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2.1. Let X be a finite set withn elements. Fori ∈ N, let Pi (X) be the set of all subsetsY of X with
|Y | = i. Show that: Ifi ∈ N with 0 ≤ i < n/2 (resp. withn/2 < i ≤ n), then there exists an
injective mapfi : Pi (X) → Pi+1(X) such thatY ⊆ fi(Y ) for all Y ∈ Pi (X) (resp. an injective map
gi : Pi (X) → Pi−1(X) such thatgi(Y ) ⊆ Y for all Y ∈ Pi (X)). (Hint : Let 0 ≤ i < n/2.
A pair (Y, Y ′) ∈ Pi (X) × Pi+1(X) is calledamicable if Y ⊆ Y ′. Let R be a subset ofPi (X) with |R| =: r.
Further, letR′ be the set of all thoseY ′ ∈ Pi+1(X) which are amicable to at least oneY ∈ R. Puts := |R′|. Then
r(n − i) ≤ s(i + 1) and hencer ≤ s. Now use the M a r r i a g e - t h e o r e m1))

2.2. Let X1, . . . , Xn be finite sets. ForJ ⊆ {1, . . . , n}, let XJ := ⋂
i∈J Xi with X∅ := ⋃n

i=1 Xi .
Generalize the formula|Y ∪ Z| = |Y | + |Z| − |Y ∩ Z| for finite setsY, Z, prove the well-known
S y l v e s t e r ’s ( S i e v e – ) f o r m u l a2):∑

J∈P({1,...,n})
(−1)|J ||XJ | = 0 , i.e. |X| =

∑
∅	=J∈P({1,...,n})

(−1)|J |−1|XJ | .

(Hint : By induction onn. — Variant : Fork = 1, . . . , n, let Yk be the set of elementsx ∈ X∅ which belong to
exactlyk of the setsX1, . . . , Xn. ThenYk, 1 ≤ k ≤ n are pairwise disjoint. Using Exercise T2.2 b) show that

∑
J∈P({1,...,n})

|J | even

|XJ | =
n∑

k=1

2k−1|Yk| =
∑

J∈P({1,...,n})
|J | odd

|XJ | .)

2.3. a). Let X be a finite set withm elements. Letpm denote the number of permutations ofX which
donot have fixed points and letsm = m! be the number of all all permutations ofX. Show that:

pm

sm

= 1

0!
− 1

1!
+ · · · + (−1)m · 1

m!
.

(Hint : Let X = {x1, . . . , xm}. SetXi := {σ ∈ S(X) : σ(xi) = xi} and computesm − pm = | ⋃m

i=1 Xi |
using the Sieve formula in Exercise 2.2. —Remark : Note that limm→∞ (pm/sm) = e−1, wheree = 2, 718. . .

is the base of the natural logarithm.) — The number of permutations ofX with exactlyr fixed points is(
m

r

)
pm−r , 0 ≤ r ≤ m. (Proof!)

b). Let X be a finite set withm elements and letY be a finite set withn elements. The number of
surjective maps fromX in Y is

nm −
(

n

1

)
(n − 1)m +

(
n

2

)
(n − 2)m − · · · + (−1)n

(
n

n

)
(n − n)m .

(Hint : Let Y = {y1, . . . , yn}. SetPi := {f ∈ Y X : yi /∈ im f } and compute the number| ⋃n

i=1 Pi | of
non-surjective maps using the Sieve formula in Exercise 2.2.)

2.4. Let I be a finite index set withn elements and letσi ∈ N for i ∈ I , π := ∏
i∈I σi, σ := ∑

i∈I σi

andσH := ∑
i∈H σi for H ⊆ I . Then

∑
H⊆I

(−1)|H |
(

σH

n

)
= (−1)nπ and

∑
H⊆I

(−1)|H |
(

σH

n + 1

)
= (−1)n

2
(σ − n)π ,

(Hint : Let X = ⋃
i∈I Xi , whereXi are pairwise disjoint subsets with|Xi | = σi . For a proof of the first formula

consider the setPn(X) and its subsetsYi := {A ∈ Pn(X) | A∩Xi = ∅} and use the Sieve formula in Exercise 2.2
to find | ⋃i∈I Yi |.)

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.

1) Marriage-theorem : Let Yx , x ∈ X , be a finite family of sets. For every subset N of X assume that the
set YN := ∪x∈NYx has atleast |N | elements. Then there exists an injective choice function f : X → YX with
f (x) ∈ Yx for every x ∈ X.
2) This is also called the I n c l u s i o n -E x c l u s i o n p r i n c i p l e
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Test-Exercises
T2.1. ( I n d i c a t o r f u n c t i o n s ) LetI be a set. For a subsetJ ∈ P(I ), let eJ : X → {0, 1} be the i n d i c a t o r

f u n c t i o n o f J (with respect toI ), i.e. eJ (i) =
{

1, if i ∈ J ,
0, if i ∈ I \ J . . Note thateI = 1 ande∅ = 0. Show that

a). The mapJ �→ eJ is a bijective map from the poer setP(I ) onto the set{0, 1}I of all mapsI → {0, 1}.
b). For subsetsJ, K ⊆ I , prove that : eJ∩K = eJ eK , eJ∪K = eJ + eK − eJ eK , eJ\K = eJ (1 − eK) .

In particular,eI\J = 1 − eJ andeJ � K = eJ + eK − 2eJ eK .

c). For J, K ∈ P(I ), let J + K := J�K := (J ∪ K) \ (J ∩ K) denote thes y m m e t r i c d i f f e r e n c e ofJ
andK. Then show that

1) J + K = K + J andJ + ∅ = J , J + J = ∅.

2) (J + K) + L = J + (K + L) for all J, K, L ∈ P(I ).

3) For everyJ, L ∈ P(I ), there exists a uniqueK such thatJ + K = L.

4) (J + K) ∩ L = (J ∩ L) + (K ∩ L) for all J, K, L ∈ P(I ).

— Remark : For verification of these properties use indicator functions and their rules given in b). These properties
of the symmetric difference� show that the power setP(I ) with the symmetric difference� as addition and the
intersection∩ as multiplication is a commutative ring with∅ as the zero element 0 andI as the unit element 1.
This ring is called thes e t - r i n g ofI . If |I | = 1, then this ring is a field with two elements ; in the other case the
set-ring ofI is not a field.

T2.2. Let X be a finite set withn elements.

a). The number of subsets ofX is 2n (Induction).

b). If n ∈ N
∗, then the number of subsets ofX with an even number of elements is equal to the number of subsets

of X with an odd number of elements. Moreover, this number is equal to 2n−1. (Hint : Let a ∈ X. The map
defined byA �→ A ∪ {a}, if a /∈ A, resp. A � {a}, if a ∈ A, is a bijective map from the set of subsets with an
even number of elements onto the set of subsets with an odd number of elements.)

T2.3. a). From 1a) deduce that: Forn ∈ N,
(
n

0

) + (
n

1

) + · · · + (
n

n

) = 2n.

b). From 1b) deduce that: Forn ∈ N
∗,

(
n

0

) − (
n

1

) + · · · + (−1)n
(
n

n

) = 0.

c). Let X be a finite set withn elements. The number of pairs(X1, X2) in P(X) × P(X) with X1 ∩ X2 = ∅ is
3n (Induction). General: The number ofr–tuples(X1, . . . , Xr) of pairwise disjoint subsetsX1, . . . , Xr ⊆ X is
equal(r + 1)n, r ∈ N.

d). For m, n, k ∈ N,
(
m+n

k

) = (
m

0

)(
n

k

) + (
m

1

)(
n

k−1

) + · · · + (
m

k

)(
n

0

)
. In particular,

(2n

n

) = (
n

0

)2 + (
n

1

)2 + · · · + (
n

n

)2
for

n ∈ N. (Hint : Let X, Y be disjoint sets with|X| = m, |Y | = n. The assignmentA �→ (A ∩ X, A ∩ Y ) defines
a bijective mapP(X ∪ Y ) → P(X) × P(Y ).)

T2.4. Letm be a natural number (resp. a positive natural number) and letn be another natural number. Let a(m, n)

(resp. b(m, n)) denote the number ofm–tuples(x1, . . . , xm) ∈ N
m with x1+· · ·+xm ≤ n (resp.x1+· · ·+xm = n).

Show that

a(m, n) =
(

n + m

m

)
, b(m, n) =

(
n + m − 1

m − 1

)
.

(Hint : Note that a(m − 1, n) = b(m, n) and a(m, n) = a(m, n − 1) + a(m − 1, n) if m ≥ 1 and use induction on
n+m. —Variant: The map(x1, . . . , xm) �→ {x1+1, x1+x2+2, . . . , x1+· · ·+xm +m} maps the set ofm–tuples
(x1, . . . , xm) ∈ N

m with x1 + · · · + xm ≤ n bijectively onto the set ofm–element subsets of{1, 2, . . . , n + m}.)
T2.5. Let X = (X1, . . . , Xr) and letY = (Y1, . . . , Yr ) be partitions of the setX into r pairwise disjoint subsets
each of them withn ≥ 1 elements (i.e.

⋃r

i=1 Xi = X andXi ∩ Xj = ∅ for i 	= j and analogously forY). Show
that: X andY has a common representative system, i.e. there existr distinct elementsx1, . . . , xr in X such that
eachxi belongs to exactly one of the subsetX1, . . . , Xr and exactly one of the subsetY1, . . . , Yr . (Hint : Using
the Marriage-theorem find a permutationσ ∈ Sr such thatXi ∩ Yσ(i) 	= ∅ for every 1≤ i ≤ r.)
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