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This paper studies the behavior of the moments of a particle distribution as it is transported
through a Hamiltonian system. Functions of moments that remain invariant for an arbitrary linear
Hamiltonian system are constructed. These functions remain approximately invariant for Hamilto-
nian systems that are not strongly nonlinear. Consequently, they can be used to characterize the

degree of nonlinearity of the system.
PACS number(s): 41.85.—p, 03.20.+i

I. INTRODUCTION

Consider a distribution of particles being transported
through a Hamiltonian system. We assume either that
the particles are noninteracting or that the effects arising
from particle interactions can be treated in the Vlasov ap-
proximation. An important first step toward a complete
understanding of the dynamics of this transport would
be to determine quantities that remain invariant under
transport. Since a particle distribution is characterized
by its moments, it is natural to seek invariant functions
of these moments.

In this paper, we concentrate on functions of moments
that remain invariant under the action of a linear but
otherwise arbitrary Hamiltonian system. (This implies
inter alia that if the particles are interacting, then their
interaction can be treated in the linear Vlasov approxi-
mation.) A brief description of quadratic moment invari-
ants has been given earlier [1,2]. In addition to giving a
more complete discussion of these invariants, this paper
also describes invariants constructed out of higher-order
moments. In Sec. II, equations for linear transport of par-
ticle distributions and their moments are derived. Kine-
matic invariants are defined in Sec. III. Invariants made
out of quadratic moments are considered in detail and
three functionally independent quadratic moment invari-
ants are shown to exist for a six-dimensional phase space
(an explicit proof of this fact is given in Appendix A).
A systematic method of constructing higher-order invari-
ants is then presented. Next, a compact diagrammatic
representation of these invariants is derived. Finally, a
procedure to determine the number of functionally inde-
pendent moment invariants is outlined. Section IV con-
tains a summary of our results. Dynamic invariants are
briefly discussed in Appendix B. An alternative method
of constructing kinematic invariants utilizing properties
of the Lie algebra sp(6,R) is given in Appendix C.

Let z = (q1,p1,92,P2,93,p3) be the six-dimensional
vector describing the location of a particle in phase space.
The effect of a linear Hamiltonian system on this particle
can be expressed as the action of a matrix M that takes
the particle from its initial state z'" to the finalstate 2fin:

(1.1)

Here we have used Einstein’s summation convention.
This convention will be used throughout the paper unless
stated otherwise. It can be shown [3] that M satisfies the
symplectic condition

fin _ in
zZ; = Ml] Zj .

MJM = J, (1.2)

where M is the transpose of M and J is an antisymmetric
matrix defined as follows:

01 0 0 0 0
100 0 0 0
00 0 1 0 0

T=109 0-10 0 0 (1.3)
00 0 0 0 1
0 0 0 0 —1 0

Matrices M satisfying Eq. (1.2) are called symplectic
matrices. The set of all such matrices can be shown to
form the symplectic group Sp(6,R) [3].

II. MOMENTS AND MOMENT TRANSPORT

In this section, we define moments of a particle distri-
bution and their transport under the action of a linear
Hamiltonian system. Let h(z) be a distribution function
describing particle density in phase space at the point
having coordinates z. Then one can define the kth-order
moment (z;, zj, - - - 2, ) of the distribution as follows:

2i 225, ) = d®z h(z) zi, z ez, (2.1)
1 2 k 1 2
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This leads to the following natural definitions for the ini-
tial and final kth-order moments of the distribution be-
fore and after transport through a Hamiltonian system:

(z,-lz,-,u~z,~k)i"=/dszh'"(z)zilz,-2~~~z,-k, (2.2)
(Zilziz"'Zu)ﬁ"=/dthﬁ"(Z)znzig"'Zik- (2.3)

Here hi"(z) is the initial distribution function and Afi"(z)
is the final distribution function after transport through
the Hamiltonian system described by the symplectic ma-
trix M.

We can relate the initial and final distribution func-
tions as follows [1]. Consider an initial collection of par-
ticles around a point 2. This is sent to a final collection
of particles around the point zfi" by the action of the
symplectic matrix M. By construction, the number of
particles in the initial and final collections is the same.
Furthermore, by Liouville’s theorem, the volumes occu-
pied by the two collections are the same. Consequently,
we have the relation

hﬁn(zﬁn) - hin(zin). (24)
Using Eq. (1.1) for zi", we get
hﬁn(zﬁn) — hin(M_lzﬁ"). (25)

Finally, since zfi" is an arbitrary point, the following

equation is seen to be correct,

hfin(z) = AiN(M~1z). (2.6)

We next relate the initial and final moments using the
above relation between the initial and final distribution
functions. Substituting Eq. (2.6) in Eq. (2.3) we get

(Z,'lz,'2 e Z,'k>ﬁn = / déz hin(M_lz) 2,25, 2y

(2.7)

Next make the change of variables z = Mz’. Since M
is a symplectic matrix [3], this coordinate change leaves
the volume element d®z invariant, i.e., d%2 = d%2’. This
gives the result

(Zil Zip " zik)ﬁn

- / 52" BN(2) (M2} (M2')s, - (M2);, . (2.8)
This can be rewritten as follows:
(2i,2i, - Zi,‘)ﬁ" = M;j, Mi,j, - M,
X / d8z' hin(2") 2z, ez
The integral on the right-hand side is nothing but the
initial moment [cf. Eq. (2.2)]. Therefore we finally get

L _\fin _
(zhzl?"'zik) = MilJ'lMizjz"

(2.9)

My (250250 2,)"
(2.10)

Using tensor notation, the above equation can be given
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the following compact form:
k
(zz---z)fin = (®M) (z2---z)'", (2.11)
where
k
QRQM=MeMe ---©M (2.12)

and the ellipses in Egs. (2.11) and (2.12) represent terms
taken k times. This equation suggests a further simpli-
fication in notation. We identify the kth-order moments
with elements of a kth-rank tensor Z(¥) as follows:

(k)

Zi iy = (Zirzip - 23 (2.13)
Then Eq. (2.11) can be rewritten to give
k
z® = (®M) A (2.14)

This is the basic equation for moment transport.

III. KINEMATIC MOMENT INVARIANTS

A. General concepts

To motivate our discussion of kinematic moment in-
variants, we start with a concrete example. In the field of
accelerator physics, it is well known that the mean-square
emittances of a beam remain invariant under transport
through a linear Hamiltonian system if the various de-
grees of freedom are uncoupled [4]. Since these emit-
tances are defined in terms of quadratic moments (see
below), these are examples of moment invariants.

As an instructive exercise, we now go through an ex-
plicit calculation demonstrating that these emittances
are indeed invariants. The mean-square emittances are
defined as follows:

C? = (q;?><p?) - ((‘Iipi))zr =123

where repeated indices are not to be summed over. Since
there is assumed to be no coupling between the q;, g2,
and g3 degrees of freedom, we consider only €7 below.
The invariance of €2 and €% can be proved using similar
arguments.

We define the initial and final mean-square emittances
as follows:

()™ = (g])™ (D)™ — (ap1)'™)*,

(3.1)

(3.2)
() = (2 (B2)™ — ((q1) ™).
Using Eq. (2.10) we find the results
(@) = (Mp)*g)™" ‘ _
+2M11 Mi2{q1p1)™ + (M12)*(p3)™,
(p1)™ = M1y May (g})" _
+ (M1 Mao + _M12M21)(‘11P1)m
+ M1 Moy (p?)'™, (3.3)
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(P = (Ma1)* (i)™ »
+ 2M21 Moz (q1p1)'™ + (Ma22)%(p?)™".

Substituting Eq. (3.3) in Eq. (3.2) we get

(1) = (detM)*(e)™. (3.4)

Since the determinant of M is equal to 1 by the symplec-
tic condition [3], we obtain the relation

() = (b, (3.5)
This result proves the invariance of €?.

Having found functions of moments that remain invari-
ant under uncoupled linear transport, we are led to look
for generalized functions that remain invariant under the
full six-dimensional transport with coupling. Before do-
ing this, we have to define more precisely what a moment
invariant is. Suppose a function I(Z(¥)) has the following

property:

1((@1\4)2@) =I1(Z®) for all M e Sp(6,R),
(3.6)

i.e., it is invariant under the set of all linear symplectic
transformations. Then I is called a kinematic moment
invariant. In contrast to dynamic invariants, which are
invariant only for a particular Hamiltonian system, the
kinematic invariants defined above are invariant for all
linear Hamiltonian systems.

Another important concept that we will need is that
of moment equivalence classes. Consider two sets of mo-
ments Z(¥)" and Z(¥). Suppose there exists a symplectic
matrix M such that the following relation is satisfied:

k
A - (@ M) A (3.7)
Then we write
AQINY O} (3.8)

This relation is an equivalence relation. Let [Z(¥)] be the
set of all Z(¥)' such that Z(®)' ~ Z(*) The set [Z(F)] is
called the equivalence class of Z(¥).

This leads us to the observation that a kinematic mo-
ment invariant is a class function, i.e.,

125y = 1(Zz®)) it Z23) ~ z(5), (3.9)
This property of the invariant can be expressed as
I =1([2%)). (3.10)

From the above discussion, we conclude that the num-
ber of functionally independent kinematic moment in-
variants is equal to the dimension of the space of equiv-
alence classes.

We are now in a position to apply the results given
above to construct kinematic moment invariants. We
deal first with the simpler case of quadratic moment in-
variants before generalizing to the case of higher-order
moment invariants.
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B. Quadratic moment invariants

This section deals exclusively with kinematic moment
invariants constructed out of quadratic moments. Most
of the results presented here will be generalized to higher-
order moment invariants in the subsequent sections.

Consider the quantity [5]

IM(z®) = (2P 0)), (3.11)

where Z(?) is a second-rank tensor (i.e., a matrix) whose
elements are defined by the relation [cf. Eq. (2.13)]
ZD = (ziz5). (3.12)

We now show that Ig")[Z(Q)] is a kinematic invariant.
The tensor Z(?) transforms as follows under the action
of M [cf. Eq. (2.14)]:
Z?) -~ (M@ M)Z®?). (3.13)

We therefore have to show that I.L(,")[Z(z)] is invariant

under this transformation [cf. Eq. (3.6)]. Inserting
Eq. (3.13) in Eq. (3.11) we get

V(M @ M)ZP) = u[(MZD M), (3.14)
where we have used the relation

(M@M)Z® =Mz M. (3.15)
We can now rewrite Eq. (3.14) as

V(M @ M)Z®) = te[(ZPMIM)"). (3.16)

Here we have utilized the following relation satisfied by
the trace of a product of matrices:

tr[ABC] = tr[BCA]. (3.17)
Finally, substituting the symplectic condition Eq. (1.2)
and Eq. (3.11) in Eq. (3.16), we get the desired result:

V(M @ M)Z®) = V2], (3.18)
This proves that I$”)[Z(?)] is a kinematic moment invari-
ant.

Thus there are an infinite number of quadratic moment
invariants. However, Ig")[Z(z)] is zero for all odd n. This
is easily proved by noticing that for odd n, Ién)[Z(Q)] has
an odd number of J’s. Since Z(?) is a symmetric ma-
trix whereas J is antisymmetric, (Z(®J)" contains an
odd number of antisymmetric matrices for odd n. Con-
sequently, its trace is zero.

The invariant Igz)[Z(Z)] can be easily calculated from
Egs. (3.11), (3.12), and (1.3). It is given by the relation
(6]
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E2[2®) = =2 ((g})(p}) — (a1p1)® + (a3)(P3) — (@2p2)” + (43)(P3) — (43p3)°
+2(q192)(P1p2) — 2(q1p2){q2p1) + 2(q193)(P1P3) — 2(q1P3)(gap1) + 2(9293)(P2P3) — 2(q2p3)(g3P2))-

Obviously, Igz)[Z("’)] is a generalization of the mean-
square emittances €2 [cf. Eq. (3.1)] to the full six-
dimensional phase space when coupling between the var-
ious degrees of freedom is allowed. Expressions for
I9z®), 9[2®), etc., can be calculated similarly.
However, it is worth remarking that these expressions
grow rapidly in length with increasing n. For example,
154) fills a page and I%G) requires several pages.

The next step is to determine the number of function-
ally independent invariants. As seen earlier, this num-
ber is equal to the dimension of the space of equivalence
classes of Z(?’s. Therefore our task is to classify the
Z()’s according to their equivalence classes. We recall
that Z(2)" is said to belong to the same equivalence class
as 22 (ie., 22" ~ Z()) if there exists a symplectic
matrix M such that the following equation is satisfied
[cf. Egs. (3.7) and (3.15)]:

7 = Mz®p. (3.20)

We now claim that given any Z(?) there is a “normal
form” Z®', such that Z(®' ~ Z(® and the entries in
Z(®)' have a simple diagonal form.

Theorem. Given any set of quadratic moments 22,
there exists a symplectic matrix M such that the trans-
formed quadratic moments Z(2)' given by Eq. (3.20) have
a special form. Using the notation (3.12), this form is
given by the relations

(¢igs) = (pipi) =X >0, i=1,2,3
(3.21)
(ziz;) =0 if i # j.

That is, all off-diagonal moments of Z(2)' vanish, and
canonically conjugate moments are equal and positive.
See Appendix A for a proof of this theorem.

As seen from Eqgs. (3.21), the normal form Z(?' de-
pends only on three independent parameters. Using this
result we conclude that any quadratic kinematic moment
invariant is of the form

Iy = I,(A2,A%))2), (3.22)

where the eigen mean-square emittances A%, A%, A3 are
given by the relations

A? = (qig) (pips), i=1,2,3.

As we vary these three parameters, we span the entire
space of equivalence classes. Therefore the dimension of
this space is equal to 3. This in turn proves that there are
only three functionally independent quadratic moment
invariants for a six-dimensional phase space.

Suppose Z(?)' is used to evaluate Ig") as given by Eq.
(3.11). This calculation is particularly easy since inspec-
tion of Egs. (1.3) and (3.21) shows that Z(®' and J

(3.23)

(3.19)

[
commute. Thus the [g") are given by the relation

I = u[(2® 7)) = ee[(2P) 7]

=2(=1)"2[AT + A7 + A3], n even.
(3.24)

Evidently, we can choose the eigen mean-square emit-
tance A2, A2, and A} themselves (up to permutations
among them) to be the three functionally independent
invariants. Another choice would be to take any three of
the Ig"). For example, one could choose I.L(,2),I§4), and
19

We have considered only kinematic moment invari-
ants in the above discussion. Dynamic invariants can be
treated in a somewhat similar fashion. A brief discussion
of these invariants is given in Appendix B.

C. Higher-order moment invariants

In this section, general expressions for kinematic in-
variants made out of higher-order moments will be ob-
tained. Some will be made out of moments of a fixed
order. These will be called pure invariants. Using mo-
ments of different orders, mixed invariants will also be
constructed. In addition, a diagrammatic representation
of ‘these invariants will be given. Finally, the problem
of finding the number of functionally independent invari-
ants will be dealt with.

1. Pure invariants

Consider the following quantities:

iz < {zo (&) ]

m=12,...,n=12,... (3.25)
and
I, [Z20m )
m m+1 n
m=12...,n=12,... . (3.26)

The following examples clarify the notation used in the
above equations:
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[fe(@)

=z

LFEPLEIA

4
Jisks Jisk, Zlf:li:;k;,k‘ Jkviy Jkais (327)

and

[ () ()

73

_ 7(3)
=2 ¥ kaks T kriy ks

llizia']iska

(3.28)

We claim that I$®[Z(™)] and Iéf:il[Z(zm“)] are

kinematic invariants. Consider the quantity Ié’,‘n)[Z(zm)].
We have to show that it is invariant under the transfor-
mation [cf. Eq. (3.6)]

2m
Z(Zm) _ (®M) Z(?m)-

Substituting this into Eq. (3.25) we get

<[84)

o{(B4)= (@]} om

Using Egs. (2.10), (2.11), and (3.17) this can be rewritten
as

I [(é M) z(2m>] = tr{ [Z(Z’")é(MJM)]ﬂ}.

(3.31)

Using the symplectic condition Eq. (1.2) and Eq. (3.25),
we finally get the desired invariance relation

2m
12 [(B ) 2om] = ey

A similar proof can be given for the invariance of
2n
Igmll[z(2m+l)]'
Not all the invariants listed in Egs. (3.25) and (3.26)
are useful. Some are identically zero as shown below:

(3.29)

(3.32)

(a) Ig"m) =0 if m and n are odd;
) P =0 ifn=1;
() IZ), =0 if nis odd.

(3.33)

Conditions (a) and (c) can be understood by noting that
Z(¥) is a symmetric tensor and there are an odd number
of J’s in these two cases. Therefore the trace is zero.
In case (b), even though there are an even number of
J’s, the antisymmetric indices of J are summed over the

symmetric indices of Z(*) and hence 13';) iszero. All these
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conditions can be summarized by the statement that I,(#)
is zero if n is equal to 1 or if nm is a not a multiple of 4.

Using Eqgs. (3.25) and (3.26), we find up to a normal-
ization the following expressions for the first few higher-
order moment invariants in two phase-space dimensions

4 2 9
IV[23) = ()2 (p})? — 3(aip1)*(a1p})® + 4(a})(@1p})?
+4(gfp1)2(p}) — 6(¢3) (gip1 )(q1p7) (p}),
(3.34)
I9[29) = () (p?) + 3(a3p})? — Aaipi) (@), (3.35)
IP[2®] = (af)(pi)(alp}) - (ai)(apd)” — (aipD)°
—(g7p1)?(p}) + 2(a¥p1){01P})(aip?).
In the above expressions, the leading coefficient has been
normalized to be equal to +1. An alternative deriva-

tion of such invariants using properties of the Lie algebra
sp(6,R) is given in Appendix C.

(3.36)

2. Mized invariants

Invariants can also be constructed out of moments of
different orders. These are called mixed moment invari-
ants. Using arguments similar to those given above for
pure invariants, one can show that the following quantity
1s a kinematic invariant:

TGt = a[(Wmym (wmalym . (wimedye ],
(3.37)

For even m;, the quantity W(ms) is defined as (with m; =
2m)

(3.38)

wims;) — 7(2m) (® J) ]
If m; is odd, the mixed invariant is zero unless the cor-
responding n; is even. For odd m;, we therefore need to

define only the square of W(™:) and it is given as (with
m; =2m+ 1)

(W(m,'))z - Z(2m+1) (é‘]) Z(2m+1) (% J) .
(3.39)

The mixed invariants defined in Eq. (3.37) can be shown
to be zero unless Z:le (m;n;) is a multiple of 4.

Using Eq. (3.37), the simplest example of a mixed
moment invariant for a two-dimensional phase space can
easily be calculated and is exhibited below with a conve-
nient normalization:

I3 = (@2)(p1)? — 2@ @) (1) + (P3N (@)

Such mixed moment invariants become important when
the Hamiltonian contains terms linear in phase-space
variables [7]. This can be seen as follows. For simplicity,
let us consider only a two-dimensional phase space. The

(3.40)
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presence of linear terms in the Hamiltonian is equivalent
to a shift in the origin of the phase space:

o —q-(q), prn—p— (). (341)

Under these circumstances, the I[Z(¥)]’s listed above
no longer remain invariant. The new invariants can be
obtained by applying the transformation given in Eq.
(3.41) to these old “invariants.” For example, consider
I§2’. For a two-dimensional phase space, we have up to
a normalization the relation

I = (¢)(p}) - (mp))%

Applying the transformation given in Eq. (3.41) we get

(3.42)

12" = (@1 — (@) ®){(p1 = (11))?)

~[{(q1 = (@) (1 — (P1))))*. (3.43)

Upon expanding the above expression, we find that the
new invariant can be expressed as the following linear
combination of the old invariants [cf. Egs. (3.40) and
(3.42)]:

= -13Y. (3.44)
Therefore, when linear terms are present in the Hamilto-
nian, only a combination of the original moment invari-
ants remains invariant. And, as seen in the example given
above, these combinations typically involve the mixed in-
variants.

3. Diagrammatic representation
of moment invariants

Upon a closer inspection of the formulas for kinematic
moment invariants, it is seen that a compact diagram-
matic representation of these invariants can be given.
These are exhibited in Fig. 1. Each node represents a
Z,-(ﬁ-)}“,.k, where k equals the number of lines emanating
from that node. And each line connecting two differ-

ent nodes Z,-(ﬁ)a__.,-k and Z}B’a...]‘; represents a J., where

r € {i1,%2,...,ix} and s € {j1,J2,...,J1}. Moreover, all
like indices are summed over. In this sense, a line repre-
sents not just J,, but also the summation over the indices
it links.

Only the nonzero moment invariants are shown. We
note that all diagrams have an even number of lines con-
necting the various nodes. An odd number of lines cor-
responds to an odd number of J’s. Therefore a diagram
with an odd number of lines would correspond to a sit-
uation where one is taking a trace over a product con-
taining an odd number of antisymmetric matrices. As
seen earlier, the trace (and hence the invariant) is zero
in this case. Moreover, in these diagrams, a line always
connects two different nodes and not the same node (i.e.,
no closed loops are present). A closed loop would corre-
spond to a situation where the antisymmetric indices of
a J are being summed over the symmetric indices of a
Z(¥). This again gives zero.
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FIG. 1.
ants.

Diagrammatic representation of moment invari-

4. The number of functionally
independent invariants

We finally turn to the problem of determining the num-
ber of functionally independent kinematic moment in-
variants. As seen earlier, this number is equal to the di-
mension of the space of equivalence classes. We therefore
devote this section to the calculation of this dimension.
For the sake of simplicity, we restrict ourselves to pure
moment invariants.

Consider the set of all moments of a fixed order m.
It forms an N(m)-dimensional vector space V(™) where
N(m) is given by the relation [8]

N(m) = (mn’: 5).

We start with a general moment vector v belonging to
this vector space V(™). Another vector v/ € V(™ js
sald to belong to the same equivalence class as v if there
exists a linear symplectic map M such that the following
relation holds [cf. Eq. (2.11)]:

o= (&)

We then write v/ ~ v and define the equivalence class
U(v) by the condition

(3.45)

(3.46)

Uv) = {v' € V™' ~ v}. (3.47)

We next pick a vector w not belonging to U(v) and
form its equivalence class U(w). In principle, this pro-
cedure can be continued to construct the space Q of all
equivalence classes. The dimension of this space would
then give the number of functionally independent invari-
ants. However, this brute-force procedure is very difficult
to implement in practice except for the simplest case of
first-order moments. It can be shown that any given set
of first-order moments can be transformed into any other
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set of first-order moments using Eq. (3.46). Therefore all
first-order moments belong to a single equivalence class.
In other words, the space of equivalence classes is made
up of a single point. Since the dimension of this space is
zero, we conclude that there are no kinematic invariants
constructed out of first-order moments.

For higher-order moments, we need a more practical
procedure. This is obtained by realizing that we are in-
terested only in the dimension of the space of equivalence
classes. From standard algebra [9], the dimension of this
space @ can be shown to have the following simple rela-
tion to the dimensions of V(™) and U (v):

dim Q = dim V™) — dim U(v), (3.48)

where v is a vector belonging to V(™). This equation
gives a practical way of calculating the number of func-
tionally independent invariants constructed out of mth-
order moments.

Since the dimension of V(™) is known from Eq. (3.45),
all that needs to be determined is the dimension of U(v).
This is no easy matter if we have to first construct U(v)
explicitly before determining its dimension. Fortunately,
this is not necessary.

To determine the dimension of U(v), it is sufficient to
work locally near the point v. Therefore we need to work
only with the Lie algebra rather than the full group. We
start with the N(m)-dimensional vector v and act on it
with the 21 basis elements of the Lie algebra sp(6,R). We
get 21 N(m)-dimensional vectors. We check these vec-
tors for linear independence. The maximum number of
linearly independent vectors gives the dimension of U(v).
We note that this dimension cannot exceed 21. There-
fore the number of functionally independent invariants is
at least N(m) — 21 [cf. Egs. (3.45) and (3.48)]. Since
N(m) increases rapidly with m (it is greater than 21 for
m > 2), the number of functionally independent invari-
ants also increases rapidly with m.

Implementing the above procedure for a six-
dimensional phase space, the dimension of U(v) is found
to be 6 if m is equal to 1 and 18 if m is equal to 2 [10].
It saturates at 21 if m is greater than 2. Using this infor-
mation in Eq. (3.48), we see that there are no first-order
moment invariants, three independent second-order mo-
ment invariants, and N(m) — 21 independent mth-order
moment invariants for m > 2.

IV. SUMMARY

We have given a systematic treatment of moments and
moment invariants for linear Hamiltonian systems. Three
functions made of quadratic moments were constructed
for a six-dimensional phase space and shown to be invari-
ant under transport through such systems. These three
invariants were shown to form a complete set. Formulas
to construct higher-order moment invariants were given.
Finally, a general procedure to determine the number of
functionally independent invariants was outlined.

Even though the moment invariants that we have con-
structed are exactly invariant only for linear systems,
they should remain approximately invariant for nonlin-
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ear systems if the nonlinearity is sufficiently small. These
moment invariants could be used to characterize the de-
gree of nonlinearity of a given Hamiltonian system. For
example, this can be done by calculating the magnitude
of variation in the values of these invariants as a particle
distribution is being transported through the system.
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APPENDIX A

In this appendix we prove the theorem of Sec. III B.
Other proofs of this result can be found in Refs. [11]
and [12]. However, these proofs either require advanced
mathematical knowledge or are embedded in more gen-
eral theorems. The proof given below is self-contained,
simple, and constructive. It will be presented as a series
of lemmas.

We start with the definition of the matrix Z [cf. Eqgs.
(2.1) and (3.12)]:

Zij = (zizj) = / d®z h(z) zizj. (A1)
[Here, for notational simplicity, we have dropped the su-
perscript “2” employed in Eq. (3.12).] The matrix Z
is obviously symmetric. We now prove that under very
general conditions the matrix Z is also positive definite.

Lemma 1. Since h(z) is a density in phase space, it
must be greater than or equal to zero for all z. Sup-
pose that h(z) is continuous at some point z° where it is
nonzero. Then Z is positive definite.

Proof. Since h(z) is continuous and nonzero at z°,
there exists a ball B, = {z |||z — 2% < €} such that
h(z) > 6 > 0 for z € B,. Let u be any nonzero vector.
We have the relation

(u, Zu) = u;j Zj;u; = / ds: h(z)u;ziu;z;

/ d®z h(z) (uizi)? (A2)

Using the assumption that h(z) > 6 > 0 for z € B, we
obtain the result
(u,Zu) > 6/ d®z (uizi)z > 0. (A3)
B.
Thus we have shown that the quadratic form (u,Zu) is
greater than zero for all nonzero vectors u. Hence, by
definition, the matrix Z is positive definite.

Lemma 2. Consider the “Hamiltonian” H defined by
the relation
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1 1
H(Z) = -2'(Z,ZZ) = §Z,~jz,-zj. (A4)
This quadratic form in z is positive definite since Z is
positive definite. It follows that there exists a constant
¢ > 0 such that the following result holds,

H(z2) > c||2|]*. (A5)
Proof. Define the constant ¢ by the relation
¢= min H(n). (A6)

linll=1

Since the unit sphere ({n|||n||=1}) is compact, and H(z)
is continuous and positive on the unit sphere, it must
have a minimum ¢, with ¢ greater than zero. Any nonzero
vector z can be written in the form

z

= = ||z||n. A7
HZH”ZH lI=||n (AT)

Thus we have the result
H(z) = ||2|[*H(n) > c||z||*. (A8)

This proves the lemma.
Consider the matrices T"and T” defined by the relations

T=JZ,T =72, (A9)

Then, using Eq. (3.20) and the symplectic condition Eq.
(1.2), we find that T and 7" are connected by the relation

T =M~'TM. (A10)
That is, the congruency relation Eq. (3.20) is converted
into the similarity relation Eq. (A10) [13]. It follows that
T’ and T have the same eigenvalues. Consequently, we
should devote our attention to the eigenvalues of T'.

Since T is a real matrix, its eigenvalues must also be
real or occur in complex conjugate pairs with the same
multiplicity. Moreover, T cannot have zero as an eigen-
value. If it did, we would have the result

0 = det(T) = det(JZ) = det(J)det(Z) = det(Z).

But then Z must have zero as an eigenvalue, which would
violate the positive definite property. Here we have used
the facts that det(J) = 1 and the determinant of a matrix
is the product of its eigenvalues.

Lemma 3. The spectrum of T' is purely imaginary. Fur-
thermore, the eigenvectors of T form a basis, and hence
T can be diagonalized even if all its eigenvalues are not
distinct.

Proof. Consider the Hamiltonian differential equation

dz

E:[Z’H], (All)

where H is given by Eq. (A4) and [,] denotes the usual
Poisson bracket. Equation (A11) is simply the flow gen-
erated by H. Using Egs. (A4) and (A9), we obtain the
result

[z,H] =T-=. (A12)

Here, we have also made use of the relation [3]
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[z,',ZJ'] = J,'j. (A13)
Substituting Eq. (A12) into Eq. (All) and integrating
over t, we obtain the result

z(t) = €T 2(0). (A14)

Let A be the matrix that brings T to its Jordan normal
form N,

AT'TA=N. (A15)

Using standard properties of matrix multiplication [14],
Eq. (A14) can be rewritten in the form

z(t) = Aexp(tA~'TA)A™12(0). (A16)

Substituting Eq. (A15) into the above equation, we ob-
tain the result

z(t) = Ae'N A712(0). (A17)

The matrix ¢!V will also be in normal form. On its
diagonal it will have the terms e?' where the o;’s are
the eigenvalues of T. If T cannot be diagonalized, eV
will contain terms of the form t™e?:* above the diagonal
(14]. Assume that o; is not pure imaginary for some
Jj. Then z(t) will grow exponentially as { — oo for
some set of initial conditions. In this case, ||z|| goes to
infinity. Substituting this result into Eq. (A5), we find
that H(z(t)) — oo as t — +oo. However, since the
Hamiltonian is conserved, we must also have the result

H(z(t)) = H(z(0)) = const. (A18)

Thus we have a contradiction. It follows that all o; must
be pure imaginary.

Further, if T' cannot be diagonalized, z(t) will grow
as t™ even if all the eigenvalues are pure imaginary, for
some choice of z(0). Therefore we again get ||z|]] — oo
leading to a contradiction. Thus it must be possible to
diagonalize T". This completes the proof of the lemma.

Since T can be diagonalized, it must have six linearly
independent eigenvectors. Half of them will have Im o >
0, and half will have Im ¢ < 0. Let ¥; with j =1,2,3 be
the eigenvectors satisfying o; = iA; with A; > 0. That
is,

lej = i/\jlﬁj, /\j > 0. (A19)

As has been implicitly assumed in the discussion so
far, let (,) denote the usual complex scalar product. In-
troduce an angular inner product (, ) by the rule

(x,9) = (x, K¢) (A20)
with K defined by the relation
K = —iJ. (A21)

Here x and ¢ are any two vectors. We note that K is
Hermitian (K = K1) with respect to the standard scalar
product (,). Consequently we have the relation

(¢,x) = (x, 8)-

Lemma 4. The angular inner product and the vectors

(A22)
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y; satisfy the relations

(%5, ¥5) >0, (A23)
($i k) =0 if Aj # Ag, (A24)
(Wi, ¥r) = 0. (A25)

Proof. To verify Eq. (A23), rewrite Eq. (A19) in the
form

Kvpj = (1/X)Z4;. (A26)
It follows that
($i,%5) = (1/X) (%5, Z9;5). (A27)

Since Z is positive definite, it is easily verified that
(x,Zx) > 0 for any nonzero vector x even if x is complex.
Consequently, Eq. (A23) is correct.

To verify Eq. (A24), rewrite the first of Eqs. (A9) in
the form

zZ=-JT. (A28)
Since Z is symmetric, we have the relation
TJ+JT=0. (A29)

Take matrix elements of both sides of the above equation
to get the result

(5, (TJ + JT)x) = 0. (A30)
From Eq. (A19) one has the results
(%5, JTY) = A (¥, Jo) = —Ar(j. ¥k),  (A31)
(5, TTk) = (To;, Je) = (X5, I )
=—iXj (¥, Jve) = A (¥, ¥k).  (A32)
It follows from Eq. (A30) that one has the result
(A = M) (¥, %) = 0. (A33)

Consequently, Eq. (A24) is correct.
It remains to show that Eq. (A25) is correct. Since T'
is a real matrix, it follows from Eq. (A19) that

Ty = —idey. (A34)
Now carry out a calculation analogous to that of the pre-
ceding paragraph using the vectors #; and v¥,. Doing so
gives the relation

(A5 + M) (¥, ¥i) = 0.

Thus Eq. (A25) is also correct.
Lemma 5. Starting with the vectors 1;, one can con-
struct vectors ¢; such that

(A35)

T¢; = iA;d;, (A36)
(65, Bk) = b, (A37)
(¢j, i) =0. (A38)
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Proof. Consider first the simplest case where all the
A; are distinct. Then, inspection of the relations (A23)-
(A25) shows that all that is required is a simple rescaling
of the vectors ;.

Next consider the case of double degeneracy, say Ay =
A2 # A3. Consider the subspace spanned by v; and 3.
Let ¢ be any nonzero vector in this subspace. Then we
have the relation

Ty = iAp where A = A} = Ao, (A39)

It follows, in analogy to the derivation of Eq. (A27), that
we also have the relation

(¥, 9) = (1/A) (%, 2¢) > 0. (A40)

We see from Eqgs. (A22) and (A40) that on this subspace
the angular inner product (, ) may also serve as a bona
fide scalar product. Using this scalar product, apply the
Gram-Schmidt procedure to the subspace spanned by
and ¥, to produce two orthonormal vectors ¢; and ¢s.
Add to this orthonormal set the vector ¢3 defined by the
relation

o3 = Y3/ (¥3, ¥3).

It is easily verified that these vectors satisfy the relations
(A36)-(A38).

Finally, consider the case of triple degeneracy, A; =
A2 = A3. Now work with the subspace spanned by ¥, ¥,
and 13 to produce an orthonormal set. From an argu-
ment analogous to that of the preceding paragraph, the
angular inner product (, ) can also serve as a scalar prod-
uct on this subspace. Consequently, using the angular
inner product, the Gram-Schmidt procedure can be ap-
plied to the vectors v, 2, ¥3 to produce an orthonormal
set @1, 92, @3 satisfying Eq. (A37). It is readily verified
that the result of this process also satisfies Eqs. (A36)
and (A38). This construction completes the proof of the
lemma.

Suppose the vectors ¢; are decomposed into real and
imaginary parts by writing the relations

(A41)

é; =& +1n;, (A42)

where the vectors €; and 7); are real. By equating real and
imaginary parts, it follows from Eqs. (A37) and (A38)
that £ and 7; obey the relations

(&,JE€) =0, (mj,Jm) =0, (A43)

2(&, Ine) = Gjk 5 2(mj, JEk) = =k (A44)
Similarly, the relations (A36) imply the relations

T& = =Ajn; , Tnj = As&;. (A45)

Lemma 6. From the vectors &; and 7; one can con-

struct a symplectic matrix S such that the matrix SZS
is diagonal. Specifically, SZS has the form

SZS: diag(/\ly’\ly’\21/\2y’\3)/\3)' (A46)
Proof. Define the matrix S by the relation
S= \/5(511”1)6217]2;{37773)' (A47)
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Here each of the vectors ; and 7; are to be viewed as
column vectors so that the collection (A47) forms a 6 x 6
matrix. Then it is easily verified that the relations (A43)
and (A44) are equivalent to the matrix relation

SJS=1J. (A48)
Thus S is symplectic as claimed.
From Eq. (A28) one finds the result
ZS =-JTS. (A49)

Consequently, from Eqs. (A45) and (A47) one has the
result

ZS =V2( MJm, = JE, AT,
—AaJ€, A3 s, —A3JE€3). (A50)

Finally, using Egs. (A43), (A44), and (A50), one verifies
that Eq. (A46) is also satisfied. This completes the proof
of the lemma.

Evidently, the proof of the theorem we have been con-
cerned with is now immediate. We simply take M = S.
We note that if a matrix is symplectic, so is its tran-
pose [3]. It follows that M is symplectic and satisfies the
relations (3.20) and (3.21).

We close this appendix by remarking that had we not
required M to be symplectic but simply real, we could
have found an M such that Z(2) given by Eq. (3.20)
would be the identity matrix. This observation follows
from the fact that any positive definite matrix is real
congruent to the identity matrix [15]. What is remark-
able is that it is possible to achieve the simplification
(3.21) using a symplectic matrix. Finally, we note that
the simplification depended in a critical way on the pos-
itive definite property of Z. Indeed, the simplification
may not be possible if Z is not positive definite [16].

APPENDIX B

In this appendix we discuss dynamic invariants con-
structed both out of moments and directly out of the
phase-space coordinates. In particular we give a compact
description and generalization of the Courant-Snyder in-
variants [17] that are widely used in the field of acceler-
ator physics.

We call a function Z(Z®*)) a dynamic invariant if the
following equation is true only for a particular symplectic
matrix M:

I((é)M) Z(")) =1(2®).

For simplicity, we will restrict ourselves to the case where
k is equal to 2.

Consider the quantity Ig") defined by the relation

(B1)

I{M(Z2®) = u[(ZP T M)"). (B2)

For this quantity to be kinematic invariant, it would have
to remain unchanged under the following transformation
[cf. Egs. (B1) and (3.15)] for all M’ € Sp(6,R):

zZ®) - M'Z@) M (B3)
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However, as shown below, Ié") remains unchanged in
general only if M’ is equal to M (where M is the same
symplectic matrix that appears in the definition of Ig")).
Substituting Eq. (B3) in Eq. (B2) we obtain the relation
IS(M'ZOM') = te[(M' 2D M' T M)™). (B4)
If M’ is equal to M, we can use the symplectic condition
[Eq. (1.2)] and Eq. (3.17) to get the result
T (M ZO M) = I§V(23). (B5)
This proves that Ign) is a dynamic invariant.
In fact, each kinematic moment invariant gives rise to
a dynamic invariant by the following transformation

J—JM. (B6)

(B2) and (3.11), we see that it was

precisely this transformation that was used to obtain Ié")
from Ig").

The dynamic moment invariants constructed above
may not be as interesting as kinematic moment invariants
since they are invariant only for a given Hamiltonian sys-
tem. However, dynamic invariants constructed directly
using phase-space coordinates z rather than moments do
have considerable interest. Let Z(¥) denote the kth-rank
tensor constructed directly out of the phase-space coor-
dinates z,

Comparing Egs.

= 24,24, """ iy

(B7)
Again, for simplicity, we will consider only the case k = 2.
Then the quantities tr[(Z(®)J)"], which are the analogs

of Igz)[Z@)], are all zero [18]. However, the analogs of the
dynamic invariants defined by Eq. (B2) are not trivial.

Call them Jz,("). They are defined by the relations

T3 (2) = u[(ZPTM)"). (B8)

Direct calculation shows that all the JZ,(")

J2(1) by the equation [19]

are related to

7" () = (7@ (B9)
The quantity Jz(l) is given in turn by the relation
I3V (2) = tr(ZDIM) = 2 T My
ZZiZij)chi = (Z,JMZ). (BIO)

Evidently Jél), unlike Igl), is not zero. Moreover, direct
calculation shows that it is invariant under the action of
M as expected,

TSN(Mz) = (Mz,JMMz) = (z, MJMMz)
=(2,JMz) = IV (2).
(B11)

Here use has again been made of the symplectic condition

Eq. (1.2). It follows from Eq. (B9) that all the Jz(") are
dynamic invariants. However, they are all functionally
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dependent on 1,(1).

We can obtain additional functionally independent dy-
namic invariants by slightly modifying (B10). Consider
the quantities Z(™)(z) defined by the relations

2(M(2) = (2, IM"2). (B12)
We note that Z() is identical to jr_f\). By a calculation
analogous to (B11), one sees that all the Z(*) are dynamic
invariants. Evidently they also are all nonzero. We will
next see that the =(®) are related to generalized Courant-
Snyder invariants in a case of particular physical interest.

Let P, P and P®) denote 6 x 6 matrices that
project out the (q1,p1),(g2,p2), and (g3, ps) subspaces,
respectively. They have the form

I 0 0
PO={ 0 |, PO=| 1 |, P =| 0
0 0 I

(B13)

Here I denotes the 2 x 2 identity matrix, 0 denotes the
2 x 2 null matrix, and all other entries in the P®) are
zero. Define analogous matrices J(*) by the rule

JO = gp), (B14)

Suppose the matrix M can be brought to normal form
N. That is, we assume there 1s a symplectic matrix A
such that M is given by the relation

M= ANA"! (B15)
with N written in the form
3 .
N = exp (Zp,‘ﬂ”) . (B16)
i=1

Here the quantities y; are the (eigen) phase advances of
M. Consider the quadratic forms I';(z) defined by the
relations

[i(z) = (A7 'z, PDA 2. (B17)

The quantities [;(z) are dynamic invariants that gener-
alize the Courant-Snyder invariants [20].
To see that this is so, we compute I';(Mz) as shown
below:
T;(Mz)=(A "Mz, P A~ M?2)
=(NA 'z, PONA"z)
=(A 'z, NPONA~ 2) = (A~!z, PO A Ly)

=T;(2). (B18)

Here we have used the relations
A"'M =NATY, (B19)
NPON = PONN = PO, (B20)

which follow from Egs. (B15) and (B16), respectively.
Now insert Eq. (B15) into Eq. (B12). Doing so gives
the result
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EW(2) = (2, JAN"AT ) = (2, ATIIN" AT )

=(A"'z,JN"A7'z).  (B21)

Here we have used the symplectic condition for A written
in the form

JA=A"1J. (B22)

Next we observe that JN™ can be written in the form

3
JN" = ZJP(”N”
i=1

3
= Z JP(i)exp(n;tiJ(i))
i=1

[JDcosh(np; J ) + JDsinh(np; J )]

e

ii

(V@ cosh(nu; JD) — PWsin(np)].

Il
'M“

(B23)

ii

Note that the matrices J{*)cosh(ny;J!")) are antisymmet-
ric, and therefore cannot contribute to the diagonal ma-
trix element of the form (A7 !z, xA~!z) involved in Eq.
(B21). Consequently, upon combining Eqgs. (B21) and
(B23), we see that the =(®) can be written in the final
form

3
EM(z) = =) sin(np)Ti(z2). (B24)

i=1

Thus, if M can be brought to the assumed normal
form, the =(™) are linear combinations of the generalized
Courant-Synder invariants.

APPENDIX C

This appendix gives an alternative method for calcu-
lating the kinematic moment invariants. It presupposes a
more detailed knowledge of the representation theory of
Lie algebras on the part of the reader than was assumed
in the main text.

It can be shown that Lie operators 3] :w; : correspond-
ing to the 21 basis monomials w; quadratic in the vari-
ables ¢1,p1, 92, 2,93, p3, form a basis for the Lie algebra
sp(6,R). It can also be shown that the Cartan subalgebra
of sp(6,R) in this basis is given as [8]

H = {:q1p1:,:92p2:,:q3p3:}. (C1)

Further, the basis elements : p? :, : p2 :, and : p}: corre-
spond to raising operators while : ¢? :, : ¢2 :, and : ¢%:
correspond to lowering operators.

Let {Pa(z)} [@ =1,2,..., N(m)] denote the set of ba-
sis monomials of a fixed degree m in the six phase-space
variables. Here N(m) is given by Eq. (3.45). These basis
monomials give an N-dimensional irreducible representa-
tion d™(w;) of sp(6,R) by [8]
wi: Po(z) = d™(wi)2 Ps(z), i=1,2,...,21. (C2)

The set {P,(z)} is said to form a basis for the carrier
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space of the representation d”(wj;).

In contrast to the more conventional choice for the ba-
sis elements of sp(6,R), the basis elements chosen above
(i.e., :w;:) have the special property that each P,(2) cor-
responds to one unique weight vector A,. If the ordering
of elements in H is fixed as given in Eq. (C1), this weight
vector is given by the relation

Aq = (aa,baycor)~ (C3)
Here a,, b, and c, are specified by the equations

:q1p1: Pa(2) = aq Pa(2),

1q2p2 Pa(z) = bo Po(2), (C4)

:q3p3: Pa(2) = cq Pa(2).

Consider a general element of {P,(z)} given by the rela-
tion

Pa(z) = q1' P’ 45°P5" 45°P5° (C5)
where ry + r9 + 73 + r4 + r5 + r¢ = m. Then, using Eq.
(C4), we find the weight vector corresponding to Pu(z)
to be as follows:

Ao = (r2 — 71,74 — 13,76 — T5).

(C6)

For example, it is seen that p7*, pJ*, and pJ* € {Pa(2)}
have weight vectors given by (m,0,0), (0,m,0), and
(0,0,m), respectively. Therefore the monomial pi* cor-
responds to the “highest” weight vector.

The above concepts can be applied to moments as fol-
lows. Each P,(z) corresponds to a unique mth-order ba-
sis moment (Py(z)) through the relation [cf. Eq. (2.1)]

(Pa(2)) = / 452" h(z') Pa(2). (1)
Further, the action of the basis elements of sp(6,R) on
these basis moments is given as

qwi: (Pa(2)) = (twi: Pa(2)).

Therefore we can assign to (Pq(2)) the same weight vec-
tor A, associated with P,(z). Moreover, if one has a
product of moments (Py)(Pg) ...(P,), its weight vector
is given by A + g + - + A,

With this brief background, we are now in a position
to construct kinematic moment invariants. The construc-
tion goes as follows. The most general I8 s given by a
relation of the form

(C8)

I8 = Coyagan (Pay ) (Pay) -+ (Pa) (C9)
with
ag < Qg < . S (e %8 (Clo)

Being an invariant implies that I satisfies the following
set of equations:

wi I =0, i=1,2,...,21. (C11)

It is these annihilation conditions that uniquely deter-
; (n)

mine I, (up to an overall scale factor).
We first consider the action of the Cartan basis ele-
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ments :q1p; :, :q2P2:, and :¢ap3: on I,(,?) . This gives the
following results [cf. Eqs. (C8) and (C4)]:

‘qipi: Ir(:) = Cal“?“'“uAiO’]az.“Qn (P0'1>(P02) ce (Pan)’

i=1,23 (Cl12)

where the weight vector Ay g, .o, satisfies the relation
[cf. the discussion following Eq. (C8)]

)‘0102'“0" = ’\01 + /\az + -+ /\an,

and A, 4, .4, I the ith component of this weight vector.
Setting Eq. (C12) to zero, we see that Ca,qa;...a, 1S Z€T0O
unless all three components of the corresponding weight
vector /\f]laz__a” happen to be zero. Therefore we are led

to the following result:

I =5 aw™,
1

(C13)

(C14)

where each Wi(m) is a product of n mth-order basis mo-
ments such that its weight vector is zero. This im-
plies that each Wi(m) has equal powers of ¢’s and p’s
[cf. Eq. (C6)]. Now the remaining annihilation conditions
[cf. Eq. (C11)] can be used to determine the coefficients
A; (up to an overall scale factor).

As an example, let us calculate I‘(,z) for a two-
dimensional phase space. Using Eq. (C14) we get

12 = Ay (g]) (1) + Ax(@dp)(@ir}) + As(aip)?. (C15)

Next, we need to evaluate Eq. (C11) for w; equal to ¢?

and p?. Since each term in 154) has equal powers of ¢;
and p;, both these annihilation conditions give exactly
the same result. Therefore we need to evaluate only one
of them. Consider the following condition:

g3 15,2) =0. (C16)

Substituting Eq. (C15) in the above equation, we obtain
the result [cf. Eq. (C8)]

g2 1§D = (841 +242) (a1 (@pd)
+(6A42 + 8A3)(g3p1)(a?p?) = 0.

Setting the coefficient of each independent term to zero,
we get the following relations:

(C17)

Ay = —4A,, A3z =3A;. (C18)

Choosing the normalization A; = 1, the final expression
for the invariant is found to be

I = (¢ (ph) + 3(a2p%)? — 4(edp) (@pd).

This is seen to agree with the expression given in Eq.
(3.35).

For working out invariants by hand, the construction
method outlined above is sometimes quite convenient.
Moreover, it brings out certain properties of the invari-
ants that were not obvious in our earlier construction.
For example, we see now that each term in the expres-

(C19)
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sion for a kinematic moment invariant should have equal
powers of ¢’s and p’s.

Finally, we remark that the sum of the coefficients A;
must be equal to zero for these invariants. This can be
seen from the following argument. Suppose the distribu-
tion function hi"(z) is a 6 function whose support is such
that one has the relation

(21) =(22) = -~ (26) = 1. (C20)
For such a distribution one also has the relation
(zilziz'”zik):<zi|>(3ig)"'(3ik):1~ (C?l)

Consequently, for such a distribution, the invariant i
must have the value

=3 A
i

Observe that a §-function distribution corresponds to
the case of a single-particle distribution. Thus, as al-

(C22)
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ready seen, all higher-order moments can be calculated
in terms of first-order moments. Moreover, any given set
of first-order moments can be transformed into any other
set of first order moments using Eq. (3.46). This result
follows from the fact that Sp(6,R) acts transitively on
phase space. That is, under the action of the symplectic
group Sp(6,R), any nonzero point in phase space can be
sent to any other nonzero point. Consequently, any set
of first-order moments is equivalent to the set (z;)’ where

(%) =0, i=1,2,...,5
(C23)

(z6)' is equal to any desired nonzero number.

But I§}) is a class function. Therefore, by the argu-
ments above, its value depends only on (z6)’. Moreover,
since {zg)’ can be made arbitrarly small, I,(,'f) must vanish
for the é-function distribution. It follows from Eq. (C22)
that the sum of the coefficients A; must be zero.
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