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ABSTRACT. Correcting an erroneous result in [PV-2021]], we prove that the affine algebraic hyper-
surfaces {zy? = 1} C C? and {z = xy?} C C3 are not interpolating for the Gaussian weight.

Let (X, ¢g) be a Hermitian manifold, (L,e¥) — X a Hermitian holomorphic line bundle, and
Z C X aacomplex analytic subvariety Z C X. One says that Z is an interpolation subvariety, or
simply interpolating, for the above data if the restriction map

Ry H(X,0x(L)) = H*(Z,04(L))
induces a surjective map of the Bergman spaces
<%Z . %H(Xv 90) — %d(Z7 @)

(see [PV-2021] for the notation and more details). In the present note we consider only the case
X = C? or X = C? with the Euclidean metric w,. Since in this case any line bundle is trivial,
metrics have a well-defined logarithm, and we call the function ¢ := — log e~ a weight function.

In [PV-2021) Theorems 2 and 3] the second and third authors (Pingali and Varolin) claimed that
for any smooth weight function ¢ satisfying 0 < mw, < v/—100¢ < Muwy the (non-uniformly
flat) manifolds

Co={(z,y) € C*|azy* =1} CcC* and S ={(2,9,2) €C*| 2=y} CcC?

are interpolating. The proof of the claim rests heavily on Lemma 3.2 which aims to generalize the
QuimBo trick [BOC-19935]]. Unfortunately, Lemma 3.2 is false. (However, for Theorems 1 and 4
we do not need Lemma 3.2. Instead, [L-1997, Lemma 6] in conjunction with elliptic regularity is
enough.) In fact, we prove that the negations of Theorem 2 and Theorem 3 in [PV-2021]] are true.

Theorem 1.1. The curve Cy C C? is not interpolating with respect to the Gaussian weight | - |2
An application of [PV-2021, Theorem 6.1] establishes the following result.
Corollary 1.2. The surface S C C? is not interpolating with respect to the Gaussian weight | - |2.

Proof of Theorem[I_1} Let f, € O(Cs) be defined by f,(z,y) =y~ V. Then

) o~ (Y~ +1y1?) 4 00 p=(rtr=?) 4

For positive numbers s and ¢, integration-by-parts shows that

> —2 4 2 > —2
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Applying (%)”“% to (2) and then setting s = ¢ = 1 yields

/ pm@ntl) o= (r+r?) (1 + 4r_3) dr
0

—2k
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Now, for r > 0, 7~ @427 < (p 4 1)PHle=(1+D) Ll)') by Stirling’s Formula, so

\/2m(n+1)
00 | 0o |
/ 2l o=t g < 2m(n + 1) e — 2r(n + 1)!
0 V(n+1) Jo (n+1)

for large enough n. Together with (1)) and (3)), one therefore has

1 00 Ly Lok
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0
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To achieve our contradiction, suppose (5 is interpolating. Then there exists F), € %, such that

) Fn’Cz = fn and HFnH SCanH
for some C' > 0 independent of n. Writing F,,(z,y) = Z cijxiyj , we have
i,j>0
(6) y=@n+D) — Z ciy Py = Z cijy~ @) = Z ey~ ),
i,j>0 i,j>0 2i—j=2n+1

Setting y = 1 shows that ZCk+n72k,1 =1, and hence |¢;1n2m—1] > 2=(m+1) for some m € N.
k>1
Therefore
(n+ 1!
94

(7 ||Fn||2 > |Cm+n,2m—1|2(m +n)!(2m — 1) >

From (@), (5) and (7)) we conclude that for n >> 0

4 1 & (+72)n+17,.—2k‘ 1
270 < C — 1)e VT —dr | =0 )
<ol gt [[o-ner e ) <o)

k=0
This is the desired contradiction. [l
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