
HW 15

1. Let Ω ⊂ R2 be an open set whose topological boundary is a collection of sim-
ple closed bounded parametrisated smooth curves that are smooth compact 1-
manifolds. Then prove that Ω̄ is a smooth manifold-with-boundary (whose bound-
ary is the topological boundary).

2. Let Ω ⊂ R3 be an open set whose topological boundary is a collection of smooth
compact surfaces. Then Ω̄ is a smooth compact 3-manifold-with-boundary whose
boundary is the topological boundary).

3. Suppose η, ω are two smooth p-form fields on a smooth manifold-with-boundary M .
Suppose α∗ω = α∗η for all smooth coordinate parametrisations α, then prove that
η = ω.

4. LetM be the orientable compact 3-manifold-with-boundary {(x, y, z, w) ∈ R4 | w ≥
0, x2 + y2 + z2 +w2 = 1}. Let ω = z2dx∧ dy + x2dy ∧ dz + dx∧ dw on R4. Choose
an orientation on M (you need to specify the orientation you chose) and verify

the generalised Stokes’ theorem for ω
(
that is,

∫
M

dω =

∫
∂M

ω
)

by explicitly

calculating the left and right hand sides.

5. Prove that the wedge product of a closed form and an exact form is exact.
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