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Abstract In convex geometry, the Blaschke surface area measure on the boundary
of a convex domain can be interpreted in terms of the complexity of approximating
polyhedra. This approach is formulated in the holomorphic setting to establish an
alternate interpretation of Fefferman’s hypersurface measure on boundaries of strongly
pseudoconvex domains in C2. In particular, it is shown that Fefferman’s measure can
be recovered from the Bergman kernel of the domain.
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1 Introduction

The Fefferman hypersurface measure on the boundary of a C>-smooth domain @ ¢ C?
is the (2d — 1)-form, ogq, satisfying

d 1
o ANdp =43 M(p)d+ T wea,

where wca is the standard volume form on Ce, p is a defining function for Q with

Q ={p <0}, and
M(p):—det(’o ’%) .
1<j,k<d
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1030 P. Gupta

First introduced by Fefferman in [9], this measure is well defined under the added
assumption that 2 is strongly pseudoconvex (defined in Sect. 2). Moreover, it does
not depend on the choice of p and satisfies the following transformation law:

. 24
Fropq) = |det]c Fld+log,

where F is a biholomorphism on € that is C2-smooth on Q.

The Fefferman hypersurface measure shares strong connections with the Blaschke
surface area measure (explored in [3] and [4], for instance) studied in affine convex
geometry. If K  R? is a C2-smooth convex body, the Blaschke surface area measure
on dK is given by

where « and s, are the Gaussian curvature function and the Euclidean surface area
form on 0 K, respectively. Its resemblance to the Fefferman measure is reflected in the
following identity:
d—1
A*(}A(K) = | detJr A|d+1 ok,

where A is an affine transformation of R?. Since its introduction by Blaschke in [5],
several mathematicians have extended the notion of affine surface area to arbitrary con-
vex bodies; see [14] for details. As this measure is invariant under volume-preserving
affine maps, it occurs naturally in volume approximations of convex bodies by poly-
hedra (see [11, Chap. 1.10] for a survey). The first complete asymptotic result was due
to Gruber [10] who showed that if K € R is a C2-smooth strongly convex body, then

)(d+l)/(dl)

1
. . (o SRR H ~
inf{vol(P\ K): P € P} 2d1v,1_1 (/GKOK dD (1.1)
as n — oo, where Py, is the class of all polyhedra that circumscribe K and have at
most n facets, and divy_; is a dimensional constant. Ludwig [15] later showed that,
if the approximating polyhedra are from P,, the class of all polyhedra with at most n
facets, then

@ (12

(d+1)/(d-1) 1
K )

1
inf{vol(KAP) : P € P,} ~ Eldivd_1 (/ oK
9

as n — oo, where A denotes the symmetric difference between sets and 1divy_ is a
dimensional constant. In (1.1) and (1.2), the constants divy_; and ldiv;_; are named
after Dirichlet—Voronoi and Laguerre—Dirichlet—Voronoi tilings (see the Appendix),
respectively, since these are used to prove the formulae. Later, Béroczky [6] proved
both these formulae for all C2-smooth convex bodies. Similar asymptotics have been
obtained using other notions of complexity for a polyhedron—such as the number of
vertices.

In [3], Barrett asks whether such relations can be found between the Fefferman
hypersurface measure on a pseudoconvex domain and the complexity of approximating
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analytic polyhedra. An analytic polyhedron in Q2 is a relatively compact subset that is
a union of components of any set of the form

P={zeQ:|fil<1lj=1,...,n},

where f1, ..., f, are holomorphic functions in €2. The natural notion of complexity
for an analytic polyhedron, P, is its order, i.e., the number of inequalities that define
P. This setup, however, is not suited for our purpose as demonstrated by a result due
to Bishop (Lemma 5.3.8 in [12]) which says that any pseudoconvex domain in C¢
can be approximated arbitrarily well (in terms of the volume of the gap) by analytic
polyhedra of order at most 2d. With the help of an example, we indicate where the
problem lies. Let 2 = ID be the unit disk in C. Consider the lemniscate-bound domains

2n—1
n ,
P, = [z eh: H — ‘(z—exp(%))_l‘ < 1].
k=0 T

Each P, has order 1 and satisfies {|z| < 1 — w/n} C P, C {|z| < 1 — /37 /2n}.
Thus,
inf{vol(D \ P) : P is an analytic polyhedron of order 1} = 0.

If we, instead, declare the complexity of P, to be 2n, i.e., the number of poles of the
function defining P,, then, since lim, . n - vol(D \ P,) € (0, c0), we can expect
results similar to (1.1) and (1.2).

The above example leads us to a special class of polyhedral objects. For any fixed
f € C(Q x 3Q), let P, (f) be the collection of all relatively compact sets in € of the
form

P:{zeQ:|f(z,wj)|>5j,j:1,...,n],

where w!, ..., w" € 9Q and §;,...,8, > 0. We present a class of functions f for
which asymptotic results such as (1.1) and (1.2) can be obtained for domains in C2.

Theorem 1.1 Let Q2 CC C? be a C*-smooth strongly pseudoconvex domain. Suppose
f € C(Q x 0K2) is such that

(i) f(z,w)=0ifandonlyifz =w € 9R, and
(ii) there existn > 1 and t > 0 such that

fz,w) =a(z, w)pz, w) + O (p(z, w)") (1.3)
on Q= {(z,w) € L x I : ||z — w|| < T}, where p is the Levi polynomial

of some strictly plurisubharmonic defining function of Q2 (see Sect. 2) and a is
some continuous non-vanishing function on Q.

Then, there exists a constant lyor > 0, independent of 2, such that

inf{vol(2\ P) : P € P,(f)} ~ %lkor (/ag UQ)Z % (1.4)

asn — OQ.

@ Springer
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In the tradition of divy_; and ldiv;_1, the constant /o, above is named after
Laguerre—Koranyi tilings. Any such tiling comes from a collection of Kordnyi balls
A covering [0, 1]° in R? = C x R by minimizing the horizontal power functions
hpow(-, K) : C x R — C x R associated with the balls K in .# (see the Appendix
for more details). If hcell(K) denotes the tile associated with K € %", we obtain that

Ior = lim /minf { — Z / hpow(z', K)dz' :#(¢) <n
n—00 K e W heell(K)

Such descriptions have been obtained for divy—; and ldivy_1 as well (see [10,15] and
[7D).

We believe that our proof of Theorem 1.1 can be generalized to higher dimensions,
although the exposition becomes exceedingly complicated. We, therefore, merely state
what we believe to be is the corresponding asymptotic formula when 2 CC C4 and
f € C(2 x aR2) satisfy the hypothesis of the above theorem: there is a constant c¢; > 0

such that
d+1

1 T
inf(vol(@\ P) : P € Pu(f)} ~ e (/BQ O'Q) ‘ 7 (1.5)

as n — oo. Here, ¢4 is the d-dimensional version of lx,.. We encourage the reader to
compare the exponents and decay rates in (1.5), (1.1) and (1.2). A common pattern
emerges when we realize that the role played by the Euclidean metric on R¢~! in
obtaining (1.1) and (1.2) is played by the Koranyi metric on the (2d — 1)-dimensional
Heisenberg group in the case of (1.5). The former has Hausdorff dimensiond’ = d —1,
while the latter has Hausdorff dimension d’ = 2d. The exponent of the boundary
measure and the power of 1/7 in all three formulae now have the unified expressions
(d' +2)/d’ and 2/d’, respectively.

Let LP(Q) denote the class of f € C(Q x dRQ) that satisfy conditions (i) and
(ii) of Theorem 1.1. Then, LP(£2) is invariant under biholomorphisms that extend
(Cz—)smoothly to the boundary. LP(£2) is a natural class when working with strongly
pseudoconvex domains and contains elements that yield analytic polyhedra. The
Henkin—Ramirez generating function (see [16, §3] for details) is one such choice
of f.So are Kg;l/(dﬂ) and Sél/d, where Kq and Sq denote the Bergman kernel and
Szeg6 kernel on Q C C4, respectively. In fact, these two choices of f are almost ana-
Iytic extensions of any defining function of €2. Since the Bergman kernel and almost
analytic extensions of defining functions make sense in a context larger than that of
strongly pseudoconvex domains, these provide potential candidates for f to obtain
results like Theorem 1.1 in a more general setting. We support this fact with an exam-
ple where the Fefferman hypersurface measure, though not defined everywhere, is
zero almost everywhere with respect to the Hausdorff measure on the boundary. Let
Q =D?and f(z,w) = (1 —z1w1)(1 — zow>). Then, by choosing appropriate f-cuts
with sources on the distinguished boundary, it can be shown that

lim ainf{vol(2\ P) : P € Pu(f)} =0
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as n — oo. Note that f is a scalar multiple of K]ISZI/ 2,

Organization of the paper Definitions, notation and terminology that feature in multi-
ple sections are collected in Sect. 2. The proof of Theorem 1.1 is spread over subsequent
sections. A critical lemma allows us to pass from LP(£2) to a single representative—
this lemma and other technical issues are dealt with in Sect. 3. In Sect. 4, we address
the problem for certain model domains and model polyhedra. The rate of decay and
the relevant exponents in (1.4) become evident in this section. We move from the
model to the general case (locally), and from the local to the global case in Sects. 5
and 6, respectively. The Appendix contains a brief exposition on power diagrams in the
Euclidean plane, and introduces a new tiling problem on the Heisenberg group. The
latter emerged naturally in the course of this work, and seems indispensable in proving
Theorem 1.1 (in particular, Lemma 6.1 from the Appendix is a crucial component of
Lemma 5.6). The Appendix also contains bounds for /.

2 Preliminaries

In this article, N denotes the set of all positive natural numbers. For D € R", C(D)
is the set of all continuous functions on D, and Ck(D), k > 1, denotes the set of all
functions that are k-times continuously differentiable in some open neighborhood of
D.If A C B C R”, intgA is the interior of A in the relative topology of B. The
transpose of a vector v is denoted by v". When well defined, Jg f(x) and Hessg f (x)
denote the real Jacobian and Hessian matrices, respectively, of f at x, J¢ f(z) is the
complex Jacobian matrix of f at z, and f* denotes the pull-back operator inducedzby
9~ f

f on differential forms and measures. For brevity, we often abbreviate % and 0y

to fy and fyy, respectively. In C?, we employ the notation

o 7 =(21,22) = (x1 + iy, x2 +iy2), w = (wy, wp) = (u1 + ivy, up + ivy) for
points;

e B, (z; r) for the Euclidean ball centered at z and of radius r;

° <-, > for the complex pairing between a co-vector and a vector;

@/

° to indicate projection onto {y, = 0} = C x R;

o A™S for (A|{y2=0})’ :CxR— C xR, where A : C2 — C?;

e vol for the Lebesgue measure in CZ;

e vol, for the Lebesgue measure in C x R, and

e s for the standard Euclidean surface area measure on the boundary of a smooth
domain.

In our analogy between convex and complex analysis, the role of convexity is played
by pseudoconvexity:

Definition 2.1 A C?-smooth domain Q < C? is called strongly pseudoconvex if it
admits a defining function p in a neighborhood U D €2 such that
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1034 P. Gupta

2

)
E p_(z)vjv_k >0 forzedQandv = (vy,...,vg) € C\ {0}
T 0707k
<j.k=d
d 9p
satisfyin —(2)v; = 0. 2.1
yg;:lazj(), (2.1)

A (possibly non-smooth) domain  C C¢ is called pseudoconvex if it can be exhausted
by strongly pseudoconvex domains, i.e., 2 = U ;g €2; with each 2; strongly pseudo-
convex and Q; C € for j < k.

Remark We will heavily use the fact that any strongly pseudoconvex domain €2 admits
a defining function p which is strictly plurisubharmonic, i.e., (2.1) holds forall z € U
and v € C¢\ {0}.

We reintroduce the polyhedral objects of our study.

Definition 2.2 Let Q@ C C? be a domain and f € C(Q x 3<2). Given a compact set
J C 092, an f-polyhedron over J is any set of the form

P={zeQ:|f(z,w))|>68;,j=1,....n), (w/,8;) €3 x (0, 00),

such that J C BQ\Fandforeveryj e{l,...,n}, | f(z, wl)| < d; for some z € J.
If Q is bounded, then an f-polyhedron over 9<2 is simply called an f-polyhedron. We
call

e each (w/, §;) a source-size pair of P;

e cach C(w’/,8;; f) :={z € Q:|f(z, w))| <8;}acutof P;

e each F(w/,8;; f) =1z e Q:|f@ w))| =8, |f(zw)| =8, 1 # j}afacet
of P;

° (wl, ...,w" and (81, ..., 8,) the source-tuple and size-tuple of P, respectively.

We emphasize that, by definition, the cuts of an f-polyhedron over J cover J, and
each of its cuts intersects J non-trivially.

Remarks When there is no ambiguity in the choice of f, we drop any reference to
it from our notation for cuts and facets. Repetitions are permitted when listing the
sources of an f-polyhedron. Thus, P—as in Definition 2.2—has at most n facets.

Let 2, f, P and J be as in Definition 2.2 above. We will use the following notation.

d(P):=max{d; : 1 < j <nand(dy,...,3,)is the size-tuple of P}.

Pn(f) := the collection of all f-polyhedra in € with at most n facets.

Pn(J; f) := the collection of all f-polyhedra over J with at most n facets.

Po(J CH; f):={P eP,J; f):9Q\ P C H}, where H C 32 is a compact

superset of J.

e v(Q; F) = inf{vol(Q \ P) : P € &}, for any sub-collection & C
P.(J C H; f).

e v,(f) :=v(RQP,(J C H; f)), when the choice of 2, J and H is unambiguous.
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e v,(J C H) :=v(Q;P,(J C H; f)), when the choice of Q and f is unambigu-
ous.

We now introduce some terminology and notation that will be used repeatedly in
Sect. 5.

e Let p : U — R be C2-smooth. The Levi polynomial associated with p is the map
p, : U x U — C given by

2

Gw =S ->1282”)-~) )
p(z, w _Zazj(w Zj —wj +2j§13@' Zk(w (zj —wj)(zx — wg).

j=1

If the choice of p is unambiguous, we will use p instead.
Let p : U — R be C>-smooth. The Cauchy—Leray map associated with p is the
map [, : U x U — C given by

2

0
h(z,w) = Z a—é(w)(ZJ —wj).
j=1 0%

Sp =1{(z1,22) € C*: p*(z1, 22) < O}, where p*(z1, 22) = Alz1|* — Im z5. When
r=1S8, =8.

For brevity, [, := [,x, and fy(z, w) := —2iAl,(z, w) when w € 9S*.

e As defined in Theorem 1.1, for any domain Q C C?andt > 0,Q; :={(z,w) €
QxQ: ||z —wl|l < 7).

3 Some Technical Lemmas

Here, we restrict our attention to Jordan measurable domains  C C2. J and H are
compact subsets of €2 such that J C intgoH. We will concern ourselves with f-
polyhedra over J that are constrained by H. We first prove a lemma that will allow us
to work locally.

Lemma 3.1 Let Q, J and H be as above. Suppose there are 5o > 0, ¢ > 0 and
f, g € C(Q2 x H) such that

(a) {zeQ: fz,w) =0} ={z € Q: gz, w) = 0} = {w)}, for any fixed w € H,
(b) C(w,$; f) 2 C(w,cd; g), forallw € H and § < b,
(c) C(w,d; g) is Jordan measurable for each w € H and § < ¢d.

Then, for P, € P,(J C H; f) such that lim,_, o vol(2 \ P,) = 0, we have that
lim,, 0 8 (P,) = 0.

Proof Tt suffices to show that for each § < &g, there is a » > 0 such that
vol(C(w, §; f)) > b for all w € H. By condition (b), it is enough to show this
for the cuts of g. By (), vol (C(w, §; g)) > 0 for each w € H and § < c8o. Thus, it
is enough to prove the continuity of w +— vol (C (w, 8; g)), 8 < ¢dp, on the compact
set H.
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1036 P. Gupta

Fixaé € (0, ¢do). Let xuw := Xc (5., Where x, denotes the indicator function of
A. For a given w € H, consider a sequence of points {w"},cry C H that converges to
w as n — 0o. Then,

lim xun(z) = xw(z) forae.z € Q. 3.1)
n—oo

To see this, consider a z € Q such that x,(z) = 0. Suppose there is a subse-
quence {w"/}jeny C {w"}uen such that x,n;(z) = 1. Then, |g(z, w"/)| < & but
lim;_ 00 |g(z, w")| = |g(z, w)| = §. This is only possible if g(z, w) = §. An anal-
ogous argument holds if y, (z) = 1. Thus, z € 9C(w, §; g). Due to assumption (c),
this is a null set. Thus, (3.1) is true and we invoke Lebesgue’s dominated convergence
theorem to conclude that

vol (C(w”, R g)) = /7Xwnda) nzos /7)(wda) = vol (C(w, S; g)),
Q Q

where § < ¢8y and w = vol is the Lebesgue measure on C2. O

Next, we prove a lemma that permits us to concentrate on a single representative
of LP(2).
Lemma 3.2 Let Q, J and H be as above. Suppose f, g € C(Q x H) are such that

(i) lzeQ: fz,w) =0} ={z € Q: gz, w) = 0} = {w}, for any fixed w € H,
and
(ii) there exist constants ¢ € (0, 1/3) and v > 0, such that

|f(z, w) — gz, w)| < e(lg(z, w) + | f(z, w)) (3.2

onf{(z,w) e Qx H : ||z —w|| <1t}

Further, assume that the cuts of g are Jordan measurable and satisfy a doubling
property as follows

(3.3) there is a 8g > 0 and a continuous D : [0, 16] — R so that, for any n € Ny,
(w/,8;) € Hx(0,8g), 1 <j<mn,andt €0, 16],

vol [ | Jcw/,a1+n8) | <D -vol | | Jcw’.5)) ). (3.3)
J=1 j=1

Then, for every 8 > 0,

1 2
lim supnﬂvn(f) <D (% — 1) lim supn’gv,,(g); 3.4
n—00 (1—-¢) n—o00
1 +6)* !
liminf nfv,(f) > D (ﬂ _ 1) lim inf n v, (g), 3.5)
n— 00 (11— 8)4 n— 00

where v,(h) = v (2; P,(J C H; h)), Di(¢) = and D;(¢).
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Proof Observe that if &€ := %, then inequality (3.2) may be transcribed as
|f(z, w)| < &lg(z, w)|and |g(z, w)| < &|f(z, w)] (3.6)
on {(z,w) € Q x H : ||z — w|| < t}. Hence, forany w € H and § > 0,

C(w,8; f) S By(w; 1) = C(w,8; f) € C (w, 85 8); (3.7)
C(w,8; g) CBa(w; 1) = C(w,8;8) € C(w,&5; f). (3.8)

We first show that

1+¢)?
lim sup nv,(f) < D (( + )2 - l)limsupnﬂvn(g).
n—00 1—-e) n—o00
Let & > 1. Assume that Ly, := lim supn_)oon/svn(g) is finite. Then, there is an

ng € Ny such that for each n > ng, we can pick a Q,, € P, (J C H; g) satisfying
vol(Q\ Qn) < §Lgupn ™’ (3.9)

As the cuts of g are Jordan measurable, Lemma 3.1 implies that 6(Q,) — 0 as
n — oo. Consequently, ng can be chosen so that (3.9) continues to hold, and for all
source-size pairs (w, §) of Q,, n > ng, we have that

(a) § < & (see condition (3.3) on g);

b) C(w,d;g) CBy(w; t)and C(w, 48; g) N0 C H;and

(c) C(w,26; f) C Ba(w; 7).

The second part of (b) is possible as each cut of Q,, is compelled to intersect J non-

trivially, by definition. For a fixed source-size pair (w, 6) of Q,,, we have, due to (3.8)
and (3.7),

C(w,8;8) S C(w,88; f)cC (w,§25; g)-

The second inclusion is valid as £5 < 28, thus permitting the use of (3.7), given (c).
We can now approximate Q, by an f-polyhedron by setting

@:L ={zeQ:|gz,w)| > 828, (w, 8) is a source-size pair of O, };
Py, :={z€Q:|f(z,w)| > &8, (w, §) is a source-size pair of O, }.
Our assumptions imply that 0, and P, are in P,(J C H;g) and P,(J C H; ),

respectively. From the above inclusions, we have that 0, € P, € Qu, n > ng.
Hence, by property (3.3) of g and (3.9), we see that

nPu,(f) < nPvol(Q\ P,) < nfvol (2\ 0n)
< D(3* — 1)’ vol(2\ Q)
= ED(éz - 1)Lsup,

forn > ng. As & > 0 was arbitrary and g = % (3.4) follows.
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To complete this proof, we show that

-1

liminf nfv,(f) = D — 1) lim inf nfv, (g).
n—oo

n—oo

(1+e)*
((1 —e)t

For this, fix a & > 1, and assume that Liys := liminf,_, nfu, (g) is finite. Thus,
there is an ng € N such that

1
un(g) = ELinfn_ﬂ§ forn > ng. (3.10)

For each n, we pick an R, € P,(J C H; f) that satisfies

V(2 \ Ry) < §va(f). (3.11)

Now, we may also assume that lim inf,_, nPu,( f) < oo (else, there is nothing to
prove), thus obtaining that v,(f) — O for infinitely many n € N. But, as v,(f) is
decreasing in n, we get that v, (f) — O foralln € N. Now, due to (3.8), it is possible
to choose § small enough so that

8
&

for each w € H. As the cuts of g are Jordan measurable (there is no such assumption
on the cuts of f), we invoke Lemma 3.1 to conclude that §(R,) — 0 asn — oo. As
before, we find a new n¢ such that (3.10) continues to hold, and for all n > n¢ and all
source-size pairs (w, §) of R,, we have

(a") § < 8, (see condition (3.3) on g);
b)) C(w,48; f) C Ba(w; 7) and C(w, 48; f)NOQ C H; and
(c) C(w,28; 8) C Ba(w; 7).

Then, as before

9, : 25 22, 23,
Clw, =g gC(w,(S,f)gC(w,sé,g)gC w,e°8; f) S Cl\w,e76;¢).
€
(3.12)
We now approximate R, with an n-faceted g-polyhedron, using

’R\; 1= {z e Q:|f(z,w)| > 828, (w, §) is a source-size pair ofR,,} ;

Sp = {z € Q: gz, w)| > &8, (w, §) is a source-size pair ofR,,}.

Our assumptions are designed to ensure that kv,, € Po(JCH;f)and S, €
P,.(J C H; g). From the above inclusions, we have that

k;gSnananan-
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Moreover, the first and last inclusions in (3.12) and the assumption (3.3) on g (note
that 8% < 16) imply that

vol(22\ R,)) — vol( \ R,,) < vol <

U C(w,§38;g)— U C(w,g;g))

(w,8)eA, (w,8)eA,
< D(&* — 1) vol(2 \ Ry), (3.13)

where A, is the set of source-size pairs of R;,.
Therefore, using (3.13) and (3.11), we see that
1 B _
ELinfn < vu(g) < vol(R2\ §,) < vol (Q \ Rn)
< D(8* — 1) vol(£2\ Ry)
< D(&* = 1)Eva (/).

Therefore,
2 (n -1
nPun(f) 2 §2D(E* = 1) Linr, n = ng.

As & > 0 was arbitrary and & = %, (3.5) follows. O
Remark 3.3 Inpractice, f and g may only be defined on (2NU) x H for some open set
U c C? containing a t-neighborhood of H, while satisfying the analogous version of
condition (7) there. As the remaining hypothesis (and indeed the result itself) depends

only on the values of f and g on an arbitrarily thin tubular neighborhood of H in €,
we may replace f (and, similarly, g) by fe to invoke Lemma 3.2, where

fo = fz, we(lz — wl®) + 1z — wl*(1 = ¢(lz — wl[»)

for some non-negative ¢ € C*°(R) such that ¢(x) = 1 when x < 72 /2and ¢(x) =0
when x > 72. We will do so without comment, when necessary.

4 Approximating Model Domains
As afirst step, we examine volume approximations of the Siegel domain by a particular
class of analytic polyhedra. This problem enjoys a connection with Laguerre-type

tilings of the Heisenberg surface equipped with the Kordnyi metric (see the Appendix
for further details).

Let S = {(z1, x2+iy2) € C*: y» > |z1]?} and fs(z, w) = 22 — W3 — 2iz|Wy.
We view C x R as the first Heisenberg group, H, with group law
(z1,x2) - (w1, u2) = (21 + wi, x2 + uz + 2Im(z;wy))

and the left-invariant Kordnyi gauge metric (see [8, Sect. 2.2])

di((z1, x2), (w1, u2)) == ||(w1, u2) "' - (21, x2) >
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where ||(z1, xz)||§;I = |zt + x%. Observe that, for any cut C(w, 8) = C(w, §; fs),
w €3S, C(w, §)' is the set

KW', vV/8) = {(z1,x2) € CxR: |z —wy|[*+(xa—up+2 Im(z1w7))° < 8%}, (4.1)

which is the ball of radius \/S centered at w’, in the Kordnyi metric.

Notation We will use the following notation in this section:

o I" :={(x;+iy,x) eCxR:0<x1<r,0<y 5r,0§x2§r2},r>0.

o 7 =17 — (% +i5, %),r >0.1" C I" and they are concentric.

e v,(J C H) =v(S;P,(JCH,; fs)),forJ Cc HCdS.If J c HC CxR,
v, (J C H) is meaningful in view of the obvious correspondence between C x R

and 9S.

Lemmad.l Let I = I' and I = I'. There exists a positive constant lyoy > 0 such

that

o
vn(ICI)N%

asn — oo.
Proof Simple calculations show that

2w 3

vol(C(w, 8)) = 5=5 4.2)

7[2
vol, (K (w', v/38)) = 752 (4.3)

forallw € S and § > 0.
We utilize a special tiling in C x R. Let k € N and consider the following points
inC x R:

(P .9 T
Upgr = (;—i_l%’ﬁ)’ (p,q,r) € %,

where X = {(p,q,r) e73: —2q <r §k2—1+2p, 0<p,qg<k-— 1}.
Observe that card(XZy) = k* + 2k3 — 2k%. Now, we set Epgr = Vpgr u I%, and

note that I C Ug, Epqr C f, for all k € N. (See Fig. 1.)
1. We first show that there is a constant «; > 0 such that

N ol
v,(ICIl)<— “4.4)
Jn
foralln € Ny.
For this, let
1 11
Upgr = center of Epgr = Vpgr u Y —Hﬁ’ 72 ) (p,q,r) € I, k e N
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Fig. 1 The 24 tiles E pqr when
k=2

0,0,1) 1,11)

(0,0,0) i NISK))

Then, the Kordnyi ball K (u pgrs ) (see (4.1)) contains E,, and is contained in

5
) Y2k
I. Hence, if wpy, € 98 is such that w,q," = upg,, the cuts

c(w,,q,, f2 ) (p.q.1) € %,

define P, an fg-polyhedron with k* + 2k3 — 2k* facets. In fact, P, €
Prasoi3_y2( C I; fs), for all k € N, where we identify / and [ with their i images
in 9§ under the map (z1, x2) — (21, X2 +i|z1 |2) Therefore, using (4.2)

Voo C 1) < vol(S\ Py)

NG
< vol U C(w,,q,, —_—
5 V2k?

3
2 K4+ 2k3 — 2k2
<_’T(f5) (428 — oy = YT )

V2k? 32 ko ’

k € N.. Now, for a given n € N, choose k such that K423 -2k <n <
(k + D)* +2(k + 1) — 2(k + 1)%. Then, one can easily find a a1 > 0 such that
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vl € DV < vy g2 (I C DV (k+ D* + 20k + 1)3 = 2k + 1)2
- 55 (k* + 2k — 2k2)/(k + D* +2(k + 1)3 — 2(k + 1)2
T 32 ko

< o.

2. Next, we show that there is an ap > 0 such that

v (I C > % (4.5)

forn € Nj.
If finitely many Kordnyi balls of radii ./p1, ..., ./px cover I, then (4.3) yields

2 2
WO+ + (o)t = —voli (1) = . (4.6)

We will also need the following mean inequality (a consequence of Jensen’s inequal-
ity)

1 1

d+1 . d+1\ d+1 d—1 4 . d—1Y\ da—1
(pl +k+pk ) z(pl +k+pk ) | 7

for positive pj, 1 < j <k,andd > 1.
Now, fixaé > 1. Let P, € P,(I C I; fs) be such that

vol(S\ P,) < &vn,(I C ). (4.8)

Let Cj and K, j = 1, ..., n, be the cuts and their projections, respectively, of P,.
Now, K, := {Kj, j = 1,...,n} is a finite covering of I, so by the Wiener covering
lemma (see [13, Lemma 4.1.1] for a proof that generalizes to metric spaces), we can
find, on renumbering the indices, disjoint Koranyi balls K1, ..., Kx € K, of radii
PLs -y /pr,such that Ugexc, K C Uj<j<x3K;, where, for j =1, ..., k, 3K; has
the same center as K ; but thrice its radius. Let C; denote the cut that projects to K ;,
j =1,..., k. It follows from (4.8), (4.2) and the inequalities (4.7) (for d = 5) and
(4.6) that

k
va(I € D/n > évol Jci) v

j=1

1< 2
- g(Evol(c,-))«/%: % (03 4+ +07) vk

2 2
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s N o)’

42 42

237§V ol, (I)’ 2375 >0, forn =ng,ng+1, ...

As & > 1 was arbitrary, we have proved (4.5).
3. Define .
lxor = liminf v, (I C I)+/n.
n—od

By (4.5) and (4.4), 0 < lxor < 00. We now show that
Ikor = lim v, (I C D)/n. 4.9)
n—o0

For this, it suffices to show that for every & > 1, if ng € N is chosen so that

Uno (I C 1)/ng < Elgor (4.10)
then, .
va(I C D/n < E¥or 4.11)

for n sufficiently large. .
Now, let P, € P,,(I C I; fs) be such that

VOI(S \ Pyy) < Evgy(I C 1).

For any w € S and k € N, let A, : C> — C? be the biholomorphism

1 1 20
(z1,22) > w1+—zl,w2+ﬁm——zlwl .

k k

Then, Ay, x has the following properties:

A @) =w" (%zl, kizxz);

Ap (S =S

Ak (Pny) € Ppy(w' - It Cw' -y I%; fs); and
VOIS \ Ay i (Pag) < £20UED

Asa consequence,

Pi= ) Ay i(Py)

(p.q.r)€Zk

satisfies the following conditions:

e PeP no(k*+2k3 -2 kZ)(I C i, fS)
o VOI(S \ P) < v,y (I C [)KH2K-2K

@ Springer



1044 P. Gupta

Hence, by assumption (4.10),

. (K 42k — 2k2)3
vn()(k4+2k3*2k2)(1 C I)\/n()(k4 + 2k3 — 2/{2) < Svno(l C I)«/n()( k6 )

< E20,0(I C I)/no < Elkor,  (4.12)

for sufficiently large k. Choose & so that (4.12) holds and (k+1)4:42_£];:31132;§(k+1)2 <& 2

for k > ko. For n > no(kg 4+ 2k3 — 2k3), let k be such that ng(k* 4+ 2k — 2k?) < n <
no((k + )* + 2(k + 1)3 — 2(k 4+ 1)?). Consequently,

(I C D/ < v, 842022y C DVno((k + DA +2(k + 13 = 2(k + 1)2)

3, [ (k+ D420k + 13 —2(k + 1)
S%' lkor
K4+ 2k3 — 242

=< $4lkor,

by (4.12). We have proved (4.11) and, therefore, our claim (4.9). O

Our choice of the unit square in the above lemma facilitates the computation for
polyhedra lying above more general Jordan measurable sets in the boundary of S.

Lemma 4.2 Let J, H C 95 be compact and Jordan measurable with J C intysH.
Then

3 1
v (J C H) ~ V013(J/)7lkorﬁ
asn — oo.
Proof 1. We first show that
lim sup v, (J C H)/n < lor vol, (J/)%. 4.13)
n—o0
Let £ > 1 be fixed. As J is Jordan measurable, we can find m points v!, ..., v™ €
C x R and some r > 0, such that
J | (u/ . 1’) <y (u/ . 1’) cCH (4.14)
1 1
and
mvol,(I") < & vol,(J'). (4.15)

Now, observe that

v g 1T C vl 17 w(” C I
\/;k( H H )Z\/%k( ) \/—

g — =Vku( cl). (4.16)
vol, (I7)2 vol, (I7)2
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Thus, due to (4.14), Lemma 4.1, (4.16) and (4.15), we have

m
vem(J C H)vVkm < ka(v-/ w 1" C vl g INVkSm
j=1
3 3
< &lxor vol, (I")2m?2 4.17)

s 3
< &2kor V013(J )2

for k sufficiently large. Choose ko € Ni such that for k > ko, (4.17) holds and
J(k+1)/k < &. For sufficiently large n, we can find a k > k¢ such that mk < n <
m(k 4+ 1). Hence,

v (J C H)/n < vpgn(J € H)/ (kK + Dm

3 [k+1
< E3ljgr vol, (73, %

1 "3
< &2lkor V013(J )z,

As & > 1 was arbitrarily fixed, we have proved (4.13).
2. It remains to show that

.. N3
liminf v, (J C H)v/n > lor vol,(J')2. (4.18)
n—o0 -

Once again, fix a & > 1. The Jordan measurability of J ensures that there are
pairwise disjointsets /1, ..., I,,, where I; = v/ .z 1"/ forsomer; > Oandv/ € CxR,
1 < j < m, such that

m m
Uzcrand | JI; (4.19)
1 1
where ij =/ oy f’f, and
m
vol, (J') < &> voly(I). (4.20)
j=1

Choose a P, € P,(J C H; fs) suchthat v(S\ P,) < &v,(J C H) and let n; denote
the number of cuts of P, whose projections intersect /; and are contained in I j. By
part 1, v,(J C H) — Oasn — oo. Thus, recalling (4.2), (P,) — 0asn — o0. So,
we may choose n so large that the projections of these 7 cuts, in fact, cover /; and
no two cuts of P whose projections intersect two different /;’s intersect. Therefore,

n+---+n, <n. “4.21)
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By Lemma 4.1 and (4.16), there is an no € N such that

o 1 301
w(lj Clj) > Elk"r vol,(1;)? — (4.22)

vk
fork > ngand j = 1, ..., m. We may further increase n to ensure that
nj>noforj=1,...,m.

Consequently, by (4.19) and (4.22), we have,

1< A Ix vol, (1)2
Un(JCH)ZgzUnj(IjCIj)_ orz
j=1

Now, Holder’s inequality yields

wl—

vol; (1) \ 13 vol, (1))
3oy = 3 (S5 ol < (SR (3,
j=1 =L\ M =t 7 =1

Using this, (4.20) and (4.21), we obtain
3
hor [ L1\ L
kor or
v,(J CH)>— vol, (I;) (—) > Vl(J)2—
n 52 J; 3\ Ztln nj 57/2 \/ﬁ

for n sufficiently large. As the choice of £ > 1 was arbitrary, (4.18) now stands proved.
O

As a final remark, we extend the above lemma to a class of slightly more general
model domains in order to illustrate the effect of the Levi determinant on our asymptotic
formula.

Corollary 4.3 Let S; := {(z1,x2 +iy2) € C* : y» > Alz1|*} and fs,(z, w) =

Mz — wo) — 2i)»2(zlw_1), for A > 0. Let J,H C 9S8, be compact and Jordan
measurable with J C intys, H. Then

1
(Sp: J C H) = v(S: Pu(J C Hs f5,)) ~ A2 voly (J') 2 lyor—=

asn — oQ.

Proof Let E : C? — C? be the biholomorphism E : (z1, z2) = (Az1, Az2). Then,
S = E(Sy) and fs,(z, w) = fs(E(z), E(w)). Therefore, there is a bijective cor-
respondence between P, (J C H; fs,) and P,(EJ C BH; fs) givenby P — EP.
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Now, as det(Jg E) = 1* and det(Jp ™) = A3, we have

(S J CH A%, (S;EJ C EH) 1 1
3 = 9 7 ~ Alkor—=-
vol, (J)? A2 vol, (Eres J7)3 NG

5 Local Estimates Via Model Domains

Lemma 3.2 suggests a way to locally compare the volume-minimizing approximations
drawn from two different classes of f-polyhedra which exhibit some comparability.
In this section, our main goal is Lemma 5.5 where we set up a local correspondence
between 2 and a model domain S;,, pull back the special cuts given by fs, (defined
in Sect. 4) via this correspondence, and establish a (3.2)-type relationship between the
pulled-back cuts and those coming from the Levi polynomial of a defining function
of Q. First, we note a useful estimate on the Levi polynomial.

Lemma 5.1 Ler Q be a C?-smooth strongly pseudoconvex domain. Suppose p &
C%(C?) is a strictly plurisubharmonic defining function of Q.. Then, there exist con-
stants ¢ > 0 and v > 0 such that

llz — wl|* < clp(z, w)l, (5.1)

on Q= {(z,w) € LxIN: ||z — w|| < ), where p is the Levi polynomial of p.

Proof The second-order Taylor expansion of p about w € 92 gives:

2 2
d
“2Rep(zw) = —p(@) + D L) (o —w) @ -0 + oz — wiP),
J.k=

= 07,07

The strict plurisubharmonicity of p implies the existence of a ¢’ > 0 so that

= 9%p(w)
> = —w)NGE —wo) =z —wl, (2 w) €2 x Q.
e~ 0707k
J.k=1
The result follows quite easily from this. O

5.1 Special Darboux Coordinates

As we are now going to construct a non-holomorphic transformation, we need to
alternate between the real and complex notation. Here are some clarifications.

e We will use z (and similarly w) to denote both (z1, z2) = (x1 +iy1, X2+iy2) € C?
and (x1, y1, X2, y2) € R*. The usage will be clear from the context. In the same
vein, by z/ we mean either (z1, x2) = (x; +iy1, x2) € Cx Ror (x1, y1, x2) € R3.
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e For any map W : C> — C? and z, w € C2, Jgr W(w)(z — w) will either denote a
vector in C2 or a vector in R* depending on the context. Recall that Jp W(w)(z —
w) = Jc V(w)(z — w) + Jacg W(w)(z — w), where Jacq W(w) is the matrix of
complex conjugate derivatives of W at w.

e Recall that <9, z> denotes the pairing between a complex covector and a complex

vector. When 6 is a real covector, we use <<9, z>> to stress that z is being viewed

as a tuple in R*.

Fix a A > 0. For reasons that will become clear in the next part of this section, we
consider a special C*-smooth strongly pseudoconvex domain €2 such that 0 € 32 and
for a neighborhood U of the origin, there is a convex function p : U — R such that
QNU={z€U:p(z) <0}and

p(z) = —Imzs + Alz1|* + 2Re(uz122) + vizal* + o(Iz]?). (5.2)

We may shrink U to find a convex function F := F, : U' — R that satisfies
p(z1,x2, F(z1,x2)) = 0. p and F, are both C*-smooth and —i(dp — dp) is a C>-
smooth contact form on 92 N U. The domain S;, from Sect. 4 is such a domain with
p*(2) = —Imzy + Alz1|* and Fu (21, x2) = Alz1],

Darboux’s theorem in contact geometry (see [1, Appendix 4]) says that any two
equi-dimensional contact structures are locally contactomorphic. We seek local dif-
feomorphisms between Q2 and S, that extend to local contactomorphisms between
@2, —i(dp — 3p)) and (3S;, —i (dp* — 3p™)), and satisfy estimates essential to
our goal. We carry out this construction over the next three lemmas, working ini-
tially on R3 instead of 9. For this, if gr, : U — U maps (x1,y1,x2) to
(x1, y1, X2, Fp(x1, y1, X2)), We set

9p— 9,
o mw(252)

—1
= p_((pyzpyl + P Px)dx1 = (Dy, px; — Py, Px)dY1 + (03, + pﬁz)dxz),
2

where, by the partial derivatives of p we mean their pull-backs to U’ via gr o

Lemma 5.2 Let Q be defined by (5.2). There is an open subset (0 €)V Cc U’ C R3
and a C*-smooth diffeomorphism Il = (w1, m2,m13) : V. — R3 with T1I(0) = 0
satisfying
o [1°0,,.(z') = a(2)0,(2) forall 7' € V, and some a € C(V) with «(0) = 1; and
o |detJr IT(0)| = 1.

Proof We proceed with the understanding that when referring to functions defined a
priori on U (such as p or its derivatives) we implicitly mean their pull-backs to U’ via

ar,.
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Now, consider the following C3-smooth vector field in ker 0, on U £

8)62 3)61 8y2 8y1 3)61 3)62'

We let ' (z)) = y(Z;1) = (1(@; 1), y2(2; 1), y3(2/; 1)) be the flow of v such that
y(z/; 0) = 7. Note that y (z'; t) is C3-smooth in z’ and C*-smooth in 7. Differentiating
the initial value problem for the flow, we have
Jr y° =1d. and Hessg y° = 0. (5.3)
Observe that the map

[=(,T2,3) 2 = (x1,y1,x) = y(x1,0,x2; y1),

is defined on some neighborhood, U; C U’, of the origin. Moreover, dropping the
arguments, switching to our shorthand notation, and denoting f o I by f, we have

F1x| ﬁvxz lez
JRTU = Tayxy —py, Tox, |
F3x1 —Px F3x2

and
Pl =Pyl =Pl —Polsg  pypligten Ty
detJp I’ detJp I detJg I'
(JR F)_l — F2x2F3x1* 2x1r3x2 *rlx2r3xl+r‘1x1 r3x2 F1x2F2x17 1x1r2x2
_ detJpI _ detJpT __detJpI' ?
Pyy F3x1 —Pxq F2x1 Pxy F3x1 +Pxq lel _pyzrlxl —Pxy r2xl
detJp I detJp I detJp I

wherever Jr I' is invertible. In particular, Jr I'(0) = (Jr T )y~1(0) = Id. We may,
therefore, locally invert I (as a C3-smooth function) in some neighborhood W C U 1
of 0. Let

(X1, Y1, X2) =T (a1, y1, x2).

I' is constructed to “straighten” v, i.e., Jg I' (ain) = v. So, if we view X| and X as C3-
smooth functions on W := ['(W;) N U’, they have linearly independent differentials
and v(X1) = v(X3) = 0. Thus, dX| A dX, # 0 everywhere on W and d X (v) =
dX>(v) = 6,(v) =0on W. So, it must be the case that

0p() = 01(dX1() + w2()d X2(),

for some wy, wy € Cz(W). Substituting the expressions for 6,, dX1 and d X, (the
latter two can be read off the matrix (Jr I')~! above), we get w) =

—T1y P (31 P> + 1 Px) + Doy (B, (03, + 03,) = P 0y, Pys + Pxy P2)) — Ty s (03, + 03,
Py Py,

@ Springer



1050 P. Gupta

and wy =

T 1y 53 (Pyy Py + Px1 £23) + Ty (0 (02, + 02,) = Py (P31 Pys + £y Px)) — Ty 3, (03, + P3)
/’yzﬁ;’;

B

where, once again, f := f oI'. Observe that w;(0) = 0 and w2(0) = 1. Thus, for
some neighborhood, V C W, of the origin, w, # 0 and

0p = w2 (Y1d X1 + dX2),

where Y] := w1 /w,. Finally, set

! X " ond X, + 21
o:=—, m =X, 1 :=——andm3 := .
o 1 1, 72 Ty 3 2 )
Then,on V,
aby, = —2Amodmy + 2Amdny +dny = H*(pr) 5.4
and «(0) = 1.
Referring to (5.3) and the formulae for wy, w and (Jr ML we get
10 0
JRIO) =01 -1 ). (5.5)
00 1
We have, thus, constructed the required map. O

‘We now show that the contact transformation constructed above satisfies an estimate
crucial to our analysis.

Lemma 5.3 Let I1 and V be as in the proof of Lemma 5.2 and V € V be a neigh-
borhood of the origin. Then, there is an e; € C(V) with e1(0) = 0 and a ¢; > 0 such
that, for all w' € V and 7' € R3,

|(z' — w")" - Hessg m3(w') - (z/ — w')|
<erw)lz —w'* +ei(lz1 — willxa —ual + |x2 —ual?).  (5.6)

Proof Recall that 13 = X, + % We refer to the construction in the proof of
Lemma 5.2 and collect the following data:

(X1D)x (0) = 1, (X1)y,(0) = 0;
(YD)x(0) =0, (Y1),,(0) = —44;
(X2)x1x (0) = 0, (X2)xyy,(0) = 24 = (X2) 1, (0), (X2)y,),(0) = 0.

Next, we write out the relevant terms.

(z' — w)' - Hessp m3(w') - (z/ — w’)
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—(X W) + X1y (W)Y / ly nx ’ lX IN% ’ _ 2
= (X24px, ey @)Yy ) + SV @)X 1y @)+ 3 X1 @)Y 14y @) 01 =)
(2X21yy (@) + X1 Y13, () + Xy, @)Y @) (51 = )1 = 01)
+ (M) X 1y, @)+ X1 @) Y1y, @) 51 = D)1 = v1)
/ / 2 1 /7 / 1 / / 2
+ (X2yly| (UJ ) + lel (w )ylyl (UJ ) + EYl(w )lel_vl (w ) + Exl(w )Yl_vly| (U) ))(YI - Ul)
2734, vy WX — 1) (X2 — ) + 273y, 5y (W) (V1 — V(X2 — U2) + T34y, (W) (2 — ).

Now, the coefficients of (x; — u1)2, (x; — u1)(y1 —vp) and (y; — u1)? in the above
expansion all vanish at the origin (see data listed above). Thus, we obtain (5.6). O

All that remains is to extend the above transformation to 2. For this, let V be as in
Lemma 5.2 and G, : V x R — C? be the map

(x1, y1, X2, y2) = (x1, y1, X2, Fo(x1, y1, x2) + ¥2).

G, is evidently a C*-smooth diffeomorphism with G(V x (0, t]) C Q forsome ¢t > 0.
We note the following facts about G :

e Jr G,(0) =1d.
e (Gp)*(dp) = (8—'0 o Gp) dy; and (G ,)* (39?5’0) =0, onV x {0}.
dy2

Lemma 5.4 There is a neighborhood U C C? of the origin and a C*-diffeomorphism
WU — W(U) C C? such that

e V() =0,v(QNU)=85NVWU)and ¥ (0@QLNU) =35, NV (U),
o detJr W(0) = 1 and detJg W™(0) = 1, and
o if'l, and |, denote the Cauchy—Leray map of p and p*, respectively, then

1o (2. w) — LW (2), U(w))| (5.7)
= (e(w) + Dz = w)) (IL (W@, W) + |z = wlP) + | (W (@), Y@,
on{(z,w) € QxU: |lz — w|| < 1}, for some choice of e € C(U) with e(0) =0,
D) =o0(1)as|¢| — 0, and constants ¢, T > O.

Proof Let W = (¥, ¥3) := G o (I1,1d.) o G;l, where Id. is the identity map on
R,and U @ G,(V x [—t,t]) is a neighborhood of the origin. We use the notation
(W1, Vo) = (Y1 +iy, Y3 +ivs). The regularity and mapping properties of W follow
from its definition We also clarify that 8,0’\(\11 (w)) denotes 8,0)‘ evaluated at W (w).
Since Id.*(—dy>) = —dy; and IT*(6,,.) = a6, on {y, = 0},

W*(dp*) = a1 (dp)

w*(apx _§px) :az({)p —5,0)
i i :

and
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ap
9y2
o (x1, y1, X2, y2) = a(x1, y1, x2). Therefore, for all w € 3Q N U and z € C2,

on 92 N U, where oj(xy, y1, X2, y2) = —1/( (Gp(-xlaylaXZ’yZ))) and

2(00* (W @), Tz W) (z — w)) (5.8)
- 2Re<8p)‘(\IJ(w)), Tp W(w)(z — w)> +2iIm <8,0)‘(\Il(w)), Tp W (w)(z — w)>

= ({0 + 3" (W), g W)z - w))

+ i((M(w(w», T W(w)(z = w)))
! —_
= {(w*@p* + oM w), z — w)) +i{(w* (M) (), z = wl)

= a1(w)<<(8p +3p)(w), z — w>> + iaz(w)<<(ap ;5[)) (w), z — w>>

= 2a1(w)Re<8p(w), - u)> + 2o (w) Im<8p(w), - w>

. A ) ap* — ap* i
Now, since p* = Az — ya2, a—m(‘lf(z)) = AVi(z) and 8—Z2(\P(z)) =5

Therefore, there is a 71 > 0 such thaton {(z, w) e R* x U : ||z — w|| < 11},
‘<3PA(‘I’(w)), V(z) = ¥(w) —Jp V(w)(z — w)>‘

1
sc|w1<w>|-||z—w||2+ERl(z—w>+R2(z—w), (5.9)

where, ¢’ > 0, Ri(z —w) = |(z — w)[r - (Hessg ¥3(w) + Hessg ¥4 (w)) - (z — w)],
and Ry(¢) = o(|¢]?) as [¢| — 0. Observe that ¥3(z', y2) = 73(z') and ¥4(z’, y2) =
m1()? + m (@) + y2 — F(Z). As

2
Vi W) =2 () + 7)), (W) = Fr ),
j=1

2
Vayyy, (W) =2 0 () 47wy (W) = Fy,y, (w') and
j=1

2
Vi, y W) =2 Gy (whmj, (W) + iy, (W) = Fy, (w)
j=1

all vanish at w = 0, we have, for all (z, w) € R* x U,

Iz — w)" - Hessg Ya(w) - (z — w)]
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<ex(w)lz — wl* + e2(lz1 — willza — wal + |22 — wal?), (5.10)

where e; € C(U) with ¢;(0) = 0, and ¢; > 0 is a constant. Combining (5.9), (5.6)
and (5.10) (and adding ¢’|W], e; and e;), we have that
A= )(apk(\y(w)), W(z) — W(w) —Jr U (w)(z — w)>) (5.11)

< (e3(w) + D3(z —w) Iz — wl|* + c3(|z1 — wil|z2 — wa| + |22 — wa?),

on {(z,w) € R* x U : ||z — w|| < 13}, for some e3 € C(U) with e3(0) =
D3(¢) = o(1) as |¢| — 0, and constants c3, 73 > 0.
Next, we have that

W2(2) = Wa(w)] = 2[00 (W(w)), ¥(2) = W) = TR (W1 (2) — Wi (w)
= c 00" W), W@ — W) | + el —wll,  (5.12)

on{(z, w) € R*x U : ||z—w]|| < 14}, for some choice of e4, ¢4 and 74 as before. Also,

if W= = (J1, Y2, Y13, Ya), then Jg ¥13(0) = (0,0, 1, 0) and Jg ¥4(0) = (0,0,0, 1).
So, we are permitted to conclude that

lz2 — w2 < c4|W2(z) — W2 (w)| + (es(w) + Ds(z — w))llz — wl], (5.13)

on{(z,w) € R* x U : ||z — w|| < 15}, for some es, c5, D5 and 75 as before.
Finally, as @1 (0) = «2(0) = 1, (5.8), (5.11), (5.12) and (5.13) combine to give e,
¢, D and 7 with the required properties, such that
Ip(z, w) = L(W(2), ¥(w))|
< |(B0w). 2 = w) = (90" (W(w)), Je W(w) @ = w))| + A,

= (e(w) + Dz = w)) (IL (W@, W@+ 1z = wl?) + el (¥ (), W(w)?

on{(z,w) eR*x U : ||z —wl|| <1} O

Convexification Now, we return to general strongly pseudoconvex domains. Assume
0 € 92 and the outward unit normal vector to d€2 at O is (0, —i). Let p be a C?%-smooth
strictly plurisubharmonic defining function of €2 such that ||V p(0)|| = 1. Now, p has
the following second-order Taylor expansion about the origin:

92p(0 2 0
pw) =1Im  —ws +i Zazpa(zz )+ 25 p()w,wk+o(|w|)
/ Jok=
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Using a classical trick, attributed to Narasimhan, we convexify €2 near the origin via
the map ® given by:

w1 = @1(11)) = w]

2 a2
. 9°p(0)
wy > Or(w) = wy — i w;W.
2 2(w) 2 jk§=1 52,00 " k

Owing to the inverse function theorem, ® is a local biholomorphism on some neigh-
borhood U of 0. We may further shrink U so that the strong convexity of ® (02N U)
at 0 propagates to all of ®(92 N U). We collect the following key observations:

e JR®(0) =1d.;
. X 2. 9°p(0)
e Ifp:=pod ! then p(w) = —Imwy + > —_ij_k+0(|w|2).
j=102;0Zk

e Let p denote the Levi-polynomial of p, [;(z, w) be the Cauchy-Leray map of p,
and 35 (®(w)) denote o evaluated at d (w). Then, for any neighborhood U} € U
of the origin, there is a T > 0 such that, on {(z, w) € C2x Uy : 1z — wl| <},
Ip(z, w) — [(P(2), P(w))| = [p(z, w) — [;(P(2), P(w))] (5.14)

< (8o ). 2 — w) — (85(@ @), I D)@ — w)

2 2 A 2
; Z (3 p(w) Jr2.3,0(<1>(w)) 9°p(0)

+ = i
020z dwy  0z;0z¢

) (zj —wj)(zxk — wg)

Jk=1

< ‘<8,0(w), Z— w> - <d>*(8,6)(w), Z— w)(

! D+ (=1
3 pzj0m DO oy o

1| < (92000 32p(0
Z( p(0) p()>(zj_wj)(Zk_wk)

Jk=1

2
<e(w)llz —wl|[7,

for some e € C(U) with e(0) = 0.
Main Local Estimate We combine the maps constructed above:

Lemma 5.5 Fix an ¢ > 0. Let @ C C? be a C*-smooth strongly pseudoconvex
domain and p a strictly plurisubharmonic defining function of Q2. Assume that0 € 0€2,
Vp(0) = (0,0,0,—1) and M(p)(0) = A. Then, there exists a neighborhood U of
the origin, a C*-smooth origin-preserving diffeomorphism © on U that carries QN U
onto S, N ®U), and a constant t > 0 such that

- vol(®(V)) -

el —¢< < , for every Jordan measurable V. C U;
vol(V) 1—c¢
L (©(J) 1

o 1l —¢< Vol (®(J)) < , for every Jordan measurable J C 02N U; and
vol, (J') 1—¢
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e ifp is the Levi polynomial of p and |, is the Cauchy—Leray map of p*, then

[p(z, w) — [L(O(2), O(w))| < e(lp(z, w)| + [L(O(2), O(w))))
on (U xU)NQ;.

Proof The needed map is W o ® (from Lemma 5.4 and the convexification procedure
above). The mapping and volume distortion properties follow from those of ¥ and &.
The estimate is a combination of (5.14), (5.7) and (5.1). O

The following lemma is an application of Lemma 3.2 and gives us a local version
of our main theorem.

Lemma 5.6 Let 2, f and p be as in Theorem 1.1. Fix an ¢ € (0, 1/3) and a point
q € 0K2. Then, there exists a neighborhood Uy ¢ of q such that for every Jordan
measurable pair J, H C 0Q N Uy ¢ such that J C intyoH,

Mg)2s())3

NG

Mq)2s(J)?

S V(2 Pu(J C H; ) < (1 — &) Y lkor

(1 —&)* Ior

4M(p)(q)

for sufficiently large n, where L(q) := ————
VoI

and s is the Euclidean surface area

measure on 0S2.

Proof First, we set &€ = ce, where ¢ < 1 will be revealed later. Let p be the strictly
plurisubharmonic defining function of 2 for which (1.3) in Theorem 1.1 holds. Let
A : C? — C? be a holomorphic isometry that takes ¢ to the origin and the outer unit
normal at ¢ to (0, —i||Vp(q)|]). Set p(z) := [|[Vp(@)||~' p(A™'z). Then, A() and
0 satisfies the hypotheses of Lemma 5.5, with M (0)(0) = A(g). Suppose ®, U and ©
are the map, neighborhood and constant, respectively, granted by Lemma 5.5, and p
is the Levi polynomial of p. Then,

1p(z, w) — [y (O ), Ow))| < E(Ip(z, w)| + [[(g) (O (), O(w))]) (5.15)
on (U x U) N A(R2);. Also note that
IVo(@)Ip(Az, Aw) = p(z, w). (5.16)

Next, set U, := A~1(U) and ©, := © o A. Note that ®, maps Q to S; ;) locally
near g. We define

r f(Zv U))

, = 5.17
T = 9,00l 17
g(z, w) == fgm)( 42, Oqw); and (5.18)
gz, w) == a(w, w)lq (®qz, ®qw) =a(w, w)—— fsw)( g% ®qw). (5.19)

2A( )
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So, when defined,

Cw, 8 f)=Cw,||Vo@ll8; f); and (5.20)
c e ( 20 (q) . )
(w,8;8) =Clw, —————38;¢ ). (5.21)
la(w, w)]

Thus, for our point of interest, there is little difference between f and f (and, between
g and g). Keeping this observation in mind, we will apply Lemma 3.2 to f.geC@x
(02N U,)) (see Remark 3.3). To bound | F(z, w) — g(z, w)| from above, we estimate
|f(z, w) —a(z, w)p(Az, Aw)|, |a(z, w)p(Az, Aw) — a(z, W)hi(q) (©gz, Ogw)| and
la(z, w)lig) (Og2, Oqw) — &(z, w)l.

By (1.3), we can find a t; € (0, t] such that

|f(z7 w) - a(Z, w)p(zv w)|
Vo)l

| f(z, w) — a(z, w)p(Az, Aw)| =

A

el Ice Q. (522
= NG )Hlp(z w) onf.  (5.22)

By Lemma 5.5, (5.16), (5.19) and the continuity of a on Q., we shrink 7| so that on
Uy x Uy) N Qqy,

la(z, w)P(Az, Aw) — a(z, w)l(q) (g2, Oqw)|
< la(z, w)[|p(Az, Aw) — [ ) (Ogz, Oqw)|
< Ela(z, w)| (1p(Az, Aw)| + [Gg) (g2, Ogw)])
(no(z, wl |, 3G w>|)
IVo@Il  la(w, w)]

~ [ MaxqQ |Cl(Z, U))| . maxg |a(Z, w)| ~
V@l : B B — Jw)|, (523
58( IVo@ll )'”(Z “’)'“(mmm . w)|) gl (5:23)

= ¢la(z, w)|

and

la(z, w)lhg)(Ogz, Ogw) — g(z, w)| = la(z, w) — a(w, w)| - [lig) (Ogz, Ogw)|

=< .;Lé(z, w)|. (5.24)
minyg |a(w, w)|

Lastly, by (1.3), there exist t» € (0, 1] and [ > 0 such that

lp(z, w)| < I1f(z w)| on Q. (5.25)
Now, set
1 Vo)l [IVo(q)ll minyg |a(w, w)|
c= —minjl, mln la(w, w)|
2 l lmaXQr la(z, w)|’ maxgq, la(z, w)|’
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Then, adding (5.22), (5.23) and (5.24), and using (5.25), we get
Few =g wl <e(IfGw)l+[EEwl)  on Uy x Up N,

We now need to show that g satisfies the remaining hypotheses of Lemma 3.2. But
these are conditions on the cuts of g, which are identical to the cuts of g (by (5.21)).
So, we work with g instead. Let U, . € U, be an open neighborhood of ¢, and §p > 0
be such that C(w, §;g) C V, forall w € U, N 0Q and § < §o. Then, there is a
diffeomorphism

0,=00A:C(w,d; 8 — C(G)qw, é; ngq)), (5.26)

forw € Uy . N 902 and § < §g. Therefore, exploiting Lemma 6.1, we get

(1) C(w, 8; g) is Jordan measurable for all w € U, . N 32 and § < &o;
2 Ifw', ..., w" e U, N3N m e Ny, then

m

vol U Cw’/,(1+1)8;8)

< — vol U C(®qw/a (1 + I)S’ fSA(q))
j=1 AV
(1+1)° " :
< 1—s vol U C(@qw/, 89 fS}L(q))
j=1
(1+1)3 " ;
< vol C(w’,8;8) ).
(1—¢)? ]L=J1

forall r € (0,16) and §; < 8o/16, j = 1, ..., m. Thus, g satisfies the doubling
property (3.3) with quantifiers 8, = 89/16 and D(t) = (1 — &) ~2(1 +1)3.

Lastly, we further shrink U, .—if necessary—to ensure that for any s-measurable
set J C (Uy,e NOL2),
|— e < s(J) _ 1 ’
“vol,(J') T 1—¢

(5.27)

where J” is the orthogonal projection of J onto 7,0, and by vol,(J”), we really
mean vol, (A(J")).

We are now ready to estimate. Consider Jordan measurable compact sets J C H C
(Ug,e M 3L2) such that J C intyoH. By (5.20), (3.4) from Lemma 3.2, (5.21), the
volume-distortion properties of ®,—see Lemma 5.5 and recall that A is an isometry—
Corollary 4.3 and (5.27), we have that
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lim sup +/n v(Q; Pu(J C H; f)) = limsup /n v(2%; P, (J C H; f))

n—00 n—oo
3
1 (1+¢)? . ) .
5(1_8)2 (l+(1— o7 l) llr?lilip\/ﬁv(Q,Pn(JcH,g))

2 3
1 (1+“+‘9) _1) lim sup /71 v(2; Pa(J C H; 2))

T 1—e)2 (1—¢)2 P
< (=& *limsup /i (1 — &) 'v(Sug): Pa(OyJ C OyH: f5,,))
n—oo

< (1= )7 lorh(@) 7 vol, (©,.))
< (-8 hork(@)2 Vol (J)E < (1= &) hor(@) 25 ()2
By a similar argument, but now using (3.5) from the statement of Lemma 3.2, we get

that
lim it 0(@ Pald C H; ) = (1= )™ hork(g) 502

Therefore, for large enough n, we get the desired estimates. O

6 Proof of Theorem 1.1

Proof of Theorem 1.1 Fix an ¢ € (0, 1/3). There exists a tiling {L;}1<j<u of %2
consisting of Jordan measurable compact sets with non-empty interior such that

e foreach j =1,...,m,thereisaqg; € L; for which L; C qu,g, where the latter
comes from Lemma 5.6;
o (1-e)i(g) <Agj) < (1 —e)~'i(g), forallg € L.

4M(p)(q)

VoI we obtain estimates as follows:
plg

Then, recalling that A(g) =

Lods(@) < / 1
45m = E AMqi)3ds(qi
/ o = / (p)(q ) ||V,0( ] = L (gj)3ds(q;)

m
_ 1
< (=o' > Mg)3sLy)
j=1
. 1 6.1)
> (1) D Mg))3s(L),
j=l1
Next, for all j = 1,...,m, we choose compact Jordan measurable sets J; and H;
such that J; C intyoL; C intyoH; C Ugj.e and
s(Jj)) = —e)s(Lj). (6.2)

1. We first estimate v(£2; P, (f)) from above. For j = 1,...,m, choose Pl €
Pn;(Lj C Hj; f) such that vol($2 \ P/) < (1 — &) u(Q; Pn;(Lj C Hj; f)). Let
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P denote the intersection of all these P/’s. Then, P is an f-polyhedron with at most
n1 + --- + n,, facets. Thus, by Lemma 5.6, for sufficiently large ny, ..., n;,,

vol(Q\ P) < (1 —&)™' D (@ Py, (L) C Hj; f)
j=1

m 1 3
- Maj)2s(Lj)?
SR g L
= Y

1

m 1 2
. : Map)is(Ly)
=U-e) P ho > A(q,-)és(L,')(%) . (63)

j=1 !

Now, fix an n € N. Suppose we set

1
Ma)3s(L:
= CADARIC S (6.4)
2 Ag)3s(Ly)
Then,
nyt A, < (©6.5)
and .
Agj)3s(L;
(1 — o)) 6.6)

1
2 Mgy 3s(Ly)
We use (6.5), substitute (6.6) in (6.3) and invoke (6.1) to get

2

_ i 1 1
V(Q: Pa(f) < (1 =) 2 oy ;qus@j) NG
ol (] )Q
<(—e) 2 (mog 7 6.7)

for n sufficiently large.

2. Next, we produce a lower bound for v(£2; P, (f)). For this, we first extend the
tiling {L j}1<j<m of 0€2 to a thin tubular neighborhood of 92 in Q, denoting the tile
corresponding to L ; by L ;- This can be done, for instance, by flowing each tile along
the inward normal vector field for a short interval of time. Choose a P, € P,,(f) such
that vol(Q2 \ P,) < (1 — ) lu(; Pu(f)). Let n; be the number of cuts of P, that
cover J;. Due to the upper bound obtained in (6.7), lim,, , o v(£2; P, (f)) = 0. Thus,
by Lemma 3.1, lim,,_, » 6 (P,;) = 0. This permits us to choose n sufficiently large so
that

e The n; cuts that cover J; lie in L -
e Each n; is large enough so that the bounds in Lemma 5.6 hold.
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Thus, invoking Lemma 5.6 and using (6.2), we have that

vol(Q\ P,) > Zvol (Lj\ P) > Zv(sz; Pu;(Jj C Lj; f))
j=1 j=1

g 2s(J))?

> (1 =) o » —H 20
‘ Z S

m 1 3

Mgj)2s(Lj)?

> (1= )% b » —L T
) Z J

Now, Holder’s inequality gives

3
wl—

m m . 3 1 | m N 3
> gLy = (MY nd< > M S n;
Jj=1 j=1 n;j s \/I’Z_J =

Thus, using one of the estimates in (6.1),

LS

Vol(@\ P) = (1 — ) lior | D 2g)3s(L;)
j=1

> (] 8)35 / ( 1 / ); 1
= k oQ .
o 41/3 Ple) \/ﬁ

By our choice of P,,

n1_|_...+nm

rlw

1

ﬁ’ (6.8)

V(S Pa(f)) = (1 — o) Hor ( / og)
2 90

for all n sufficiently large.
Finally, we combine (6.8) and (6.7), and recall that ¢ € (0, 1/3) was arbitrary, to
declare the proof of Theorem 1.1 complete. O
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Appendix: Power Diagrams in the Heisenberg Group
The Euclidean Plane

Let D(a;r) C R? be a disk of radius r centered at a € R2. The power of a point
z = (x, y) € R? with respect to D = D(a; r) is the number

pow(z, D) = |z — a|2 —r2.

Note that if z is outside the disk D, then pow(z, D) is the square of the length of a
line segment from z to a point of tangency with d D. Thus, it is a generalized distance
between z and dD. For a collection 2 of disks in the plane, the power diagram or
Laguerre—Dirichlet—Voronoi tiling of 7 is the collection of all

cell(D) = {z € R? : pow(z, D) < pow(z, D*), VD* € 2\ {D}}, D € 9.

If 2 consists of equiradial disks, the power diagram reduces to the Dirichlet—Voronoi
diagram of the centers of the disks. In general, the power diagram of any & gives a
convex tiling of the plane (Fig. 2).

Power diagrams occur naturally and have found several applications (see [2], for
instance). From the point of view of polyhedral approximations, power diagrams (in
]Rd_l) are intimately related to the constant 1divg_; in (1.2) (see [15] and [7] for
explicit details).

The Heisenberg Group

Let K(0;8) = {z/ € H: |z1|* + (x2)® < §*)} be a Koranyi sphere in H (see (4.1)). We
define the horizontal power of a point 7' € H with respect to K = K (0; §) as

211> — V8% — (x2)2, if |x2| < 8%

hpow(z’, K) ={ .
00, otherwise.

Fig. 2 A power diagram in the
plane
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Fig.3 A {x; = 0}-slice of a
horizontal power diagram in H

Note that K, := K N {x; = c} is a (possibly empty) disk in the {xo = c} plane, and
hpow((z1, x2), K) = pow(z1, K,), where the right-hand side—being a generalized
distance—is set as oo when K, is empty. hpow is then extended to all Kordnyi spheres
to be left-invariant under - (defined in Sect. 4). For a collection .7 of Koranyi spheres
in H, define the horizontal power diagram or Laguerre—Kordnyi tiling of J¢ to be the
collection of all

heell(K) = [z’ € U K :hpow(Z’, K) < hpow(z, K*), VK* ¢ J{\{K}],K ex.
Kext

Then, heell(K) C K, forall K € 2 (Fig. 3).
We now give two reasons why this concept is useful for us. Let

dile : (21, x2) > (£21.67x2),
dilyy g 12/ > w' g dilg (—w' 5 2)

be the dilations in H centered at the origin and w’, respectively. Then,

(1) dily ¢ (K(w', 8)) = K (w', £98),
(2) hpow(dily £(z), K (w', 8)) = &2 hpow(z, K (w’, £715)), and
@B) if & = {K; = K(aj.8;) : j = Ll,....m}, then, dils ¢ hcell (K;) N
dilg, ¢ heell (K]) =@, foralll <l < j<mandé& < 1.
Now, consider the Siegel domain S and the function fg studied in Sect. 4. The cuts
of any fs-polyhedron P over J C 935 project to a collection J#p of Koranyi balls in

C x R that form a covering of J'. The (open) facets of P project to the horizontal
power diagram of #p. This perspective facilitates the proof of

Lemma 6.1 The cuts of fs,, A > 0, are Jordan measurable and satisfy the doubling
property (3.3) for any 8fo > 0and D(t) = (1 +1)3.

Proof The Jordan measurability of the cuts is obvious. Now, without loss of generality,
we may assume A = 1 (the map (z, w) — (Az, Aw) can be used to handle the other
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cases). Let H C 0S8 be a compact set, {wj}lfjfm C H,{8j}1<j<m C (0,00) and
t>0.Forj=1,...,m,let

Cj@):=C(wj, (1 +1)8;: fs),

v = w!) = (w{, u),

Kj(t)=Cjt) =K (vf; Ja+ r)a,-) .

Consider #7" = {K;(t) : 1 < j < m} and the corresponding horizontal power diagram
{heell () = hcell(K (7)) : 1 < j < m}. Then, setting dz’ = dxidyidx, we have,
by a change of variables and (1), (2) and (3) above, that

and (see (4.1))

m
vol [ | J ¢
j=1

=/ max Re\/52.—(xz—u£+21mzlw_1j)—|11—w{|2 dz’
UL K@) 1=i=m ’
:/ max {—hpow(z’, K;(1))}dz'
U;”:lKj(f) 1<j<m
m
=-> / hpow(z', K j(1))dz’
=1 heell ; (1)
m
——(1+1)? Z/ hpow (dilvj’m(g),Kj(t)) d¢
SDidil; 1 (heell (1)
T+t
m
=—(1+1)° Z/ hpow (¢, K;(0)) d¢
Sopdil; 1 (heell;(0)

N
§(l+t)3/ max{—hpow({,Kj(O)):1§j§m}d§
UL K (0)

m
= (1413 vol ch(O) , Vi>0.
j=1

The computations in the above proof also show that

hor = lim ainf | - Z/ hpow(', K)dz' - 1. ) K. #(#) <n .
n— 00 Kedt heell(K) Kex
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where [ is the unit square in C x R (see Sect. 4). Our proof of Lemma 4.1 yields
bounds for /i as follows:

42 55
0.0003 ~ 42 < Ixor < ki
7237 32

It would be interesting to know if computations, similar to the ones carried out by
Boroczky and Ludwig in [7] for 1div, can be done to find the exact value of /xor.

~ 8.2788.
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