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Abstract

In order to perform numerical studies of long-term stability in nonlinear Hamiltonian systems, one needs a numerical
integration algorithm which is symplectic. Further, this algorithm should be fast and accurate. In this Letter, we propose such
a symplectic integration algorithm using polynomial map refactorization of the symplectic map representing the Hamiltonian
system. This method should be particularly useful in long-term stability studies of particle storage rings in accelepats.
Elsevier Science B.V. All rights reserved.
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1. Introduction Several symplectic integration algorithms have been
proposed in the literature [4]. Some of these directly
Long-term single particle stability studies of parti- US€ the Hamiltonian whereas others use the symplectic
cle storage rings play an important role in the design Map [2] representing either the entire storage ring (in
of accelerators [1]. These storage rings are generally Which case one obtains the so-called one-turn map) or
described by nonlinear, nonintegrable Hamiltonians. M&jor segments of the ring. For complicated systems
Therefore analytical results on long-term stability of like the Large Hadron Collider which has thousands
particle motion in such storage rings are difficult to ob- ©Of €lements, using individual Hamiltonians for each
tain. By default, numerical integration of particle tra- €lément can drastically slow down the integration
jectories is the primary tool used to explore the dy- Process. On the other hand, the map based approach
namics of these systems. However, standard numeri-'S Very fast in su_ch cases [5]. Further, if nonlinearities
cal integration algorithms cannot be used since they iN the symplectic map are too “large”, one can use
are not symplectic [2]. This violation of the symplec-  Scaling and squaring techniques [6] to alleviate the
tic condition can lead to spurious chaotic or dissipa- Problem. _
tive behavior. Numerical integration algorithms which ~ One class of the map-based methods uses jolt factor-

satisfy the symplectic condition are called symplectic ization [7,8]. But there are still unanswered guestions
integration algorithms [3]. on how to best choose the underlying group and ele-

ments in the group [9]. Further, some of these meth-
ods [8] can be quite difficult to generalize to higher
E-mail address: rangaraj@math.iisc.ernet.in (G. Rangarajan).  dimensions. Another class of methods uses solvable
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maps [10] or monomial maps [11]. Even though they M satisfy the following “symplectic condition™:

are fairly straightforward to generalize to higher di- .

mensions, they tend to introduce spurious poles and MIM=J, ()

branch points not present in the original map [9]. whereM is the transpose d#f andJ is the fundamen-
In this Letter, we propose a new symplectic inte- ta| symplectic matrix.

gration method where the symplectic map is refac-  ysing the Dragt—Finn factorization theorem [2,12],

torized using “polynomial maps” (maps whose action the symplectic map\ can be factorized as shown
on phase space variables gives rise to polynomials). pelow:

This does not introduce spurious poles and branch o
points. Moreover, it is easy to generalize to higher di- M = Mel3efa | eihn (6)
mensions. In this Letter, we restrict ourselves to maps

]icn si>§-di|mensi(_)r|1al phg\?_e spa((:je_ which arhe ap%ropr;]ate of degreen uniquely determined by the factorization
or single particle stability studies. We show that the oo Furthest gives the linear part of the map

[)nethgd_ Q'Vels good ;esults. Further, since it is map- and hence has an equivalent representation in terms of
ased, itis also very fast. the Jacobian matri¥ of the mapM [2]:

Here f,(z) denotes a homogeneous polynomialfjn

Mz = Mjjzj = (M2);. (7)

2. Preliminaries
minart The infinite product of Lie transformations gxg,:)

We start by representing a Hamiltonian system by (n=3,4,...)in Eq. (6) represents the nonlinear part

a symplectic map [2]. For simplicity we restrict our-
selves to a six-dimensional phase space. Let us de-
note the collection of six phase-space varialglep;

Using the above procedure, one can represent each
element in the storage ring by a symplectic map.

(i = 1,2, 3) by the symbot: By concatena:[‘mg [2] th"ese maps together, we obtf’:un
the so-called “one-turn” map representing the entire
z=1(q1, 92, 43, P1, P2, P3)- @ storage ring. This concatenation is made possible by

the Campbell-Baker—Hausdorff (CBH) theorem [13].
The one-turn map gives the final stat of a particle
after one turn around the ring as a function of its initial
statez(©:

f(2):8@) =[f(2).8()] @ 0_ 0. ®)

Here[f(z), g(z)] denotes the usual Poisson bracket
of the functionsf(z) and g(z). Next, we define the
exponential of a Lie operator. It is called a Lie trans-

The Lie operator [2] corresponding to a phase-space
function £ (z) is denoted by f (z):. It is defined by its
action on a phase-space functigf) as shown below:

To obtain the state of a particle aft&rturns, one has
to merely iterate the above mappingtimes, i.e.,

formation [2] and is given as follows: 7 = A, O (9)
@ 2 f ()" 3 Since M is explicitly symplectic, this gives a sym-

¢ - Z o ®) plectic integration algorithm. Further, since the entire

n=0 o . ring can be represented by a single (or at most a few)
The effect of a Hamiltonian systemona particle can symplectic map(s), numerical integration of particle

be formally expressed as the action of a mepthat trajectories using symplectic maps is very fast.

takes the particle from its initial staté” to its final

statez":

i vgain @) 3. Symplecticintegration using polynomial maps

It can be shown thaiM is a symplectic map [2]. It is obvious that one cannot uskt in the form

Consider its Jacobian matrix which we denoteMy given in Eq. (6) for any practical computations. It in-
Symplectic maps are maps whose Jacobian matricesvolves an infinite number of Lie transformations.
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Therefore, we have to truncatet by stopping after
a finite number of Lie transformations:
el

M= Mel3eils (10)

However, each exponential* in M still contains an
infinite number of terms in its Taylor series expansion.
One possible solution is to truncate the Taylor series
generated by the Lie transformations to orderBut
this violates the symplectic condition.

We get around the above problem by refactorizing
M in terms of simpler symplectic maps which can be
evaluated exactly without truncation. We use “poly-
nomial maps” which give rise to polynomials when

143

lowing simple principles which are easily generalized
to higher dimensions also:

1. All polynomials of the formi(z) where both a
phase space variable and its canonically conjugate
variable [15] do not occur simultaneously give rise
to polynomial symplectic maps via ekp(z):).

If a canonically conjugate pajy;, p;} is presentin
the polynomiali(z), it only appears either in the
form a(z')q; + g(pi,z) or a(Z)p;i + g(qi,z’) or

its integer powers. Hereg’ denotes the collection
of phase space variabl¢g;, pi} with j # k #i.
Further,a and g are polynomials in the indicated
variables.

2.

acting on the phase space variables. This avoids the \ye now return to the problem of symplectic integra-

problem of spurious poles and branch points present
in generating function methods [9], solvable map [10]
and monomial map [11] refactorizations. To deter-
mine which symplectic maps give rise to polynomial
mappings, consider ex(z):), whereh(z) is a poly-
nomial. Since all Lie transformations are symplectic
maps [2], this is a symplectic map. Its action on phase
space variables is equivalent to solving the Hamilton’s
equations of motion from time= 0 to s = —1 using
h(z) as the Hamiltonian. For example, consider the ac-
tion of exr(:qf:) ongqi, p1 in a two-dimensional phase
space. We first solve the following Hamilton's equa-
tions of motion:

dg1 _ oh
dt — ap1’

oh

dpr _ _ 9h
dq1’

T (11)

with h = qf’. Solving these simple equations, we ob-
tain

q1() =q1(0),  p1(r) = p1(0) — 3q1(0)1,

whereg1(0) and p1(0) denote the values @fy and p1
attimer = 0. To obtain the action of the map emnf:)
on the phase space variables, set—1 in the above
equations and denotg(—1), p1(—1) by ¢i", pfin and
q1(0), p1(=0) by ¢, pII", respectively. Thus we get

(12)

ai"=qf'. "= pi +3(a1)"
Using Eq. (3), we can easily verify that the above
result is indeed correct.

Using the above procedure, we can identify sym-
plectic maps exph(z):) which give rise to polyno-
mial mappings of the phase space variables into them-
selves. These results [14] can be codified as the fol-

(13)

tion. For the present, we restrict ourselves to one-turn
symplectic maps in a two-dimensional phase space
truncated at order 4. The results obtained below can
be generalized to higher orders using symbolic manip-
ulation programs. The Dragt—Finn factorization of the
symplectic map is given by

M= MeT3els, (14)

where

fa= aqu + azqul + a3611l7§ + a4p§’,
fa=asq? + asqip1 + arqip? + asq1p; + asp?.

(15)
Here the coefficientsus,...,ag can be explicitly
computed given a Hamiltonian system [2]. The above
map captures the leading-order nonlinearities of the
system. Since the action of the linear patt on
phase space variables is well known (cf. Eq. (7)) and
is already a polynomial action, we only refactorize
the nonlinear part of map using polynomial maps. It
turns out that we require 7 polynomial maps for this
purpose:

'e:h7:,

M=aP =Ml (16)
where the numeral appearing in the subscript indexes
the polynomial maps. Thig’s are given as follows:

h1 = b1g3 + bsqy,

ha = bap3 + bop1.

ha= (b2 + b3)(q1 + p1)°,

ha= (b3 — b2)(q1— p1)°,

hs=(q1+ p1+ bsp%)g,
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hg = (—ql —p1+ bﬁqf)s, map.M at thenth order, we obtain

h7 =b7(q1+ pp)”. (17) M, = Mexp(: f31) eXp: f47) . . . exp(: fus). (19)
Here b;’s are at present unknown coefficients. By The leading term that has been omitted is@fp;1:).
forcing the refactorized fornP to equal the origi- From properties of Lie transformations and Lie opera-

nal map.M up to order 4 and using the CBH theo- tors [2], we have
rem [13], we can easily compute these unknown co-
efficients in terms of the knowa;’s. These expres- expi: fu+1)z =z + [fut+1, 2] +- -+, (20)

sions are given in the Appendix. The explicit actions \here[,] denotes the usual Poisson bracket. Now,
of the polynomial maps on the phase space variables| 7, ., 7] gives terms of the formz” [2]. Thus error
are also given there. This completely determines the dqye to truncation of the symplectic map is of orger
refactorized magP. Each exp:h;:) is a polynomial Next, we refactorize the truncated symplectic map
map which can be evaluated exactly and is explicitly A1, as a product ok polynomial maps:

symplectic. Thus by usin@ instead ofM in Eq. (9), A

we obtain an explicitly symplectic integration algo- M, = M exp(:h1:) exp(:hz:) ... expi:hy:). (21)
rithm. Further, it is fast to evaluate and does not intro-
duce spurious poles and branch points. The above fac-
torization is not unique. However, the principles out-
lined earlier impose restrictions on the possible forms
and this eases considerably the task of refactorization.
Moreover, we require the coefficiertisto be polyno-
mials in the known coefficients;. Otherwise this can
lead to divergences whan'’s take on certain special
values. Finally, we minimize the number of polyno-
mial maps in the refactorized form. Our studies show
that different polynomial map refactorizations obey-
ing the above restrictions do not lead to any significant
differences in their behavior.

The above refactorization has also been extended
to symplectic maps in a six-dimensional phase space 5 _ Mexg:(q1+ p3], (22)
truncated at order 4. In this case, we require 23 poly-
nomial maps in the refactorization to maReequal to where

M up to order 4: . ( cosd sin9>

These polynomial maps are obtained by first using
the CBH series to combine the Lie transformations
and then comparing with the original symplectic map.
Both these maps are made to agree up to order
Therefore, the leading error term is again of the form
exp(: fn+1:) giving rise to an error of ordey”.

4. Applications

We now consider two applications of the above
method. The first example is to find the region of sta-
bility of the following simple symplectic map:

M=\ _sine cos

(23)
M=aP=Meiehs | ¢he3 (18) , _
andd = /3. We chose this example since the exact

where the numeral appearing in the subscript indexes action of the above map is known and hence the exact
the polynomial maps. Since listing out the explicit region of stability can also be determined. We found
forms of theh;’s and their coefficients is not particu- excellent agreement between results obtained using
larly illuminating, we do not list them here. However, polynomial maps and the exact results.
a FORTRAN program which implements the above = We have also applied the method to more compli-
polynomial map refactorization is available from the cated Hamiltonian systems like particle storage rings.
author upon request. We studied an electron storage ring with radio fre-

We now analyze the leading-order error committed quency bunching cavities. The storage ring is com-
in our method. In our method, we first truncate the posed of drifts, bending magnets, quadrupoles, sex-
symplectic map to a given order and then refactorize it tupoles and RF cavities. The efficacy of our method is
using a product of polynomial maps. Both these stages best revealed for such complicated Hamiltonian sys-

give rise to errors. When we truncate the symplectic tems. Since there are many constituent elements (in
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Fig. 1. This figure shows thgs—p3 phase space plot for one million turns around a storage ring using the polynomial map method (only every
1000th point is plotted).

storage rings like the Large Hadron Collider, there can selves as ellipses in the coordinate—-momentum phase
be thousands of elements), numerical integration us- space plot). In Fig. 1, we observe the expected syn-

ing Hamiltonians for each element is cumbersome and chrotron oscillations.

slow. On the other hand, a map based approach where

one represents the entire storage ring in terms of a sin-

gle map is much faster [5]. When this is combined 5. Conclusions

with our polynomial map refactorization, one obtains

a symplectic integration algorithm which is both fast ~ To conclude, we have proposed a new symplectic

and accurate and is ideally suited for such complex integration algorithm based on polynomial map refac-

real life systems. Thesz—p3 phase plot for one mil-  torization. This should be of help in studying long term
lion turns around the ring using our polynomial map stability of complicated accelerator systems and other
method is givenin Fig. 1. In this casg;, andps repre- Hamiltonian systems.

sent the deviations from the closed orbit time of flight

and energy, respectively. From theoretical considera-

tions, we expect the so-called synchrotron oscillations Acknowledgements

in these variables. This manifests itself as ellipses in
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Appendix

p1= p1+4b7(q1+ p1)°, (25)
2
c1=3(q1+ p1+bspd)”,
2
c2=3(—q1— p1+bep?)". (26)

The coefficientd; in Eq. (17) can be easily deter-
mined using the CBH theorem [13]. Their expressions

in terms of the known coefficients of the symplectic References

mapM (cf. Eq. (15)) is given as follows:

bi=a1—az/3, bz = az/6,

b3 = a3/6, ba=as—az/3,

be = (2ag — 2a7 + ag + 18b1bp — 36b3 — 36b1b3
+ 36b3 + 9b1ba + 18bobs — 18b3ba) /6,

b7 = (—as + 2a7 — ag — 18b1by + 36b3 + 18b1b3
— 36b3 — Ob1bs — 18bob4 + 18b3bs) /4,

bg = (ag — 2a7 + 2ag + 18b1b, — 36b5 — 18b1b3
+ 363 + 9b1b4 + 36b2b4 — 18b3b4) /6,

bs = as — 9b1by — 9b3 + 9b3 — 3bg — b7,

bg = ag — 9b5 + 9b3 + b3bg — b7 — 3bs. (24)

Note that the formulas have been sequenced in such a
way that once a giveb; is evaluated, it is used in the

formulas for thep;’s following it.
The actions of the polynomial maps &¥p:) (i =
1,2,...,7) on the phase space variablgs p; are

easily evaluated using the procedure outlined in the
main text (see the discussion before Eq. (11). We

obtain the following results:

e"qi=q1, " p1=p1+3biq] +4bsgy,
e gy = q1 — 3bap? — 4bgp3, €M% p1=py,
e g1 =q1— 3(ba + b3)(q1 + p1)?.

e3 p1 = p1+3(ba+ b3)(q1 + p1)°,

Mgy = g1+ 3(bz — b2) (g1 — p1)°.

e p1 = p1+3(b3 — b2) (g1 — p1)>,

e q1 = g1 — c1(1 + 2bgp1 + bsc),

e1h5:p1 = p1+c1,

e g1 = g1+ c2,

e p1 = p1— ca(1 — 2beq1 — beca),

(1]

(2]

(3]
(4]

M. Month, A. Ruggiero, W. Weng (Eds.), Stability of Particle
Motion in Storage Rings, AIP Conf. Proc., Vol. 292, AIP, New
York, 1994, and references therein.

A.J. Dragt, in: R.A. Carrigan, F.R. Huson, M. Month (Eds.),
Physics of High Energy Particle Accelerators, AlP Conf. Proc.,
Vol. 87, American Institute of Physics, New York, 1982,
p. 147;

A.J. Dragt, F. Neri, G. Rangarajan, D.R. Douglas, L.M. Healy,
R.D. Ryne, Ann. Rev. Nucl. Part. Sci. 38 (1988) 455, and
references therein.

P.J. Channell, F. Neri, Fields Inst. Commun. 10 (1996) 45.
R.D. Ruth, IEEE Trans. Nucl. Sci. 30 (1983) 2669;

F. Kang, in: F. Kang (Ed.), Proc. 1984 Beijing Symposium
on Differential Geometry and Differential Equations, Science
Press, Beijing, 1985, p. 42;

F. Neri, Department of Physics Technical Report, University
of Maryland (1988);

J. Irwin, SSC Report No. 228 (1989);

P.J. Channel, C. Scovel, Nonlinearity 3 (1990) 231;

H. Yoshida, Phys. Lett. A 150 (1990) 262;

E. Forest, R. Ruth, Physica D 43 (1990) 105;

G. Rangarajan, Ph.D. thesis, University of Maryland (1990);
G. Rangarajan, A.J. Dragt, F. Neri, Part. Accel. 28 (1990) 119;
A.J. Dragt, I.M. Gjaja, G. Rangarajan, Proc. 1991 IEEE Part.
Accel. Conf. (1991) 1621,

A.J. Dragt, D.T. Abell, Int. J. Mod. Phys. A (Proc. Suppl.) 2B
(1993) 1019;

I. Gjaja, Part. Accel. 43 (1994) 133;

G. Rangarajan, J. Math. Phys. 37 (1996) 4514;

For associated group theoretical material see G. Rangarajan,
J. Math. Phys. 38 (1997) 2710;

G. Rangarajan, Pramana 48 (1997) 129;

G. Rangarajan, J. Phys. A: Math. Gen. 31 (1998) 3649;

G. Rangarajan, M. Sachidanand, J. Phys. A: Math. Gen. 33
(2000) 131.

[5] A. Chao, T. Sen, Y. Yan, E. Forest, SSCL Report No. 459

(1991);
J.S. Berg et al., Phys. Rev. E 49 (1994) 722.

[6] A.J. Dragt, Phys. Rev. Lett. 75 (1995) 1946.
[7] J. Irwin, SSC Report No. 228 (1989).
[8] G. Rangarajan, Ph.D. thesis, University of Maryland (1990);

A.J. Dragt, D.T. Abell, Int. J. Mod. Phys. A (Proc. Suppl.) 2B
(1993) 1019;
G. Rangarajan, J. Math. Phys. 37 (1996) 4514.



G. Rangarajan / Physics Letters A 286 (2001) 141-147 147

[9] E. Forest et al., in: M. Month, A. Ruggiero, W. Weng (Eds.), [11] I. Gjaja, Part. Accel. 43 (1994) 133.
Stability of Particle Motion in Storage Rings, AIP Conf. Proc., [12] A.J. Dragt, J.M. Finn, J. Math. Phys. 17 (1976) 2215.
Vol. 292, AIP, New York, 1994. [13] J.F. Cornwell, Group Theory in Physics, Vol. 2, Academic
[10] G. Rangarajan, Ph.D. thesis, University of Maryland (1990); Press, London, 1984.
G. Rangarajan, A.J. Dragt, F. Neri, Part. Accel. 28 (1990) 119; [14] G. Rangarajan, manuscript in preparation (2001).
G. Rangarajan, M. Sachidanand, J. Phys. A: Math. Gen. 33 [15] H. Goldstein, Classical Mechanics, 2nd ed., Addison-Wesley,
(2000) 131. Reading, 1980.



