € R}, i.e. every matrix 2 € GL,(R) has a representation
A = aB = Ba with uniquely determined (by 2() elements a € R} andB € |,,(R). (Remark:
Every linear automorphism f of R” istherefore composition of avolume preserving automorphism g and
amagnification « id with positive magnification factor a , where g and a are uniquely determined by f .
This g iscalledthe volume preserving part anda iscalledthe magnification factor of f.)

On the other side one can see (simple) test-exercises; their solutions need not be submitted.
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Test-Exercises

T14.55. Let vV beafinitedimensiona K-vector space. Compute the determinant of the following linear
maps f:V — V.

a). f isthehomothecy a idy. b). f isaprojection.
c). fisaninvolution (see exercises 12.5, 12.6 and 13.5).
d). f isatransvection or dilatation (see exercises 12.5, 12.6 and 13.5) .

T14.56. Let f:V — V beanilpotent endomorphism of the n-dimensional K-vector space V. Then
show that Det (aidy + f) = a" foral a € K ; More generally, Det (g + f) = Det g for every operator
g on V which commutewith f. (Seeaso 7??)

T14.57. Let V := K[r] bethe space of the polynomial functions over the field K with infinitely many
elementsand let V, := K|[r], be the subspace of the polynomial functionsof deg < n, n € N*.

a). Fora,be K, lete:V — V bedefinedby f(#) — f(at+b). Showthat ¢ islinear with ¢(V,) C V,
for al n, and compute Det (¢]V,) .

b). Let K =K. For cg,...,c. €e K, let §:V — V bethedifferential operator

fO =) af®m.

k=0
For n € N* show that § islinear with §(V,) € V, and compute Det (5|V,) .

T14.58. Let V beafinite dimensiona C-vector spaceandlet f:V — V beaC-linear operator on V.
We consider V asa R-vector spaceand so f isa R-linear operator; its determinant is denoted by Dety f .

Show that Detg f = |Det f]%. (Hint: If A+iB, A B e M, (R) isthe matrix of f with respect to the

C-basis v1,...,v, of V,then
A —B
<% Q[) € MZn(R)

isthe matrix of f with respect to the R-basis vy, ..., v,, iv1,...,iv, and
A B (A—-iB —B| [A—-iB —%B
B Al [B+iA A| 0 A+iB| -

Special case: If A isafinite dimensional C-algebra, thenforall x € A, wehave N4(x) = [NA(x)[2.)

T14.59. a). Let V bean orientated n-dimensional R-vector spaceand let o € &, be apermutation. |If
the basis vq, ..., v, represents the orientation of Vv, then the basis v, (1), ..., v, Of V represents the
orientation of V if andonly if o iseven. Thebasis v,, ..., v1 representsthe orientation of V if and only
if n=0or n =1 modulo 4.

b). Let E be an orientated n-dimensinal R-affine space. Suppose that the affine basis Py, ..., P, of E
represents the orientation of E . For apermutation o € ({0, ..., n}), the affine basis P, ), ..., P, Of
E represents the orientation of E if and only if o iseven. The affine basis P,, ..., P of E represents
the orientation of £ if andonly if » =0 or n = 3 modulo 4.

T14.60. In every subgroup of the affine group A(E) of an orientated finite dimensional real affine space
E which has at |east one element which does not preserve the orientation, the orientation preserving maps
form a subgroup of index 2.

T14.61. Supposethat thefinite dimensional R-vector space V isthe direct sum of the subspacesU and W.
By the following prescripion the orientation of any two spacesof U, V, W define aorientation of thethird:
If u=(u1,...,u,) rep. w = (ws, ..., w,) basesof U resp. W, thenthebasis (u1,...,u,, w1, ..., wy)
representation of the orientation of V. = U @ W if and only if the bases u resp. tv both represent resp.
donot represent both the orientationsof U resp. W . (Remark: Note the dependence on the succession of
Uand W.)
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T14.62. Let V be afinite dimensional R-vector space, V' be asubspace and let V = V/V’. By the
following prescripion the orientation of any two spaces of V', vV, V define a orientation of the third: If
vy, ..., v, € V' isabasisof V' and the residue classes of vy, ..., v, € V isabasisof V , then the basis
vy, ..., V., 01, ..., 0 Of V representsthe orientation of V if and only if the bases v3,..., v, of V' and

v1,...,7, Of V represent resp. donot represent both the orientation of V' resp. V.

T14.63. Determine which of the following bases of R” represent the standard orientation:
a. n=2;11=>@041,vr=(>1-1).

b) n=3;v1=(-1,0,1),v,=(0,-1,1),v3=(1,-1,12).

). n=4;v1=1111),v,=(1,2121,v3=(1,1,3,1),v4=(1,1,1,4).

T14.64. Every C-linearisomorphism of afinitedimensional complex vector spaceisorientation preserving.

T14.65. Let E bearea affine plane with the volume function A, with respect to the basis vy, vy of the
space of thetrandationsof E and Py, ..., P., r > 2, bethepointswith coordinates (a;,b;), j =0,...,r
with respect to an affine coordinate system O ; vy, vo2. Let [P, P1, ..., P., Po] beasimpleclosed polgona
path, i.e. the edgesintersectsif and only if they are consecutive and intersect only in vertices. Show that the
surface-area of the closed polygon, upto sign, is equal to

1 ap ai ar-1 ar ar ao
! (ou (22 )+ rom (4 4 )0 (2 ).

(Hint: What does the sign mean? One can think on the orientation of £ . —Use induction and from the
case r — 1 tothe case r use after renumbering the vertices of the polygon with vertices Po, ..., P,_1 and
the triangle with the vertices P._1, P, , Py withthepath[P._1, Po] in common.)

T14.66. Drawthepictureof theset M := HiN HpN Hz in R? with H; := {(x, y) € R?| fi(x, y) > 0},

i=123and fi(x,y) =x+3y+1, folx,y) '=-5x+y+1, fz(x,y) :=x —y+ 3 and compute
its surface-area.

T14.67. Let Py,..., P, € R" be affinely independent points and S is the (convex) simplex with these
vertices. Further, let yo, ..., y, € R, and H isthe affine hyperplanein R**! passing through the points
(Po, ¥0), ..., (P,, y») € R"*1. Then H isthe graph of the affine function #:R* — R with A(P,) = y;,
i=0,...,n.f T CR istheregioninbetween S and H , i.e.

T::{(x,y)eR”+1|xeS,Oiyih(x)},

then

Yo+ -+ Yn
+1

(T is additivein (yo, ..., y,) and does not alter even if the values yo, ..., y, are permutated. One

may therefore assume that al y; are equal or that al y; other than one value y;, are zero.) Compute the

volume of the following region in R2, where the plane surfaceis:

)\.’H_l(T) — }\.n(S) .
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