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1. Sets and Maps
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1.1. Sketch the graphs of the following functionsR → R :

a). x �→ {x} := x − [x] ( s a w t o o t h c u r v e ) .

b). x �→
{

x − [x], if [ x] ≤ x < [x] + 1
2,

[x] + 1 − x, if [ x] + 1
2 ≤ x < [x] + 1.

( D i s t a n c e t o t h e n e x t i n t e g e r ) .

c). x �→
{ 0, if x ≤ 0,

1, if x > 0.
( H e a v i s i d e† s t e p - f u n c t i o n )

d). x �→ �x� := the smallest integer≥ x . ( C e i l i n g f u n c t i o n )

e). x �→ x|x| = (Sign x)x2.

f). x �→ x + |x − 1| .
g). x �→ |x2 − 4| .
1.2. Let f :X → Y and letg :Y → X be maps. Show that

a). If gf is injective, thenf is injective.

b). If gf is surjective, theng is surjective.

c). If gf is bijective, thenf injective andg is surjective. (Give an example to show that neitherf nor
g is bijective even ifgf is bijective.)

d). If gf is bijective and iff (resp.g) is bijective, theng (resp.f ) is also bijektive.

1.3. a). Let f :X → Y, g :Y → Z and let h :Z → W be maps. Ifgf and hg are bijective, then
show thatf, g and h are bijective.

b). Let f : X → Y, g : Y → X and let h : X → Y be maps. From the equalitiesgf = idX and
hg = idY , show that equalityf = h , i.e. the bijectivity ofg and g−1 = f = h .

1.4. The fibres of the real valued functions are also calledl e v e l s e t s . Sketch the level sets of the
following functionsR×R → R corresponding to the values−2, −1, 0, 1 and 2:

a). (x, y) �→ xy . b). (x, y) �→ |x − 1| + |y + 2| . c). (x, y) �→ |y − x| .

d). (x, y) �→ x2 − 4x + y2. e). (x, y) �→ 3
√

x + 1 − √|y| . f). (x, y) �→ xy − (x + y) .

1.5. Let f : X → Y be a map and letf∗ : P(X) → P(Y ) (resp. f ∗ : P(Y ) → P(X) ) be the map
definedf∗(A) := f (A) , A ⊆ X (resp.f ∗(B) := f −1(B) , B ⊆ Y ).

a). The following are equivalent : (i)f is injective. (ii)f∗ is injective. (iii) f ∗ is surjective.

b). The following are equivalent : (i)f is surjective. (ii)f∗ is surjective. (iii)f ∗ is injective.

c). If f bijective, then so aref∗ andf ∗ ; moreover, they are inverses of each other.

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.

† O l i v e r H e a v i s i d e ( 1 8 5 0 - 1 9 2 5 ) Oliver Heaviside was born on 18 May 1850 in Camden Town, London, England
and died on 3 Feb 1925 in Torquay, Devon, England. Perhaps Heaviside has become more widely known due to the Andrew Lloyd Webber
song Journey to the Heaviside Layer in the musical Cats, based on the poems of T S Eliot :

Up up up past the Russell hotel
Up up up to the Heaviside layer

However it is doubtful if many people understand the greatness and significance of the achievements of this sad misunderstood genius.
Heaviside was : A mathematical thinker whose work long failed to secure the recognition its brilliance deserved ...
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Test-Exercises

T1.1. Let f, g andh be the functions fromR into itself defined byf (x) := 1/(1 + x2), g(x) := |x| and
h(x) := x + 1 . Write the formulas for the compositionsfg, f h, gh, gf, hg, hf and examine which of these
functions are equal.

T1.2. a). For which a, b, c ∈ R , the functionf : R → R with f (x) := ax2 + bx + c is bijective?

b). Let a, b, c, d ∈ R and letf :R → R, g :R → R be the functions defined byf (x) := ax+b , g(x) := cx+d .
Give necessary and sufficient conditions for the equalityf ◦ g = g ◦ f .

T1.3. Which of the following maps fromR × R into itself (where is each case the value for(x, y) ∈ R × R is
given) are injective resp. surjective resp. bijective. In the bijective case give the inverse map.

(y, 3) ; (x + y2, y + 2) ; (xy, x + 1) ; (xy, x + y) ; (2x2 − y, x + y) ;
(x − y, x2 − y2) ; (xy, x2 − y2) ; (

x
/√

1 + x2 + y2 , y
/√

1 + x2 + y2
)
.

Is the mapR × R \ {
(0, 0)

} → R × R \ {
(0, 0)

}
(x, y) �→ (

x/(x2 + y2) , y/(x2 + y2)
)

injective, resp. surjective
resp. bijective ? In the bijective case give the inverse map.

T1.4. Let f :X → Y be a map.

a). The following statements are equivalent :

(i) f is injective.

(ii) For all setsZ and all mapsg1 :Z → X and g2 :Z → X, the equalityfg1 = fg2 implies g1 = g2.

Moreover, if X �= ∅ , then these statements are further equivalent to :

(iii) There exists a mapg :Y → X such thatgf = idX.

b). The following statements are equivalent :

(i) f is surjective.

(ii) For all setsW and all mapsh1 :Y → W and h2 :Y → W , the equalityh1f = h2f implies h1 = h2.

(iii) There exists a maph :Y → X such thatf h = idY . (Such a maph is called as e c t i o n tof .)
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