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MA-231 Topology
2. Finite Sets
August 13, 2004 ; Submit solutions before 10:00 AM ; August 23, 2004.

2.1. Let X be a finite set withh elements. For € N, let]3;(X) be the set of all subsets of X with
|Y| = i. Show that: Ifi € Nwith 0 < i < n/2 (resp. withn/2 < i < n), then there exists an
injective mapf; : P (X) — Piy1(X) such thaty C f;(Y) forall Y € B, (X) (resp. an injective map
g Bi(X) — P;_1(X) such thatg;(Y) € Y forall Y € P;(X)). (Hint: LetO < i < n/2.
A pair (Y,Y") € B;(X) x B, 1(X) is calledamicableif ¥ C Y’. LetfR be a subset of3; (X) with |R| =: r.
Further, letR’ be the set of all thosE’ € ;. 1(X) which are amicable to at least okie= R. Puts := |R'|. Then
r(n —i) < s(i +1) and hence < s. Now use the Marriage-theorehy

2.2. Let X1,..., X, be finite sets. Fov < {1,...,n}, letX; = ),., X; with Xy := J/_; X;.

Generalize the formuldY U Z| = |Y| + |Z| — |Y N Z] for finite setsY, Z, prove the well-known
Sylvester’s (Sieve-) formul:
> DYixgi=0. ie Xj= Y DYIHX.
JePBL,...n}) 0#JeP(L,....n}H)

(Hint: By induction orm. — Variant: Fork = 1, ..., n, letY; be the set of elemenise X which belong to
exactlyk of the setsXy, ..., X,,. ThenY;, 1 < k < n are pairwise disjoint. Using Exercise T2.2 b) show that

Yooxg=)"2wl= Y X))

JeP(L,...n} k=1 Jepdl.., n})
|[71even |71 odd

2.3. a). Let X be a finite set withn elements. Lep,, denote the number of permutationsXfwhich
donot have fixed points and lgt = m! be the number of all all permutations &f Show that:

DPm 1 1 1
rm o~ (="
Sm o 1! o+ Eh m!
(Hint: Let X = {x1,...,x,}). SetX; :={o € 6(X) : o(x;) = x;} and compute,, — p,, = | U1 Xil

using the Sieve formula in Exercise 2.2. Remark : Note that lim,_ . (pn/sm) = e~ 1, Wwheree = 2, 718. ..
is the base of the natural logarithm— The number of permutations &f with exactlyr fixed points is
(") pm—r, 0 < r < m. (Prooft)

b). Let X be a finite set withn elements and leY be a finite set withh elements. The number of
surjective maps fronX in Y is

e B e e B L n)(n—ny".
n
(Hint: LetY = {y1,...,y.}. SetP, :={f € Y* : y; ¢ im f} and compute the numbetJ'_; P;| of
non-surjective maps using the Sieve formula in Exercisg 2.2.

2.4. Let1 be afinite index set with elements and let; e Nfori € I, 7w :=[[,.;0i, 0 =), i
andoy =), .y o0ifor H C 1. Then

o " o (="
Z(—l)'H'( :) = (-1)"zr and Z(—l)H'(n fl> =——(o—mm,

HCl HCI
(Hint: Let X = Uie; Xi» whereX; are pairwise disjoint subsets witli;| = o;. For a proof of the first formula
consider the seB, (X) and its subsets; := {A € B,(X) | AN X; = @} and use the Sieve formula in Exercise 2.2
to find | U, Y:l.)

On the other side one can see (simple) test-exercises ; their solutions need not be submitted.

1) Marriage-theorem: Let Y,, x € X, be a finite family of sets. For every subset N of X assume that the
set Yy = U,nY, has atleast |N| elements. Then there exists an injective choice function f : X — Yx with
f(x) ey, foreveryx € X.

2) Thisis also called the InclusiofExclusion principle
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Test-Exercises
T2.1. (Indicator functions) Lef be a set. For a subséte (1), lete; : X — {0, 1} bethe indicator

function of J (with respect td), i.e. e; (i) = {é :; i 2 IJ\ Ix Note thate; = 1 andey = 0. Show that

a). The mapJ — e, is a bijective map from the poer s#t(/) onto the set0, 1}/ of all maps/ — {0, 1}.

b). For SUbsetS],K C I, prove that: e = ejex, €ejux = ej +ex —ejex, eng = 61(1—61().
In particulal’,el\J =1—¢y ande,AK =e;+ex —2ejex .

c). ForJ, K € B(),let J + K := JAK := (JUK)\ (J N K) denote thesymmetric difference of
andK. Then show that

D)J+K=K+JandJ+0=J,J+J =40.
2)(J+K)+L=J+K+L)forall J,K, L € BU).

3) For everyJ, L € P(I), there exists a uniquk suchthat/ + K = L.
HJ+K)NL=UNL)y+(KNnL)forall J, K, L € B).

— Remark : For verification of these properties use indicator functions and their rules giveninb). These properties
of the symmetric differencé\ show that the power s@t(7) with the symmetric differenca as addition and the
intersectionn as multiplication is a commutative ring withas the zero element 0 aricas the unit element 1.
Thisringis called theset-ring off. If |[I| = 1, then this ring is a field with two elements ; in the other case the
set-ring of! is not a field.

T2.2. Let X be afinite set witlk elements.
a). The number of subsets &f is 2* (Induction).

b). If n € N*, then the number of subsetsXfwith an even number of elements is equal to the number of subsets
of X with an odd number of elements. Moreover, this number is equaito 2 (Hint: Leta € X. The map
defined byA — A U {a}, ifa ¢ A, resp. A\ {a}, if a € A, is a bijective map from the set of subsets with an
even number of elements onto the set of subsets with an odd number of el¢ments.

T2.3. a). From 1a) deduce that: Fare N, (¢) + (1) + -+ (1) = 2".

b). From 1b) deduce that: Fare N*, (3) — ({) + -+ (-1"(") = 0.

c). Let X be a finite set witlh elements. The number of paif¥1, X2) in P(X) x P(X) with X1 N X =@ is

3" (Induction). General: The number pftuples(Xy, ..., X,) of pairwise disjoint subset&4,..., X, € X is
equal(r + 1", r e N.

. Form, .k € N, (") = (5)() + (1) (") + -+ (1) (3). Inparticular () = ()7 + ()° +- - + ()° for
neN. (Hint: LetX, Y be disjoint sets withX| = m, |Y| = n. The assignmem — (AN X, ANY) defines

a bijective mapB(X UY) — PB(X) x P(¥).)

T2.4. Letm be a natural number (resp. a positive natural number) andkeanother natural number. L&ba n)
(resp. lim, n)) denote the number ef-tuples(xy, ..., x,) € N*withx1+---+x, <n(respxi1+---+x, = n).

Show that 1
a(m,n):(n+m>, b(m,n):(n+m_ )
m m-—1

(Hint: Note that &n — 1, n) = b(m, n) and &m, n) = a(m,n — 1) +a(m — 1, n) if m > 1 and use induction on
n+m. —Variant: The map(x1, ..., x,) > {x1+1, x1+x2+2, ..., x1+---+x, +m} maps the set oh—tuples
(x1, ..., x,) € N™ with x1 + - - - + x,, < n bijectively onto the set oli—element subsets ¢1, 2, ..., n + m}.)

T2.5. LetX = (X1,..., X,) and let)) = (Y1, ..., Y,) be partitions of the seX into r pairwise disjoint subsets
each of them withh > 1 elements (i.el J._; X; = X andX; N X; = ¢ fori # j and analogously fa?)). Show
that: X and2) has a common representative system, i.e. there exiistinct elementsq, ..., x, in X such that
eachy; belongs to exactly one of the subsgt, . . ., X, and exactly one of the subseét, .. ., .. (Hint: Using
the Marriage-theorem find a permutatiere S, such thatX; N Y, # ¥ forevery 1<i < r.)
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