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• Wherever necessary justify hints and your answers.

T2.1. a). In theR-vector spaceV := R
4, find a complementW of theR-subspace

U :=
{
(a, b, c, d) ∈ V |

1∫
0

t (a + bt + ct2 + dt3)dt = 0

}
.

and the projectionp of V ontoU alongW. [3 Points]

b). Let a, b, c ∈ R and letf : R
3 → R

3 be theR-linear map defined byf (e1) = be1 + ce2,
f (e2) = −ae1 + ce3 andf (e3) = −ae2 − be3, wheree1, e2, e3 ∈ R

3 is the standardR-basis of
R

3. Find the rank(f ). [3 Points]

c). Let V be a infinite dimensional vector space over a fieldK with basis {vi | i ∈ I } and let
{v∗

i | i ∈ I } be the coordinate functions with respect to the basis{vi | i ∈ I } . Show that∑
i∈I Kv∗

i �= V ∗ . [4 Points]

T2.2. Let U be aK-subspace of a finite dimensional vector spaceV over a fieldK .

a). Suppose that12 DimK V ≤ DimK U < DimK V . Show that there exist complements
W1 , W2 of U in V such thatW1 ∩ W2 = 0 . [5 Points]

b). Show thatU has a unique complement inV if and only if eitherU = 0 or U = V . [5 Points]

T2.3. a). Let V be a finite dimensional vector space over a fieldK and letf ∈ EndK(V ) . Show
that there existsg ∈ AutK(V ) and projectionsp, q of V such thatf = pg = gq . [5 Points]

b). Let K be a field and lets, n ∈ N, s ≤ n . Show that every affineK-subspace of dimension
s of K n is a solution set of a linear system consistingn − s equations inn unknowns of rank
n − s . [5 Points]

T2.4. Let V be a vector space over a fieldK .

a). Let f1, . . . , fn ∈ V ∗ be linear forms on inV and let f : V → Kn be the homomorphism
defined byf (x) := (f1(x), . . . , fn(x)) . Show that DimK (Kf1 + · · · + Kfn) = rank f . [5 Points]

b). Let x1, . . . , xn ∈ V be all non-zero vectors. Assume thatK has at leastn elements. Show
that there exists a hyperplaneH in V such thatxi �∈ H for all i = 1, . . . , n . [6 Points]
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